
On frequently hypercyclic operators

Karl Grosse-Erdmann

Département de Mathématique

Université de Mons, Belgium

VI Curso Internacional de Análisis Matemático en Andalucía

September 10, 2014

Karl Grosse-Erdmann (UMons) On frequently hypercyclic operators VI Curso Internacional 1 / 21



Introduction

In this talk we will discuss a major notion in Linear Dynamics.

Linear Dynamics studies the dynamical behaviour of linear operators.

This area is particularly strong in Andalucía:

L. Bernal, A. Montes, F. León, E. Gallardo, J. Seoane, ...

Two recent textbooks on Linear Dynamics:

F. Bayart, E. Matheron: The dynamics of linear operators, CUP 2009

KGE, A. Peris: Linear chaos, Springer 2011
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Throughout this talk, T will be a (continuous, linear) operator on a

separable Fréchet space X .

We are interested in the properties of its orbits

orb(x ,T ) = {x ,Tx ,T 2x , . . .}.

Central notions in Linear Dynamics are that of hypercyclicity and chaos:

• T is called hypercyclic if there is some x ∈ X whose orbit is dense in X .

Each such vector x is called a hypercyclic vector for T .

• T is called chaotic if it is hypercyclic and it has a dense set of periodic

points.
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In 2004, F. Bayart and S. Grivaux introduced a new, strong notion of

hypercyclicity, that of frequent hypercyclicity.

It was motivated by ergodic

theory (via the Birkho� ergodic theorem).

De�nition

An operator T is called frequently hypercyclic if there is a vector x ∈ X
such that, for any non-empty open subset U of X ,

dens{n ∈ N0 ; T nx ∈ U} > 0.

Each such x is called a frequently hypercyclic vector for T .

Recall that, for A ⊂ N0,

dens A = lim inf
N→∞

#{n ≤ N : n ∈ A}
N + 1

.
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Equivalently, x is frequently hypercyclic for T if, for any non-empty open

subset U of X ,

∃(nk) with nk = O(k) such that T nkx ∈ U.

Such an orbit is dense, but it also has some kind of periodicity:

for any non-empty open subset U of X , there is some M such that

• the orbit hits U at least once before time M,

• the orbit hits U at least twice before time 2M,

• the orbit hits U at least three times before time 3M,

• etc...

Central question:

What is the relationship between frequent hypercyclicity and chaos?
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Topological approach to frequent hypercyclicity

How to detect if an operator is frequently hypercyclic?

Theorem (Frequent Hypercyclicity Criterion; Bayart-Grivaux 2004)

Suppose that there is a dense subset X0 of X and a map S : X0 → X0 such

that, for each x ∈ X0,

(i)
∑∞

n=0 T
nx converges unconditionally,

(ii)
∑∞

n=0 S
nx converges unconditionally,

(iii) TSx = x .

Then T is frequently hypercyclic and chaotic.

Example

Let B(xn) = (xn+1) be the backward shift on `p, 1 ≤ p <∞, or c0.
Then λB is frequently hypercyclic if (and only if) |λ| > 1.
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More generally, let

Bw (xn) = (w2x2,w3x3,w4x4, . . .)

be a weighted backward shift, with supn |wn| <∞. Then Bw : `p → `p and

Bw : c0 → c0.

When is it frequently hypercyclic?

Theorem

(i)
∞∑
n=1

1

|w2w3 . . .wn|p
<∞;

(⇐⇒ Bw is chaotic)

(ii) Bw satis�es the Frequent Hypercyclicity Criterion;

(iii) Bw is frequently hypercyclic.

The implication (iii)=⇒(i) is due to Bayart and Ruzsa (2013).
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The result breaks down when we consider Bw as an operator on c0.

Example (Bayart-Grivaux 2007)

There is a weighted backward shift Bw on c0 that is frequently hypercyclic

but that does not have any periodic points, and which is therefore not

chaotic.

In particular,

• frequent hypercyclicity ; chaos;

• frequent hypercyclicity ; Frequent Hypercyclicity Criterion.

Question 1

Which (strong) dynamical behaviour does the Frequent Hypercyclicity

Criterion characterize?

Does every chaotic and frequently hypercyclic operator satisfy the Frequent

Hypercyclicity Criterion?
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Fact

For any hypercyclic operator T , the set

HC (T )

of hypercyclic vectors is a dense Gδ-set.

Indeed,

HC (T ) =
⋂

∅6=U open

∞⋃
n=1

T−n(U),

and the intersection can be reduced to a countable intersection by

separability of X .

Consequence

Every vector in X is the sum of two hypercyclic vectors for T :

X = HC (T ) + HC (T ).

Indeed, for any x ∈ X , HC (T ) ∩ (x − HC (T )) 6= ∅.
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How about frequent hypercyclicity?

Bayart and Grivaux (2006), Bonilla and GE (2007) observed that for many

frequently hypercyclic operators the set

FHC (T )

of frequently hypercyclic vectors for T is of �rst Baire category.

Question (Antequera 2006, Bonilla-GE 2007)

Is the set FHC (T ) always of �rst Baire category?

Theorem (Moothathu 2013, Bayart-Ruzsa 2013, Grivaux-Matheron
2014)

YES!
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But then one can no longer be sure that

X = FHC (T ) + FHC (T ).

Indeed:

Theorem (Bonilla-GE 2007)

• For 'many' frequently hypercyclic operators T ,

X 6= FHC (T ) + FHC (T ).

• For the translation operator

T : H(C)→ H(C), Tf (z) = f (z + 1),

we have that

H(C) = FHC (T ) + FHC (T ).

Question 2 (Antequera 2006, Bonilla-GE 2007)

Is there a Banach space operator T for which X = FHC (T ) + FHC (T )?
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Probabilistic approach to frequent hypercyclicity

The notion of frequent hypercyclicity was motivated by ergodic theory:

If one can construct a probability measure of full support on X with respect

to which T is ergodic then T is frequently hypercyclic by the Birkho�

ergodic theorem (Bayart-Grivaux 2004).

Now, a large supply of eigenvectors of T to eigenvalues of modulus 1

allows to construct such a measure...

We refer to the deep work of Bayart, Grivaux and Matheron:

S. Grivaux: A new class of frequently hypercyclic operators, Indiana Univ.

Math. J. 2011

S. Grivaux, E. Matheron: Invariant measures for frequently hypercyclic

operators, Adv. Math. 2014

F. Bayart, E. Matheron: Mixing operators and small subsets of the circle,

J. reine angew. Math. 2014
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Frequently hypercyclic subspaces

How about other properties of the set FHC (T )? The following seems to be

open.

Question 3

Can the set FHC (T ) ∪ {0} be a linear subspace of X?

The answer is positive for hypercyclicity (Read 1988 � deep).

But we have a weaker result.

Theorem (Herrero-Bourdon 1990's)

For any frequently hypercyclic operator, the set FHC (T ) contains a dense

subspace (except 0). In other words, FHC (T ) is densely lineable.

Indeed, if x is a frequently hypercyclic vector then span orb(x ,T ) is such a

subspace.
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Montes (1996) studied a di�erent notion of largeness.

He showed that, for some hypercyclic operators, the set HC (T ) contains a
closed in�nite-dimensional subspace (except 0), while for others this is not

the case.

Such a subspace is called a hypercyclic subspace, and HC (T ) is nowadays
called spaceable.

Theorem (Bonilla-GE 2012)

Suppose that an operator T on a separable Banach space X
• satis�es the Frequent Hypercyclicity Criterion,

• and there exists a closed in�nite-dimensional subspace M0 such that, for

any x ∈ M0,

T nx → 0.

Then there is a closed in�nite-dimensional subspace in which any vector

(except 0) is frequently hypercyclic for T ; i.e. FHC (T ) is spaceable.

Such a subspace is called a frequently hypercyclic subspace.
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Unfortunately, the assumption of the existence of the subspace M0 is rather

strong.

Example

The operator T on C0(R+),

Tf (x) = λf (x + a)

has a frequently hypercyclic subspace if λ > 1, a > 0.

Question (Bonilla-GE 2012)

Does there exist a frequently hypercyclic operator that possesses a

hypercyclic subspace but not a frequently hypercyclic subspace?

Theorem (Menet 2014)

YES. In fact, there is a weighted backward shifts Bw on `p with this

property.
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Menet also proved that some weighted backward shifts on `p have

frequently hypercyclic subspaces.

However, the following is open.

Question 4 (Menet 2014)

Characterize the weighted backward shifts Bw on `p that possess a

frequently hypercyclic subspace.

For hypercyclic subspaces, a characterization is due to González, León and

Montes (2000) in the complex case, and Menet (2014) in the real case.
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Existence of frequently hypercyclic operators

By a result of Ansari (1997) and Bernal (1999), every separable

in�nite-dimensional Banach space admits a hypercyclic operator.

On the other hand, Bonet, Martínez and Peris (2001) have shown that

some separable in�nite-dimensional Banach spaces admit no chaotic

operator.

How about frequent hypercyclicity?
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The key is the following.

Theorem (Shkarin 2009)

Let T be a frequently hypercyclic operator on a complex Banach space.

Then its spectrum σ(T ) has no isolated points.

The proof uses the theory of entire functions in an ingenious way.

Beise (2014) recently obtained an additional necessary condition on the

spectrum. For example, [0, 1] cannot be the spectrum of a frequently

hypercyclic operator.

Question 5

Which compact subsets of C can be the spectrum of a frequently

hypercyclic operator on a complex Banach space?

It follows from Shkarin's result and the Riesz theory that no operator of the

form

T = λI + K , K compact

can be frequently hypercyclic.
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But the celebrated Argyros-Haydon theorem (2011) shows that there are

separable complex Banach spaces on which every operator is of the form

T = λI + K , K compact.

Corollary

Argyros-Haydon spaces do not admit frequently hypercyclic operators.

On the positive side we have the following.

Theorem (de la Rosa-Frerick-Grivaux-Peris 2012)

Every complex separable in�nite-dimensional Banach space with an

unconditional Schauder decomposition admits a frequently hypercyclic

operator.

Question 6

Which Banach spaces admit a frequently hypercyclic operator?
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Further questions

The following questions were all posed by Bayart and Grivaux (2006, 2007).

It is easy to see that if T is hypercyclic and invertible, then T−1 is also

hypercyclic.

Question 7

If T is frequently hypercyclic and invertible, is then also T−1 frequently

hypercyclic?

Bayart and Ruzsa (2013) have shown that T−1 enjoys a weak form of

frequent hypercyclicity.

Question 8

If T is frequently hypercyclic, is then also T ⊕ T frequently hypercyclic?

For hypercyclicity, the answer is negative (de la Rosa and Read 2009).
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But the major question, one of the most important questions in Linear

Dynamics, is the following.

Question 9

Is every chaotic operator frequently hypercyclic?
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