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An elementary example

Tf (x ) =

∫
R

k (x − y )f (y )dy

where k ∈ Lq(R) for some 1 ≤ q ≤ ∞.

T :L1 −→ Lq
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∫
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T :L1 −→ Lq

‖Tf (x )‖Lq = ‖
∫
R

k (x − y )f (y )dy‖Lq

≤
∫
R
‖k (x − y )‖Lq |f (y )|dy

= ‖k‖Lq‖f ‖L1



An elementary example

Tf (x ) =

∫
R

k (x − y )f (y )dy

T :L1 −→ Lq

T :Lq′ −→ L∞

‖Tf (x )‖L∞ ≤ ‖k‖Lq‖f ‖Lq′



An elementary example

Tf (x ) =

∫
R

k (x − y )f (y )dy

T :L1 −→ Lq

T :Lq′ −→ L∞

What can we say about the behavior of T on intermediate
spaces?



The Riesz-Thorin interpolation theorem

Theorem
Let 0 < p0 6= p1 <∞ and 0 < q0 6= q1 <∞, and let

T :Lp0 −→ Lq0

T :Lp1 −→ Lq1

then
T : Lp −→ Lq

for 1
p = 1−θ

p0
+ θ

p1
, 1

q = 1−θ
q0

+ θ
q1

and some 0 < θ < 1.

‖T ‖Lp ,Lq ≤ ‖T ‖1−θ
Lp0 ,Lq0

‖T ‖θLp1 ,Lq1



The Real Interpolation Method

If A0,A1 ↪→ U we say that

A = (A0,A1) is an interpolation couple.

A0 ∩ A1 ↪→ A0 + A1

Definition
0 < θ < 1 and 0 < q ≤ ∞. The space A

K
θ,q consists of all

those elements s.t.

‖a‖K
θ,q = ‖t−θK (t ,a)‖Lq <∞



The Real Interpolation Method

A0 ∩ A1 ↪→ A0 + A1

K (t ,a; A) = inf
a=a0+a1

{
‖a0‖A0 + t‖a1‖A1

}
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K
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The Real Interpolation Method

A0 ∩ A1 ↪→ A
K
θ,q ↪→ A0 + A1

K (t ,a; A) = inf
a=a0+a1

{
‖a0‖A0 + t‖a1‖A1

}
Definition
0 < θ < 1 and 0 < q ≤ ∞. The space A

K
θ,q consists of all

those elements s.t.

‖a‖K
θ,q = ‖t−θK (t ,a)‖Lq <∞



The interpolation property

A0 ∩ A1 ↪→ A
K
θ,q ↪→ A0 + A1

T :A0 −→ B0

T :A1 −→ B1

⇒ T : A
K
θ,q −→ B

K
θ,q

‖T ‖
A

K
θ,q ,B

K
θ,q
≤ C‖T ‖1−θ

A0,B0
‖T ‖θA1,B1
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The interpolation property
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Example
Consider the couple (L1,L∞).

K (t , f ; L1,L∞) =

∫ t

0
f ∗(s)ds, t > 0

(L1,L∞)1− 1
p ,p

= Lp 1 < p <∞
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The classical reiteration theorem

Let (A0,A1) Banach couple, 0 < θ0 6= θ1 < 1 and
0 < q0,q1 ≤ ∞.
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The classical reiteration theorem

Let (A0,A1) Banach couple, 0 < θ0 6= θ1 < 1 and
0 < q0,q1 ≤ ∞.

(
A

K
θ0,q0

,A
K
θ1,q1

)
η,q



The classical reiteration theorem

Let (A0,A1) Banach couple, 0 < θ0 6= θ1 < 1 and
0 < q0,q1 ≤ ∞.

Theorem (
A

K
θ0,q0

,A
K
θ1,q1

)K
η,q = A

K
θ,q

for 0 < η < 1 and θ = (1− η)θ0 + ηθ1



Example
Let 1

p = 1−θ
p0

+ θ
p1

.

(Lp0 ,Lp1)θ,p =
(

(L1,L∞)1− 1
p0
,p0
, (L1,L∞)1− 1

p1
,p1

)
θ,p

= (L1,L∞)1−( 1−θ
p0

+ θ
p1

),p

= Lp



Problems

The Lorentz-Zygmund space L log L is an interpolation
space for the couple (L1,L∞). However, since 0 < θ < 1

L log L 6= (L1,L∞)θ,p.

Similarly
Lexp 6= (L1,L∞)θ,p.
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Slowly varying functions and symmetric spaces

A0 ∩ A1 ↪→ A
K
θ,q ↪→ A0 + A1

‖a‖K
θ,q = ‖t−θK (t ,a)‖Lq <∞



Slowly varying functions and symmetric spaces

A0 ∩ A1 ↪→ A
K
θ,b,q ↪→ A0 + A1

‖a‖K
θ,q = ‖t−θb(t)K (t ,a)‖Lq <∞



Slowly varying functions and symmetric spaces

A0 ∩ A1 ↪→ A
K
θ,b,E ↪→ A0 + A1

‖a‖K
θ,q = ‖t−θb(t)K (t ,a)‖Ẽ <∞

for 0 ≤ θ ≤ 1.



Example
Let (Ω, µ) be a σ-finite measure space with µ(Ω) = 1.
Then

(L1,L∞)0,1,L1 = L log L (L1,L∞)1, `(t)−1,L1
= Lexp.



Reiteration Results

Let X = (X0,X1) be a compatible Banach couple. E0, E1

r.i spaces and b0,b1 and b slowly varying functions

Theorem

0 < θ < 1 and


0 < θ0 < θ1 < 1
θ0 = 0, 0 < θ1 < 1
0 < θ0 < 1; θ1 = 1

then(
(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
θ,b,E

= (X0,X1)θ̃,b̃,E



Reiteration Results

Theorem

0 < θ < 1 and


0 < θ0 < θ1 < 1
θ0 = 0, 0 < θ1 < 1
0 < θ0 < 1; θ1 = 1

then(
(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
θ,b,E

= (X0,X1)θ̃,b̃,E



Reiteration Results
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Reiteration Results

Theorem

0 ≤ θ < 1 and 0 < θ1 < 1(
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Theorem

0 < θ ≤ 1 and 0 < θ0 < 1(
(X0,X1)θ0,b0,E0 ,X1

)
θ,b,E
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Reiteration Results

WHAT ABOUT THE CASES

(
(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
0,b,E(

(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
1,b,E

.

???



Reiteration Results

• 0 ≤ θ ≤ 1
• a and b slowly varying functions
• E and F r.i. spaces

(X0,X1)Lθ,b,E ,a,F (X0,X1)Rθ,b,E ,a,F

‖f ‖Lθ,b,E ,a,F =
∥∥∥b(t )‖s−θa(s)K (s, f )‖F̃ (0,t)

∥∥∥
Ẽ

‖f ‖Rθ,b,E ,a,F =
∥∥∥b(t )‖s−θa(s)K (s, f )‖F̃ (t ,∞)

∥∥∥
Ẽ
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Reiteration Results

Theorem
0 < θ0 < θ1 < 1.(

(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
0,b,E

= (X0,X1)Lθ0,b◦ρ,E ,b0,E0 .

(
(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
1,b,E

= (X0,X1)Rθ1,b◦ρ,E ,b1,E1 .



Reiteration Results

Theorem
0 < θ0 < θ1 < 1.(

(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
0,b,E

= (X0,X1)Lθ0,b◦ρ,E ,b0,E0 .

(
(X0,X1)θ0,b0,E0 , (X0,X1)θ1,b1,E1

)
1,b,E

= (X0,X1)Rθ1,b◦ρ,E ,b1,E1 .



Reiteration Results

Theorem
θ1 = 1.



(
X θ0,b0,E0 ,X 1,b1,E1

)
θ,b,E

= X θ,b,E for 0 < θ, θ1 < 1(
X θ0,b0,E0 ,X 1,b1,E1

)
0,b,E

= X
L
θ0,b◦ρ,E ,b0,E0(

X θ0,b0,E0 ,X 1,b1,E1

)
1,b,E

= X 1,b#,E∩X
R

1,b◦ρ,E ,b1,E1

Similar results for θ0 = 0.



Extreme Reiteration Results

(
X 1,b0,E0 ,X1

)
θ,b,E

= X 1,b̃,Ê

b̃(t) =
(
b0(t)ϕE0

(`(t))
)1−θb

(
b0(t)ϕE0

(`(t))
)
, t > 0.(

X 1,b0,E0 ,X1

)
0,b,E

= X
L
1,b◦ρ,Ê ,b0,E0

ρ(t) = b0(t)ϕE0
(`(t))), t > 0.

Similar results for
(

X0,X 0,b1,E1

)
.



Examples

1 < p <∞

L∞ ↪→ Lexp ↪→ Lp ↪→ L log L ↪→ L1

L∞ ↪→ Lexp ↪→ Lp ↪→ L log L
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↪→ L1
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(L log L,L∞)θ,b,E 0 < θ ≤ 1
(L log L,L∞)0,b,E
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Examples

L∞ ↪→ Lexp
‖

(L1,L∞)
1, `(t)−1,L1

↪→ Lp ↪→ L log L ↪→ L1


(L1,Lexp)θ,b,E = Lq,Bθ,E 0 < θ < 1
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Examples

L∞ ↪→ Lexp ↪→ Lp ↪→ L log L ↪→ L1


(
L log L,Lexp

)
θ,b,E = L 1

1−θ ,Bθ,E
0 < θ < 1(

L log L,Lexp
)

0,b,E = L(1,B0,E ) ∩ (L1,L∞)L
0,b(t log 1

t `(t)),E ,1,L1(
L log L,Lexp)1,b,E = L∞,B1,E ∩ (L1,L∞)R

1,b(t log 1
t `(t)),E ,`(t)

−1,L∞



Extreme cases

L∞ ↪→ Lexp ↪→ Lp ↪→ L log L ↪→ L1

{(
L1,L log L

)
θ,b,E = (L1,L∞)0,b̃,Ê 0 ≤ θ < 1(

L1,L log L
)

1,b,E = (L1,L∞)R
0,b̃,Ê ,1,L1

The intermediate space
(
L1,L log L

)
θ,1,Lq

, for 0 < θ < 1
and 1 ≤ q ≤ ∞, was identified by Bennett in Ark. Mat.
(1973).



Extreme cases

L∞ ↪→ Lexp ↪→ Lp ↪→ L log L ↪→ L1

{(
Lexp,L∞)θ,b,E = (L1,L∞)1,b̃,Ê 0 < θ ≤ 1(
Lexp,L∞

)
0,b,E = (L1,L∞)L

1,b̃,Ê ,`(t)−1,L∞
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