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INTRODUCTION AND BACKGROUND

The concept of rough convergence was introduced by H. X. Phu, in
finite-dimensional normed spaces and subsequently studied in the
infinite-dimensional setting.

The basic idea consists of providing a sort of “generalized limit” for
bounded sequences.
Namely, consider a “roughness index” r ≥ 0 and a bounded
sequence (xn)n in a normed space X . Then (xn)n is said to
r -converge to y ∈ X if

lim sup
n
‖xn − y‖ ≤ r .

Accordingly, the following notation is adopted:

limr xn = {y ∈ X : lim sup
n
‖xn − y‖ ≤ r}
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ROUGH CONVERGENCE AND CHEBYSHEV CENTERS IN BANACH SPACES



INTRODUCTION AND BACKGROUND

and of particular interest is the infimum of the roughness indices such
that the rough set is not empty, in other words,

r̄(xn) = r̄ = inf{r > 0 : limr xn 6= ∅}.

or equivalently
r̄ = inf

y∈X
lim sup

n
‖xn − y‖.

Phu proved that the set limr xn is bounded, closed and convex for
every r . Moreover, he also studied the set limr̄ xn and proved that it
has empty interior in finite-dimensional spaces and is nonempty in
reflexive spaces.
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ROUGH CONVERGENCE AND CHEBYSHEV CENTERS IN BANACH SPACES



INTRODUCTION AND BACKGROUND

Our goals with this concept were:

Define two new properties based on this concept and study
which classical Banach spaces have it.
Show that the behaviour of this set is closely related to
Chebyshev centers.
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DEFINITIONS AND OUR BIG MISTAKE

Two new properties (at least, we thought so)

DEFINITIONS

Let X be a Banach space. We will say that X has
the empty rough interior (ERI) property if int(limr̄ xn) = ∅ for
every bounded sequence (xn)n ⊆ X.

the nonempty rough limit (NRL) property if limr̄ xn 6= ∅ for
every bounded sequence (xn)n ⊆ X.

The concepts of limr̄ xn, r̄ and the NRL property were well-known and
they are due to M. Edelstein, as follows:
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DEFINITIONS

Let X be a normed space. If (xn)n is a bounded sequence in X, its
asymptotic radius is given by

ar(xn) = inf
y∈X

lim sup
n
‖xn − y‖

= r̄(xn)

and its asymptotic center by

ac(xn) = {y ∈ X : lim sup
n
‖xn − y‖ = ar(xn)} = limr̄ xn.

And we will say that a Banach space is sequentially asymptotically
center-complete (sacc) whenever every bounded sequence has
nonempty asymptotic center = NRL property.

And, inspired by the classical notation, we will say that a Banach
space is sequentially asymptotically boundary-center (sabc)
whenever every bounded sequence has a boundary asymptotic
center = ERI property.
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RESULTS ON THE sabc
Let us also recall some well-known concepts in geometry of Banach
spaces.

DEFINITIONS

Let X be a Banach space.
If z ∈ SX , it is said that X is uniformly rotund in the direction z
(URz) if for every ε > 0 there exists δ > 0 such that if x , y ∈ SX ,
x − y ∈ span({z}) and ‖x − y‖ ≥ ε then 1

2‖x + y‖ < 1− δ.
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DEFINITIONS

X is uniformly rotund in every direction (URED) if it is URz for
every z ∈ SX .

X has property M if for every u, v ∈ X with ‖u‖ = ‖v‖ we have

lim sup
n
‖u + xn‖ = lim sup

n
‖v + xn‖

whenever xn
w−→ 0.

Let 1 ≤ p ≤ ∞, X is said to have property mp if

lim sup
n
‖x + xn‖ = ‖(‖x‖, lim sup

n
‖xn‖)‖p

whenever xn
w−→ 0 and x ∈ X .
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PROPOSITION

Let X be a Banach space. If X is URz for some z ∈ SX then X is
sequentially asymptotically boundary-center.

EXAMPLES

C(K ) is URξ1 for every compact space K , where ξ1 : K → R is
the function constantly equal to 1.
`1 is URe1 .
`p spaces for 1 < p <∞ are known to be uniformly rotund.

PROPOSITION

Every finite-dimensional space, as well as C(K ) and `p are
sequentially asymptoticaly boundary-center whenever K is a compact
space and 1 ≤ p ≤ ∞.

M.C. LISTÁN GARCÍA
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However, there are also spaces which lack the property.

EXAMPLE

c0 is not sabc.
If we consider the canonical sequence (en)n it is straightforward that
ar(en) = 1 and every y ∈ Bc0 satisfies lim supn ‖y − en‖ = 1.
Moreover, if y ∈ c0 but ‖y‖ > 1 then we will have

lim sup
n
‖y − en‖ = ‖y‖ > 1.

So ac(en) = Bc0 which has nonempty interior.

Let us recall that if L is a locally compact, noncompact space then∞
denotes the only point added in its Alexandroff compactification L̂,
which is assumed to contain L, and C0(L) is the space of continuous
functions in L which vanish at infinity.
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PROPOSITION

If L is a locally compact, noncompact space such that∞ has a
countable neighbourhood basis in L̂ then there exists (fn)n ⊆ SC0(L)

such that ac(fn) = BC0(L). In particular, C0(L) is not sabc.

THEOREM

Let X be a Banach space with the M property. If X has an isometric
copy of c0 then X is not sabc.

THEOREM

If X is a Banach space that has the m∞ property and lacks the Schur
property then X is not sabc.
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ROUGH CONVERGENCE AND CHEBYSHEV CENTERS IN BANACH SPACES



THE sacc AND CHEBYCHEV CENTER

Phu proved that reflexive spaces are sacc. The gist of his argument
consists in using the weak compactness of bounded closed convex
sets in such spaces.

In this section, we will see what happens with spaces that are sacc.
First, we need some definitions.

DEFINITIONS

Let X be a Banach space and consider a bounded nonempty set
A ⊆ X.

The Chebyshev radius of A is given by ρ(A) = inf
x∈X

sup
a∈A
‖x − a‖.

z ∈ X is a Chebyshev center for A if sup
a∈A
‖z − a‖ = ρ(A), in

other words, the Chebyshev radius is attained at z.
X is said to be Chebyshev center complete (cc) if every
bounded nonempty set has Chebyshev center.
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The following is a generalization of this concept:

DEFINITIONS

Let X be a Banach space and B = (Bα)α∈Λ a decreasing net of
bounded nonempty subsets of X .

The asymptotic radius of the net is given by

r(B) = inf
x∈X

lim sup
α
{‖x − y‖ : y ∈ Bα}.

The set {x ∈ X : lim supα{‖x − y‖ : y ∈ Bα} = r(B)} is called
asymptotic center of B.
X is said to be asymptotic center complete (acc) if every
decreasing net of bounded nonempty sets has nonempty
asymptotic center.
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It is clear that acc implies cc, consider a net with only one element.

acc also implies sacc, just take Bk = {xn : n ≥ k}.

LEMMA

Let (xn)n ⊆ X be a bounded sequence and for each k ∈ N let
Ck = {xn : n ≥ k}. We have ar(xn) = limk ρ(Ck ) = infk ρ(Ck ).

LEMMA

If there exists a countable bounded subset in X without Chebyshev
center then X is not sacc.

PROPOSITION

Let X be a separable Banach space which is also sacc, then X is cc.
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THEOREM

Let X be a separable Banach space. If X is sacc then X is acc.

acc
+ separable⇐⇒ sacc

⇓6⇑
cc
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