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Q: Find most general f's s.t. e~tLf or e VLF = f(x), a.e.x
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Q: Find most general f's s.t. e tLf or e VLf = f(x), a.e.x

eHereLe { A, —A+|x]?, —A+2x-V}

o Formally u(t,x) = e~tf or e tVLf solve
{ uy + LXLI =0

u(0)="f

U — LXU = 0,
and { u(0) = f

(t,x) € RIH1
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Q: Find most general f's s.t. e tLf or e VLf = f(x), a.e.x

eHereLe { A, —A+|x]?, —A+2x-V}

o Formally u(t,x) = e ™f or e VLf solve
{ uy + LXLI =0

u(0)="f

and U — Lyu =0,  (t,x) € RI*H?
u(0)=f
@ so we look for very general Fatou-type thms...
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Q: Find most general f's s.t. e tLf or e VLf = f(x), a.e.x

eHereLe { A, —A+|x]?, —A+2x-V}

o Formally u(t,x) = e ™f or e VLf solve
{ uy + LXLI =0

u(0)="f

and U — Lyu =0,  (t,x) € RI*H?
u(0)=f

@ so we look for very general Fatou-type thms...

o Usual strategy:

Q show e tLf(x) — f(x) for all f in a dense class
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Q: Find most general f's s.t. e tLf or e VLf = f(x), a.e.x

eHereLe { A, —A+|x]?, —A+2x-V}

o Formally u(t,x) = e ™f or e VLf solve
ur+ Lyu=0 and Uy — Lyu =0, (t,x) E]Rf:+1
u(0)="f u(0) ="
@ so we look for very general Fatou-type thms...
o Usual strategy:

@ show e tf(x) — f(x) for all f in a dense class
@ show bdedness h* : X — LP>°(v), where

h*f(x) := sup [e”*f|(x)
£>0
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GENERAL SETTING

Q: Find most general f's s.t. e ™f or e *VLf = f(x), a.e. x
Here Le { -A, —A+ x>, —A+2x-V}

Formally u(t,x) = e ttf or e 'V solve

(]
ur+ Lu=0 and ug — Lyu =0,  (t,x) € RI*?
u(0)="f u(0)="f

so we look for very general Fatou-type thms...

Usual strategy:

@ show e tf(x) — f(x) for all f in a dense class
© show bdedness h* : X — LP*°(v), where

h*f(x) := sup [e”*f|(x)

t>0

.. and similarly for p*f(x) := sup,~ le=tVLE|(x)...
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Consider uy = Ayu (or vy + Ayu = 0) in RIFL, with u(0) = f
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f

. 1|2
o kernels are explicit — h:(x) = e__4|t_/(47rt)d/2, pe(x) = ...
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f
e also h*f =~ p*f ~ Mf,

X2
o kernels are explicit — hy(x) = e_JT|t‘/(4qrt)d/2, pe(x) = ...
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f

X2
o kernels are explicit — h(x) = e_JT|t‘/(4qrt)d/2, pe(x) = ...
e also h*f = p*f =~ Mf, so from classical theory

M : LP(w) — LP™(w)

iff weA,
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f

X2
o kernels are explicit — hy(x) = e_JT|t‘/(47rt)d/2, pe(x) = ...
e also h*f =~ p*f =~ Mf, so from classical theory

M LP(w) — LP(w)
o Thus lim, o+ e2f = fa.e.,

iff weA,

W f S UWeApr(W)
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f

X2
o kernels are explicit — hy(x) = e_JT|t‘/(47rt)d/2, pe(x) = ...
e also h*f =~ p*f =~ Mf, so from classical theory

M: P(w) — P (w) iff weA,
o Thus lime o+ e2f =fae., VfEUyea,lP(w)
... but this excludes f = 1, exp(|x|?>~¢), @
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Consider uy = Ayu (or vy + A u = 0) in RIFL, with u(0) = f

X2
o kernels are explicit — h(x) = e_JT|t‘/(47rt)‘"/2, pe(x) = ...
e also h*f =~ p*f =~ Mf, so from classical theory

M : LP(w) — LP™(w)

iff weA,
o Thus lime o+ e2f =fae., VfEUyea,lP(w)
... but this excludes f = 1, exp(|x|*>~¢), @
e Q: Can find larger class of LP(w)'s containing all such f's?
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CLASSICAL CASE: L= —A

Consider uy = Ayu (or ty + A v =0)in RITL with u(0) = f
|2
@ kernels are explicit — hy(x) = ef%/(47rt)d/2, pe(x) = ...
e also h*f =~ p*f ~ Mf, so from classical theory

M: [P(w) — [P (w) iff weA,

o Thus lim, o+ ef =fae., VFfEUyea,LP(w)

... but this excludes f =1, exp(|x|>7¢), TR et
e Q: Can find larger class of LP(w)'s containing all such f's?
@ One approach is to consider 2-weight ineq

M : LP(w) — LP>°(v) for some v(x) >0
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CLASSICAL CASE: L= —A

Consider uy = Ayu (or ty + A v =0)in RITL with u(0) = f
x 2
@ kernels are explicit — hy(x) = ef%/(47rt)d/2, pe(x) = ...
@ also h*f =~ p*f ~ Mf, so from classical theory

M: [P(w) — [P (w) iff weA,

o Thus lim, o+ ef =fae., VFfEUyea,LP(w)

... but this excludes f =1, exp(|x|>7¢), TR et

Q: Can find larger class of LP(w)'s containing all such f's?
One approach is to consider 2-weight ineq

M : LP(w) — LP(v) for some v(x) >0

@ Also need “local” maximal ops

h:f(X) = Oilig ‘ht * f‘(x) (for some a > 0)
a

GusTAvO GARRIGOS (UM) AE CONV HEAT AND POISSON INTEGRALS SEPT 2014

3/ 11



CLASSICAL CASE: L= —A

Consider uy = Ayu (or ty + A v =0)in RITL with u(0) = f
x 2
@ kernels are explicit — hy(x) = ef%/(47rt)d/2, pe(x) = ...
@ also h*f =~ p*f ~ Mf, so from classical theory

M: [P(w) — [P (w) iff weA,

o Thus lim, o+ e™f =fae., VFfEUyea,LP(w)

... but this excludes f =1, exp(|x|>7¢), TR et

Q: Can find larger class of LP(w)'s containing all such f's?
One approach is to consider 2-weight ineq

M : LP(w) — LP(v) for some v(x) >0

@ Also need “local” maximal ops

hif(x) = sup |he x f|(x) (for some a > 0)
0<t<a

... "SUPgctcoe additionally implies lim;_, etAf =0, a.e. x...
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Q: Given an operator T characterize all w > 0 such that

T: LP(w) — LP(v)

for some v(x) > 0
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v)

for some v(x) > 0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v) for some v(x) >0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

sup

@ Known cases: for T = M and T —=Riesz transf one has
R>1

_1
Hw P WXBR(O)HLP, < oo and H(

1+ lyD)?

_1
w P

L’<OO
p
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v) for some v(x) >0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

sup

o Known cases: for T = M and T —Riesz transf one has
R>1

_1
Hw P WXBR(O)HLP, < oo and H(

less demanding than trivial NC

T(x,") € (LP(w))* <= || T(x, w7 |,

_1
w P

< 0
T+ y))? o

/<OOVX
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v) for some v(x) >0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

sup

o Known cases: for T = M and T —Riesz transf one has
R>1

_1
Hw P WXBR(O)HLP, < oo and H(

less demanding than trivial NC

T(x,-) € (LP(w))* < HT(X

_1
w P

< 0
T+ y))? o

/<OOVX
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v) for some v(x) >0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

sup

o Known cases: for T = M and T —Riesz transf one has
R>1

_1
Hw P WXBR(O)HLP, < oo and H(

less demanding than trivial NC

T(x,") € (LP(w))* = || T(x)w 7],

;< 0 V X
o Eg, w(y) = (1+|y)~? and w(y) = (log. [v])* (1 + |y]) —¢ Apl!
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Q: Given an operator T characterize all w > 0 such that

T : LP(w) — LP(v) for some v(x) >0
— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

sup

o Known cases: for T = M and T —Riesz transf one has
R>1

_1
Hw P WXBR(O)HLP, < oo and H(

less demanding than trivial NC

T(x,") € (LP(w))* = || T(x)w 7],

;< 00 \VIX
® Eg, w(y) = (1+y[)~@ and w(y) = (log. [y])" (1 + |y)) ‘—¢ Apl!
e Eg, LP(w) contains f = 1/log(e + |x])...
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A “WEAK” 2-WEIGHT PROBLEM

Q: Given an operator T characterize all w > 0 such that
T : LP(w) — LP(v) for some v(x) >0

— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

@ Known cases: for T = M and T —Riesz transf one has

1

RERCTC) esarnd
sup ||lw P =5 < oo and —_
R;iH RIXBRO)|| (1 + [y

Ly <X
p

less demanding than trivial NC
T(x,-) € (LP(w))*
o Eg, w(y) = (1+y)~@ and w(y) = (log. [y)" (1 +[y) I—¢ Apll
e Eg, LP(w) contains f = 1/log(e + |x|)...

o constructive proof (CJ): suitable “truncations” of M + A, theory...
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A “WEAK” 2-WEIGHT PROBLEM

Q: Given an operator T characterize all w > 0 such that
T : LP(w) — LP(v) for some v(x) >0

— Carleson-Jones, Rubio de Francia, Kerman-Sawyer,... around 1980s

@ Known cases: for T = M and T —Riesz transf one has

_1
w P ‘

(1+ [y

_1
o s, < w9 |

< 00
R>1 L'

less demanding than trivial NC
T(x,-) € (LP(w))*
o Eg, w(y) = (1+y)~@ and w(y) = (log. [y)" (1 +[y) I—¢ Apll
e Eg, LP(w) contains f = 1/log(e + |x|)...

o constructive proof (CJ): suitable “truncations” of M + A, theory...
o non-constr proof (RdF): use VV ineq + abstract factorization thms...
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Consider now
hif(x) = sup |he* f|(x)
0

<t<a

and pif(x) = sup |p¢*f|(x)

<t<a
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Consider now

<t<a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff

hif(x) = 0sup |he % £|(x)
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Consider now

hyf(x) =

sup |he % f|(x)
o<t<a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff
Hw » e Ol H <ooVdé>0 or

_1
|z e
a+]

y’)d—i—l
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Consider now

hyf(x) = ,uP |he x £(x)
a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff
_1
P
Hw » e=olyP , <00V4s>0 or H v
LP (1 —i—‘

y’)d—i—l

8

@ Eg, f=exp(|x|?>=%) or f = (1 + |x|)' ¢ are in LP(w) for suitable w
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Consider now

hyf(x) = ,uP |he x £(x)
a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff
_1
P
Hw » e=olyP , <00V4s>0 or H v
LP (1 —i—‘

y’)d—i—l

@ Proof uses

@ Eg, f=exp(|x[>=) or f = (1 + |x|)' © are in LP(w) for suitable w
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Consider now

hyf(x) = ,uP |he x £(x)
a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff
‘ wp el /

<ooVé>0 or
LP

_1
s
1+ 1y

)+
@ Proof uses

@ Eg, f=exp(|x[>=) or f = (1 + |x|)' © are in LP(w) for suitable w

8

t
e local part: factoriz theory of RdF

y y
«O» «Fr «=)r» «E)» ) Qa

o global part: sharp decay of h;(x — y) and p:(x — y)
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Consider now

F(x) = sup [he ()
a

and pif(x) = sup |p*f|(x)
0<t<a
V a > 0 it holds that h} (or p;) : LP(w) — LP(v) for some v iff
‘ wp el /

<ooVé>0 or
LP

_1
s
1+ 1y

)+
@ Proof uses

@ Eg, f=exp(|x[>=) or f = (1 + |x|)' © are in LP(w) for suitable w

8

o local part: factoriz theory of RdF

y y
@ Can do something similar for Hermite operator?
«O» «Fr «Z)» «E>» Q
—

o global part: sharp decay of h;(x — y) and pi(x — y)

?



Now ur = Axu — |x[2u and g + Acu = |x[?uin R+ with u(0) = f
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Now u; = Axu — |x|?u and vy + Acu = |x[?uin R+, with u(0) = f
o kernels are explicit, but more complicated
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—tht(x,y

Now u; = Axu — |x|?u and vy + Acu = |x[?uin R+, with u(0) = f
o kernels are explicit, but more complicated
o x—y|?
e th — hy(x,y) = e 20

) /(2msh (28))%/2
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Now uy = Ayu — |x[?u and v + Acu = |x[?uin Rj‘!“, with u(0) = f
o kernels are explicit, but more complicated
ey
e th — hy(x,y) = e 20
e—tVL _ _t

—tht(x
o —ul
47 fo e € 4

- _du
432

) /(27sh (2t))4/?

—

pe(x,y) = [, hu(x,y)...du
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o kernels are explicit, but more complicated
ey

et hy(x,y) = e zuia Mt

e—tVL _

Now u; = Axu — |x|?u and vy + Acu = |x[?uin R+, with u(0) = f

2
=
\/Zm fooo e_UL e w

)/ (2msh (26))/2
G ) = [ hu(x, ) du
vV a > 0 it holds that h% or p, : LP(w) — LP(v) for some v iff
«O» «Fr «Er» < o>
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o kernels are explicit, but more complicated
ey

et hy(x,y) = e zuia Mt

e—tVL _

Now u; = Axu — |x|?u and vy + Acu = |x[?uin R+, with u(0) = f

2
=
\/Zm fooo e_UL e w

) [ (2msh (26))%/
uzl/l2 — pe(x,y) =[5 hu(x,y)...du
V a > 0 it holds that h or p; : LP(w) — LP(v) for some v iff
Q ||w 5 e BHIF|| L, <00, V50
«4O0>» «F»r «=)»r < Da
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o kernels are explicit, but more complicated
ey

et hy(x,y) = e zuia Mt

e—tVL _

Now u; = Axu — |x|?u and vy + Acu = |x[?uin R+, with u(0) = f

2
=
\/Zm fooo e_UL e w

) J(2msh (21))"2
Ao plxy) = [ B, y)edu
‘THEOREM 1:
V a > 0 it holds that h or p; : LP(w) — LP(v) for some v iff
Q |w? e—(%+6)|y|2||u/ <00, V5> 0
w_%e_ﬁ
o,

2

+ |y[)9/2(log™ |y|)3/?

L/<oo
P’

«O» «Fr «Er» < o>
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o kernels are explicit, but more complicated
ey

e th — hy(x,y) = e 20

e~tVL =

—tht(x

Now ur = Ayu — |x[2u and v + Acu = |x[?uin R with u(0) = f

2
=
\/Zm fooo e_UL e w

) J(2msh (21))"2
Ao plxy) = [ B, y)edu
‘THEOREM 1:
V a > 0 it holds that h or p; : LP(w) — LP(v) for some v iff
O ||wb e GHP|| | <00, vs>0
w_%e_ﬁ
°

2

+ |y[)9/2(log™ |y|)3/?

L/<oo
P’

e Corollary: for all f € LP(w)

= limso+ u(t,x) = f(x), a.e.x
«O» «Fr «Er» < > o>
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o kernels are explicit, but more complicated
ey

e th — hy(x,y) = e 20

e—tVL _

Now ur = Ayu — |x[2u and v + Acu = |x[?uin R with u(0) = f

—tht(x
t o —ul -2
Var fo € e

Y) J(2msh (26))772
Iy u‘;‘/’2 — pe(x,y) =[5 hu(x,y)...du
vV a > 0 it holds that h% or p, : LP(w) — LP(v) for some v iff
(1) ||w_%’ e_(%“L‘S)'y'zHLP, <00, V6>0
w_%e_ﬁ
°|;

2

1+ [y[)9/2(log™ |y|)3/2

L/<oo
P’

e Corollary: for all f € LP(w)

x|2
e Eg = P(x)ej‘zl‘ for heat, and f = e

= limy_0+ u(t,x) = f(x), a.e. x
X2
5 /(1 + |x|)?/2 for Poisson...
=] =2 = DAy
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Similar results hold for Orns-Uhl L = —A 4+ 2x - V...
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Similar results hold for Orns-Uhl L = —A +2x - V...
V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
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Similar results hold for Orns-Uhl L = —A +2x - V...
V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
1
o HW_E e_(1+5)|}’|2HLp/ <00, V6>0
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< 0
log™* [y[)1/2 1/

Similar results hold for Orns-Uhl L = —A 4+ 2x - V...
V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
1
o HW_E e_(1+5)|}’|2HLp/ <00, V6>0
~pe—lvl?
w re
® |
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log™ |y|)*/2

L < 00

e Corollary: for all f € LP(w)

=

Similar results hold for Orns-Uhl L = —A 4+ 2x - V...
V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
1
o HW_E e_(1+5)|}’|2HLp/ <00, V6>0
~pe—lvl?
w re
® |

lim; o+ u(t,x) = f(x), a.e.x
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Similar results hold for Orns-Uhl L = —A 4+ 2x - V...
V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
1
o HW_E e_(1+5)|}’|2HLp/ <00, V6>0
~pe—lvl?
w re
® |

log™ |y|)*/2

L < 00

e Corollary: for all f € LP(w)
o Example:

=

f=P(x)ek or 7=

lim; o+ u(t,x) = f(x), a.e.x
e|X|2
(1+ [x])7log™ [x|
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Similar results hold for Orns-Uhl L = —A 4+ 2x - V...

V a > 0 it holds that h} or p, : LP(w) — LP(v) for some v iff
1
o Hw_p e_(1+5)|}’|2HLp/ <00, V6>0
_1 7|y|2
w re
° |

log™ |y|)*/2

L < 00

e Corollary: for all f € LP(w)
o Example:

=

lim; o+ u(t,x) = f(x), a.e.x
2 e|X|2
f=P(x)el" or f—

(1+ Ix|)¥log™ [x]

which are not in L*(d~)!
«O» «Fr «=)r» «E)» o>
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Ae conv has simple elegant proof using Arnold transform:

it
a
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it says that

Ae conv has simple elegant proof using Arnold transform:
us = Ayu

=  Uy=A0U—|x]?U

«O>» «Fr «=>» «=>» DA™



<— U;=
x|2
U(t,x) =

Ae conv has simple elegant proof using Arnold transform:
it says that us = A,u AU
if we set

- |x*u
‘Y*thzt (th2t )
(ch2t)2 v ch2t /)

__ th2t _
les=-"%5-,2z2=

X

ch2t

«O>» «Fr «E» «=>» A



Ae conv has simple elegant proof using Arnold transform:

it says that us=A,u < U;= — |x]2U
I th 2t
. 2 h?2 : h2
if we set U(t X) W (t t’ch2t)' |€5:%, Z:ﬁ
Therefore

lim U(t,x) = lim u(s, vVI—4s? x) = f(x), a.e.
t—0 s—0

by non-tang conv of classical heat eqn.
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DA



Ae conv has simple elegant proof using Arnold transform:

it says that us=A,u < U;= — |x]2U
I th 2t
. 2 h?2 : h2
if we set U(t X) W (t t,cth), |€5:%, Z:ﬁ
Therefore

lim U(t,x) = lim u(s, vI—4s? x) = f(x), a.e.
t—0 s—0
by non-tang conv of classical heat eqn.

e because of t2t ¢ (0,1) only need [ |f|e () dy < oo

«O» «Fr «=)r» «E)»

DA



PROOFS: HERMITE-HEAT EQN

Ae conv has simple elegant proof using Arnold transform:
it says that  us = Au <= U; =AU —|x]?U

Ix2

3 th 2t h2 .
if weset U(t,x) = 7‘9((::;) u(BE, 255),  des= Lzzt, z= 35
Therefore

1!lm U(t,x) = I|m0 u(s, vi—4s2 x) = f(x), a.e.

—0 s—

by non-tang conv of classical heat eqn.

o because of %2t € (0,1) only need [ |f] eGP gy < oo

e Bdedness of h} : LP(w) — LP(v) holds similarly (with a few extra
arguments...)
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Need precise pointwise estimates of
e -2
pe(x,y) = ‘/T_“/o hy(x,y) e 4

du
32

«4O0>» «Fr «Er» «E)» = o>




s=thu —

2
du
U372
1 _1(Ix—
= ct e 4
0

S

Need precise pointwise estimates of
o0
2
pe(x,y) = ﬁ/o hy(x,y) e 4

__#p
log 15

2
vI? 2 -
Fslx+yl?) o

d
(1-s?)27"

ds
52 (log %)3/2

«0O0)>r «Fr «=» « > o>



Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct / e_%(J_syL+5|X+Y|2) e
0

t2/2
-

log 15

d
(1-s?)27"

ds
52 (log %)3/2

e—lyP/2
Pt(X,y) ~ Ctx

(1+ [y[)#/2(log™ |y])*/2
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Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct/ e_%(J_syL+5|X+Y|2)e
0

_ /2
log 115

d
(1-s?)27"

ds
52 (log %)3/2

Pt(X,y) ~ Ctx

o—ly2/2

A+ )Pl ye PV
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Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct/ e_%(J_syL+5|X+Y|2)e
0

_ /2
log 115

d
(1-s?)27"

ds
52 (log %)3/2

Pt(X,y) ~ Ctx

o—ly2/2

T+ )l b2 )
@ Proof needs careful analysis of integral
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Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct/ e_%(J_syL+5|X+Y|2)e
0

_ /2
log 115

d
(1-s?)27"

ds
52 (log %)3/2

Pt(X,y) ~ Ctx

e_|Y|2/2

T+ )l b2 )
@ Proof needs careful analysis of integral

o 0<s<1iseasier — O(e_(%J"S)‘y'Z) Lif |y] > cs)x]
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Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct/ e_%(J_syL+5|X+Y|2)e
0

_ /2
log 115

d
(1-s?)27"

ds
52 (log %)3/2

Pt(X,y) ~ Ctx

e_|Y|2/2

T+ )l b2 )
@ Proof needs careful analysis of integral

o 0<s<1iseasier — O(e_(%“)ly'z) if ly| > cs5]x|
o 3 <s<1listricky — main contrib near s = 1 —

’
1
Iyl
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Need precise pointwise estimates of
pe(x,y) = =

o t2 d
—7; _du
& /0 hu(x,y) e s 2%

1 e yI2
ct/ e i (P Hsbety?) o
0

_ /2
log 115

d
(1-s?)27"

ds
52 (log %)3/2

Pt(X,y) ~ Ctx

e_|Y|2/2

T+ )l b2 )
@ Proof needs careful analysis of integral

o 0<s<1iseasier — O(e_(%+5)|y|2) if ly| > cs5]x|
o 7 <s<1listricky — main contrib near s = 1 —

’ 1
m...
e This gives NC: [ p;(x,y)f(y)dy < oo < f € L (p)
«O» «Fr «=)r» «E)» o>
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ProoFrs: HERMITE-POISSON EQN

Need precise pointwise estimates of
2

pi(x,y) = r/ u(x,y)e” & uzl;z

t2/2

Ix=yl% Y| o IIs 1_¢2 %71
o / L ety ?) o s _(1=s)7T
0

d
52 (log %)3/2

LEMMA 1: For fized t, x it holds
oy
pe(x,y) = cix A e(y)

@ Proof needs careful analysis of integral
o 0<s< is easier —»  O(e=GTOVP) i |y| > cs)x|
° = < s < 1 is tricky — main contrib near s =1 —

e This glves NC: [ pe(x,y)f(y)dy < oo & f € LY(yp)
.and LP(w) C [Yp) & |

GusTAvO GARRIGOS (UM) AE CONV HEAT AND POISSON INTEGRALS SEPT 2014
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...needs bounds of p:(x,y) indep of t
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...needs bounds of p:(x,y) indep of t

pe(x,y) S

[PA(X —y) e VP2 X{lyl<2lxl} T W(Y)]
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...needs bounds of p:(x,y) indep of t

pe(x,y) S

@ thus

[PA(X —y) e VP2 X{lyl<2lxl} T W(Y)]
pif(x) < o Mloc(e_|y|2/2f) + [fo
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...needs bounds of p:(x,y) indep of t

pe(x,y) S

@ thus

[PA(X —y) e VP2 X{lyl<2lxl} T W(Y)]
pif(x) < o Mloc(e_|y|2/2f) + [ fo

e “global” part controlled by [ fp < ||f||,_p(w)||w_:lvgo||p,,__
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...needs bounds of p:(x,y) indep of t

pe(x,y) S

[PA(X —y) e VP2 X{lyl<2lxl} T W(Y)]
o thus  pif(x) < cx Mloc(e_|y|2/2f) + [ fo

1
e “global” part controlled by [ fo < |f|loqu)llw™ P |y ...
@ “local” part needs 2-weight thm for M,
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...needs bounds of p:(x,y) indep of t

pe(x,y) S

@ thus

[PA(X —y) e VP2 X{lyl<2lxl} T W(Y)]
pif(x) < o Mloc(e_|y|2/2f) + [ fo

1
e “global” part controlled by [ fo < |f|loqu)llw™ P |y ...
method (only using wr el

@ “local” part needs 2-weight thm for My, — can prove adapting RdF

P

loc"')
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...needs bounds of p:(x,y) indep of t

pex.y) S o | PR =) e PR xcan + tely)]

o thus  pif(x) < cx Mie(e PP2F) + [ £

e “global” part controlled by [ fp < ||f||,_p(w)||w_%’go||p/...

“local” part needs 2-weight thm for Mj,. — can prove adapting RdF
method (only using wb e LP )

loc

o Finally, contants ¢, absorbed by weight v...

«O» «F»r « =>»

it
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S
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...needs bounds of p:(x,y) indep of t

pex.y) S o | PR =) e PR xcan + tely)]

o thus  pif(x) < cx Mie(e PP2F) + [ £
e “global” part controlled by [ fp < ||f||,_p(w)||w_%go||p,__.

@ “local” part needs 2-weight thm for My, — can prove adapting RdF
method (only using w7 € L?_..)

b
o Finally, contants ¢, absorbed by weight v... ... in fact, from precise
. . _1l-e
bounds on ¢, can get size estimate |[v 7 @] < o0



o L,=—A+|x]?>+a — similar proof...
«Or «Fr o« > > A
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o Ly =—A+|x>+ a — similar proof

o2 2
2u]:

¥ (0u)

«Or < Fr < =) «=)» DA™

@ Relevant when a = d since Ly[e



o Ly =—A+|x>+ a — similar proof

2
@ Relevant when oo = d since Ly[e” 2 u] =€ 2 ((’)u)

x|2

JLL pu—
so Thm 2 follows from e~ tVOf = e a

e tVhile~ 1]
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o Ly =—A+|x|>+ a — similar proof...

X2 X2
o Relevant when a = d since Ld[e_J_zL ul = e (Ou)

X2 X2
o ... 5o Thm 2 follows from e tVOf = "% e_t‘/L_d[e_J_sz]..

o Fractional laplacian operator: wuy + 1;2" ur = Lu
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o Ly =—A+|x|>+ a — similar proof...

X2 X2
o Relevant when a = d since Ld[e_J_zL ul = e (Ou)

X2 X2
o ... 5o Thm 2 follows from e tVOf = "% e_t‘/L_d[e_J_sz]..

o Fractional laplacian operator: wuy + 1‘3" ur = Lu

2
. 0o 4
e ...proof can be adapted since u(t,x) = t2° [~ e ke w M
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L, = —A+ |x|? + @ —> similar proof...

x|2

|2
Relevant when o = d since Ld[e_J_zL ul = e (Ou)

X2 X2
. so Thm 2 follows from e~ tVOf = eJ_zL e_t‘/L_d[e_J_sz]...

Fractional laplacian operator: ug + =22 u, = Lu

e 4u —1—
Interesting example since L7f(x) = lim;_,o t' =272 e(t,x) (%)

2
...proof can be adapted since u(t, x) = t2" Jo e ut du

«O> «F>r «=» «E» = o>



FURTHER EXTENSIONS

Lo = —A+|x]2 + a — similar proof
o Relevant when o = d since Ly[e™ =2 u] = e_T((’)u)

e ... so Thm 2 follows from e tVOf = e‘T *tr[e b ]
=Lu

Fractional laplacian operator: uy;

2
. _2
e ...proof can be adapted since u(t,x) = t2° fooo e e m u‘ljfg

Interesting example since L7 f(x) = lim;_o t'~ 209 ge(t,x) (%)

Q: find most general f's : (x) holds a.e.x
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FURTHER EXTENSIONS

Lo = —A+|x]2 + a — similar proof
o Relevant when o = d since Ly[e™ =2 u] = e_T((’)u)

e ... so Thm 2 follows from e tVOf = e‘T *tr[e b ]
=Lu

Fractional laplacian operator: uy;

2
. _2
e ...proof can be adapted since u(t,x) = t2° fooo e e m u‘ljfg

Interesting example since L7 f(x) = lim;_o t'~ 209 ge(t,x) (%)

Q: find most general f's : (x) holds a.e.x
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FURTHER EXTENSIONS

Lo = —A+|x]2 + a — similar proof...

2
Relevant when o = d since Ly[e™ =2 u] —e T ((’)u)

e ... so Thm 2 follows from e tVOf = e‘T *tr[e b ]
=Lu

Fractional laplacian operator:

2
. _2
e ...proof can be adapted since u(t,x) = t2° fooo e e m u‘ljfg

Interesting example since L7 f(x) = lim;_o t'~ 209 ge(t,x) (%)

Q: find most general f's : (*) holds a.e.x

THANKS
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