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Symmetric spaces

Definition
A Banach sequence space G on N with the counting measure is symmetric space if
it satisfies the condition:

a ∈ G

b∗(t) ≤ a∗(t)

}
=⇒ b ∈ G and ‖b‖G ≤ ‖a‖G

where a∗ is the decreasing rearrangement of a.

Definition
Let G be a symmetric sequence space. We define the fundamental function of G
as

ϕG (n) = ‖e1 + . . .+ en‖G

Remark: We are going to assume that

G has the Fatou property and ϕG is concave
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Symmetric spaces

It is known that any symmetric space G is intermediate between the
corresponding Lorentz ΛϕG

and Marcinkiewicz MϕG
spaces, defined by

‖a‖ΛϕG
=
∞∑

n=1

ϕG (n)a∗n
n

, ‖a‖MϕG
= sup

n
ϕG (n)a∗∗n

where a∗∗n = 1
n

∑n
k=1 a∗k .

That is,
ΛϕG

↪→ G ↪→ MϕG

and each of the embedding has norm 1.

Example

If G = `p, then ϕG (n) = n1/p and

ΛϕG
= `p,1 ↪→ `p ↪→ MϕG

= `p,∞.
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Ultrasymmetric sequence spaces

Definition
An ultrasymmetric sequence space is a symmetric sequence space G with the
additional property that is an interpolation space for the couple (ΛϕG

,MϕG
),

ie,

T : ΛϕG
→ ΛϕG

and T : MϕG
→ MϕG

=⇒ T : G → G

Lorentz-Zygmund sequence spaces Bennett and Rudnick (1980)

`p,q(log L)α = (Λϕ,Mϕ)1− 1
q ,q

where ϕ(n) = n
1
p (1 + log n)α and `p,q(log L)α is the space of sequences a with

finite

‖a‖p,q,α =

( ∞∑
n=1

[
n

1
p (1 + log n)αa∗n

]q 1

n

)1/q

if q <∞

‖a‖p,∞,α = sup
n∈N

n
1
p (1 + log n)αa∗∗n .
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Analytical description

Theorem (Pustylnik, Collect. Math. 2006)

If ϕ is a concave function with πϕ > 0, and Ẽ is a symmetric sequence space
with the measure µ(n) = 1

n then `ϕ,E is ultrasymmetric, where

‖a‖`ϕ,E := ‖ϕ(n)a∗n‖eE .
Conversely, any ultrasymmetric sequence space G with πϕG

> 0 coincides
with some `ϕG ,E .

Moreover, the space G and Ẽ are related by

G = F(Λϕ,Mϕ) 
 Ẽ = F
(˜̀

1, `∞
)

where F is some interpolation functor and ‖a‖è
1

=
∑∞

n=1 |an| 1n .
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The Lorentz-Zygmund sequence spaces `∞,q(log L)α p <∞ are ultrasymmetric.

What happens if p =∞?

Are the Lorentz-Zygmund sequence spaces `∞,q(log L)α and `αexp ultrasymmetric?
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Dilation indices

Let ϕ be a positive and finite function on (0,∞). The dilation function of ϕ is

mϕ(t) = sup
λ>0

ϕ(λt)
ϕ(λ)

If mϕ is finite then there exist the lower and upper dilation indices of ϕ given by

πϕ = lim
t→0+

log mϕ(t)

log(t)
and ρϕ = lim

t→∞

log mϕ(t)

log(t)
.

Example:

If ϕ(t) = t
1
p (1 + | log t|)α =⇒ πϕ = ρϕ = 1

p

Pustylnik’s analytical description holds under the conditions

0 < πϕ ≤ ρϕ <∞

It is posible to extend the result to the case

0 = πϕ = ρϕ?
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The class P

Definition

We say that a concave function ϕ ∈ P if:

1 πϕ = ρϕ = 0

2 There exist a function Φ : [1,∞) −→ (0,∞) and N ∈ N such that

ϕ(n) = Φ(` ◦ N· · · ◦ `(n))

where `(n) := 1 + log n.

3 The function Φ has the ∆2 condition (Φ(2n) ∼ Φ(n)) and the lower index of
Φ is positive πΦ0 > 0

We denote LN(n) = `(n) ·
(
` ◦ `(n)

)
· · ·
(
` ◦ N· · · ◦ `(n)

)
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The class P

Example 1:
`(α)(n) = (1 + log n)α(t) with α > 0

In this case Φ(n) = nα, and LN(n) = `(n).

Example 2:

L(n) = (` ◦ `)α2 (n) · (` ◦ ` ◦ `)α3 (n) with α2 > 0

In this case Φ(n) = nα2`α3 (n), and LN(n) = `(n) · (` ◦ `(n)).

We denote by Ê the symmetric space E with the measure µ(n) = 1
nLN (n) .
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Interpolation spaces

Definition

Let (X0,X1) a Banach couple and let x ∈ X0 + X1

K (t, x ; X0,X1) = inf
x=x0+x1

{
‖x0‖X0 + t‖x1‖X1

}
, t > 0.

Definition: Let (X0,X1) be an ordered Banach couple, X0 ↪→ X1, and 0 < θ < 1.
The space (X0,X1)θ,q consists of all those elements in X0 + X1 such that

‖x‖(X0,X1)θ,q =
( ∞∑

m=0

(2−θmK (2m, x))q
)1/q

<∞

We observe that( ∞∑
m=0

(2−θmK (2m, x))q
)1/q

∼
( ∞∑

n=1

(
K (n, x)

nθ

)q
1

n

)1/q

=
∥∥∥K (n, x)

nθ

∥∥∥
˜̀
q
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Definition

Let (X0,X1) be an ordered Banach couple, X0 ↪→ X1, let ϕ ∈ P and let Ê a
symmetric sequence space with the measure µ(n) = 1

nLN (n) . The space

(X0,X1) n
ϕ(n) ,

bE consists of all those elements in X0 + X1 such that

‖x‖(X0,X1) n
ϕ(n) ,

bE =
∥∥∥{K (n, x)

n/ϕ(n)

}
n∈N

∥∥∥bE <∞

Theorem
If ϕ ∈ P then

Λϕ = (`1, `∞) n
ϕ(n) ,

b̀
1

Mϕ = (`1, `∞) n
ϕ(n) ,`∞

.
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Reiteration theorem

Theorem (Reiteration Theorem)

Let F be an interpolation functor, and let (X0,X1) be an ordered Banach couple.
If ϕ ∈ P, then

F
(
(X0,X1) n

ϕ(n) ,
b̀

1
, (X0,X1) n

ϕ(n) ,`∞

)
= (X0,X1) n

ϕ(n) ,F(b̀
1,`∞)
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Analytical description in the limit case

Theorem
A symmetric sequence space G, with fundamental function ϕG ∈ P, is
ultrasymmetric if and only if

‖a‖G ∼ ‖ϕ(n)a∗(t)‖bE
where Ê is a symmetric sequence space with respect to the counting measure
µ(n) = 1

nLN (n) , for any ϕ ∼ ϕG and

LN(t) = `(n) ·
(
` ◦ `(n)

)
· · ·
(
` ◦ N· · · ◦ `(n)

)

Moreover, the space G and Ê are related by

G = F(Λϕ,Mϕ) 
 Ê = F
(̂̀

1, `∞
)
,

where F is some interpolation functor and

‖a‖b̀
1

=
∞∑

n=1

|an|
1

nLN(n)
.
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Examples

The Lorentz-Zygmund sequence spaces `∞,q(log L)α and `αexp are ultrasymmetric.

Indeed, if α + 1
q < 0 then

‖a‖∞,q,α =

( ∞∑
n=1

[
(1 + log n)αa∗n

]q 1

n

)1/q

=

( ∞∑
n=1

[
(1 + log n)α+ 1

q a∗n
]q 1

`(n)

)1/q

so

`∞,q(log L)α = (Λϕ,Mϕ)1− 1
q ,q

where ϕ(n) = (1 + log(n))α+ 1
q ∈ P.

Observe that L̂q = (L̂1, L∞)1− 1
q ,q

.

Similarly, if α > 0 then

`αexp = `∞,∞(log L)α = (Λϕ,Mϕ)1,∞ where ϕ(n) = (1 + log(n))α ∈ P.
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Limit ultrasymmetric operator ideals

The approximation numbers (an(T )) of a bounded linear operator T ∈ L(X ,Y )
acting between the Banach spaces X an Y , are given by

an(T ) = inf{‖T − Tn‖ : Tn ∈ L(X ,Y ), rankTn < n}, n = 1, 2, . . . .

Definition

Let ϕ ∈ P and let Ê be a symmetric sequence space with the measure
µ(t) = 1

nLn(n) . We define the limit ultrasymmetric operator ideal Lϕ,bE (X ,Y ) as

the set of all those elements T ∈ L(X ,Y ), which have a finite norm

‖T‖L
ϕ,bE (X ,Y ) = ‖ϕ(n)an(f )‖bE .

Particula case: Lorentz-Zygmund operator ideals L∞,q,γ(X ,Y ) ideals
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Representation theorem

Theorem

Let ϕ ∈ P and let E be a symmetric sequence space. Then the following are
equivalent for f ∈ L(X ,Y ).

1 f ∈ Lϕ,bE (X ,Y ).

2 There exists a sequence (Tλn )∞n=0 ⊆ L(X ,Y ), such that rankTn ≤ λn,
T =

∑∞
n=0 Tλn converges in the operator norm and∥∥∥ϕ(λn)‖Tλn‖L(X ,Y )

∥∥∥
E
<∞.

In this case
‖f ‖X

ϕ,bE ∼ inf
{∥∥ϕ(λn)‖Tλn‖X

∥∥
E

}
where λn are the iterated potential functions λn = AN(2n) with

A1(s) = 2s−1, An(s) = An−1(2s−1).
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F. Fehér and G. Grässler, On a extremal scale of Approximation spaces, J.
Comput. Anal. and Appli. 3 2 (2001), 95-108.

F. Cobos, L. M. Fernández-Cabrera and M. Mastylo, Abstract limit J-spaces,
J. Lond. Math. Soc. (2) 82 (2010), 501-525.

P. Fernández-Mart́ınez, T. Signes, Ultrasymmetric sequence spaces, preprint.

E. Pustylnik, Ultrasymmetric sequence spaces in approximation theory,
Collect. Math. 57, 3 (2006), 257-277.

T. Signes & P. Fernández-Mart́ınez (UMU) Ultrasymmetric sequence spaces Antequera (Málaga) 18 / 18


