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Notations

f
Cϕ7−→ f ◦ ϕ

H∞ =

{
f ∈ H(D)

∣∣ ‖f ‖∞ = sup
z∈D
|f (z)| <∞

}

The disk algebra A(D) =
{
f ∈ C

(
D
)
| f is analytic on D

}
= H∞ ∩ C

(
D
)
.

LLQR=D. Li + H. Queffélec + L. Rodŕıguez-Piazza + P.L.

VI Curso Internacional de Análisis Matemático en Andalućıa
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Composition operators on H∞

The boundedness of Cϕ : H∞ −→ H∞ is obvious and ‖Cϕ‖ = 1.

(H. Schwartz ’69)

Cϕ is compact on H∞ if and only if ‖ϕ‖∞ < 1.

When ‖ϕ‖∞ < 1, Cϕ is a nuclear operator, i.e. a (absolutely convergent) sum
of rank one operators:

f ◦ ϕ =
∞∑
n=0

f̂ (n)ϕn where
∞∑
n=0

‖ϕn‖∞ < +∞ and f 7→ f̂ (n) has norm 1.

The converse is easy to prove, but we actually have

(Aron-Galindo-Lindström ’97)

Si Cϕ is a weakly compact operator on H∞ then ‖ϕ‖∞ < 1.

Hence TFAE
• ‖ϕ‖∞ < 1. • Cϕ is a nuclear operator.
• Cϕ is a compact operator. • Cϕ is a weakly compact operator.

The same holds replacing H∞ by A(D) (once ϕ ∈ A(D))
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

Composition operators on H∞

The boundedness of Cϕ : H∞ −→ H∞ is obvious and ‖Cϕ‖ = 1.

(H. Schwartz ’69)

Cϕ is compact on H∞ if and only if ‖ϕ‖∞ < 1.

When ‖ϕ‖∞ < 1, Cϕ is a nuclear operator, i.e. a (absolutely convergent) sum
of rank one operators:

f ◦ ϕ =
∞∑
n=0

f̂ (n)ϕn where
∞∑
n=0

‖ϕn‖∞ < +∞ and f 7→ f̂ (n) has norm 1.

The converse is easy to prove, but we actually have

(Aron-Galindo-Lindström ’97)

Si Cϕ is a weakly compact operator on H∞ then ‖ϕ‖∞ < 1.

Hence TFAE
• ‖ϕ‖∞ < 1. • Cϕ is a nuclear operator.

• Cϕ is a compact operator. • Cϕ is a weakly compact operator.

The same holds replacing H∞ by A(D) (once ϕ ∈ A(D))

VI Curso Internacional de Análisis Matemático en Andalućıa
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

Cϕ weakly compact ⇒ ‖ϕ‖∞ < 1

Let assume that ‖ϕ‖∞ = 1.

There are a ∈ T and (zj) ∈ D s.t. ϕ(zj) −→ a.
Consider

fn(z) =
(1 + āz

2

)n

Clearly
fn ∈ A(D) ‖fn‖∞ = 1 fn(a) = 1 ∀z ∈ D , fn(z) −→ 0

Since Cϕ is weaky compact, fnj ◦ ϕ
ω−→ σ ∈ H∞

In particular, for every z ∈ D , 0←− fnk

(
ϕ(z)

)
−→ σ(z)

By the Banach-Mazur theorem, some convex combination∑
Im

ck fnk ◦ ϕ
‖·‖∞−→ σ = 0

But, for every m,
∥∥∥∑

Im

ck fnk ◦ϕ
∥∥∥
∞
≥ lim

j→+∞

∣∣∣∑
Im

ck fnk

(
ϕ(zj)

)∣∣∣ =
∑
Im

ck = 1.

Contradiction !
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2

)n

Clearly
fn ∈ A(D) ‖fn‖∞ = 1 fn(a) = 1 ∀z ∈ D , fn(z) −→ 0

Since Cϕ is weaky compact, fnj ◦ ϕ
ω−→ σ ∈ H∞

In particular, for every z ∈ D , 0←− fnk

(
ϕ(z)

)
−→ σ(z)

By the Banach-Mazur theorem, some convex combination∑
Im

ck fnk ◦ ϕ
‖·‖∞−→ σ = 0

But, for every m,
∥∥∥∑

Im

ck fnk ◦ϕ
∥∥∥
∞
≥ lim

j→+∞

∣∣∣∑
Im

ck fnk

(
ϕ(zj)

)∣∣∣ =
∑
Im

ck = 1.

Contradiction !

VI Curso Internacional de Análisis Matemático en Andalućıa
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H∞

We even know the distance of Cϕ to many operator ideals I:

‖.‖e = d
(
.,K(X )

)
‖.‖e,I = d

(
., I
)
.

(Zheng ’02)

‖Cϕ‖e = 1 if ‖ϕ‖∞ = 1 and ‖Cϕ‖e = 0 if ‖ϕ‖∞ < 1

Actually

(L. ’09)

Assuming that K(H∞) ⊂ I ⊂ W(H∞), then

‖Cϕ‖e,I = 1 if ‖ϕ‖∞ = 1 and ‖Cϕ‖e,I = 0 if ‖ϕ‖∞ < 1
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Between Hp and H∞...

From the compactness point of view,

the behavior of Cϕ on Hp (the same as H2) is different from the one on H∞

for any p ≥ 1.

We aim to understand this “discontinuity”, replacing the “Lp” framework by a
new scale:

the Orlicz framework

Shall we emphasize new phenomena ?

There, th behavior of Cϕ looks rather like on H2 ? or rather like on H∞ ?
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Orlicz spaces

Let Ψ: [0,+∞)→ [0,+∞) be an Orlicz function:

Ψ is convex, strictly increasing and Ψ(0) = 0.

Ex.: Ψ(x) = xp; Ψ(x) = Ψ2(x) = ex2

− 1; Ψ(x) = x log(1 + x),. . .

We define the Orlicz space LΨ(T) as formed by the (classes of) measurable
functions f : T→ C such that

There exists A > 0 with

∫
T

Ψ(|f |/A) dλ < +∞ .

LΨ(T) is a Banach space for the norm

‖f ‖Ψ = inf
{

A > 0 :

∫
T

Ψ(|f |/A) dλ ≤ 1
}

Point out that a measurable f belongs to the unit ball of LΨ if and only if∫
T

Ψ(|f |) dλ ≤ 1 .
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Orlicz spaces

Let MΨ(T) be the closure of L∞(T) in LΨ(T): the Morse–Transue space.

A measurable function f : T→ C belongs to MΨ(T) if and only if

for every C > 0 we have

∫
T

Ψ(C |f |) dλ < +∞ .

Examples:

When Ψ(x) = xp, we have LΨ = MΨ = Lp.

When Ψ(x) = Ψ2(x) = ex2

− 1, we have LΨ 6= MΨ.

Actually

LΨ(T) = MΨ(T) if and only if Ψ satisfies the so-called ∆2 condition, that is:

lim sup
x→+∞

Ψ(2x)

Ψ(x)
< +∞.
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Orlicz spaces

In MΨ there exists a Dominated Convergence Theorem, which is clearly not
true in LΨ.

Dominated Convergence Theorem in MΨ.

Let {fn}n be a sequence of measurable functions converging pointwise a.e. to f .
If there exists g ∈ MΨ(T) such that |fn| ≤ g a.e. , for every n, then

fn
‖·‖Ψ−→ f .

From the Banach space point of view

The dual of MΨ(T) is LΦ(T) (where Φ is the so-called conjugate function
of Ψ).

Φ satisfies the ∆2 condition, then
(
MΨ(T)

)∗∗
= LΨ(T).
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

Orlicz spaces

In MΨ there exists a Dominated Convergence Theorem, which is clearly not
true in LΨ.

Dominated Convergence Theorem in MΨ.

Let {fn}n be a sequence of measurable functions converging pointwise a.e. to f .
If there exists g ∈ MΨ(T) such that |fn| ≤ g a.e. , for every n, then

fn
‖·‖Ψ−→ f .

From the Banach space point of view

The dual of MΨ(T) is LΦ(T) (where Φ is the so-called conjugate function
of Ψ).

Φ satisfies the ∆2 condition, then
(
MΨ(T)

)∗∗
= LΨ(T).

VI Curso Internacional de Análisis Matemático en Andalućıa
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Hardy–Orlicz spaces

In the same way Hardy spaces Hp are defined from the Lebesgue spaces Lp, we
define the Hardy–Orlicz spaces HΨ.

HΨ is formed by the analytic functions f : D→ C such that

‖f ‖HΨ = sup
0≤r<1

‖fr‖LΨ(T) < +∞ , (•)

where fr (e it) = f (re it).

The supremum sup
0≤r<1

in (•) is in fact equal to the limit lim
r→1−

.

Since, HΨ ⊂ H1, every f ∈ HΨ has radial limit a. e. f ∗. We have

f ∗ ∈ LΨ(T) and ‖f ‖HΨ = ‖f ∗‖LΨ .

In fact
HΨ = {f ∈ H1 : f ∗ ∈ LΨ(T)}
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.
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Big Orlicz norms

If 1 < p < r < +∞, and if Ψ satisfies the condition ∆2:

∃A > 1 and x0 > 0 s.t. Ψ(Ax) ≥
(
Ψ(x)

)2
, for all x ≥ x0,

then

H1 ⊃ Hp ⊃ H r ⊃ HΨ ⊃ H∞

and
‖ · ‖1 ≤ ‖ · ‖p ≤ ‖ · ‖r. ‖ · ‖Ψ .‖ · ‖∞

Examples: Ψ(x) = Ψq(x) = exq

− 1.
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Hardy–Orlicz spaces

We shall use often the functions ua,r , where a ∈ T and r ∈ [0, 1), defined by

ua,r (z) =
( 1− r

1− arz

)2

We have

‖ua,r‖H∞ = 1 , ‖ua,r‖H1 =
1− r

1 + r
≤ 1− r , ∀z ∈ D , ua,r (z)

r→1−−→ 0

and ∣∣∣ua,r (z)
∣∣∣ ≥ 1/4 , when |z − a| ≤ 1− r . (∗∗)

For every Orlicz function Ψ, and any A > 0 we have∫
T

Ψ(|u∗a,r |/A) dλ ≤
∫

T
|u∗a,r |Ψ(1/A) dλ ≤ (1− r)Ψ(1/A).

So ‖ua,r‖HΨ ≤ 1/Ψ−1( 1
1−r

). Thanks to (∗∗), we actually have

‖ua,r‖HΨ ≈
1

Ψ−1
(
1/(1− r)

) .
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Hardy–Orlicz spaces

The point evaluation δz , where z ∈ D, is a linear functional on HΨ and its norm
can be estimated

‖δz‖(HΨ)∗ ≈ Ψ−1
( 1

1− |z |

)
.

For the minoration, one tests δz on ua,r , for r = |z |, and z = ra.

For the other direction, we use the Poisson kernel Pz .

We know Pz ≥ 0, ‖Pz‖1 = 1, ‖Pz‖∞ =
1 + |z |
1− |z | , and, for f ∈ BHΨ ,

f (z) =

∫
T
f ∗ Pz dλ and

Ψ
(
|f (z)|

)
≤
∫

T
Ψ
(
|f ∗|
)
Pz dλ ≤ ‖Pz‖∞ ≤

2

1− r
.

Actually, for many Ψ, we have: ‖δz‖(HΨ)∗ ≤ Ψ−1
( 1

1− |z |2
)
.
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Boundedness on Hardy–Orlicz spaces

For every ϕ : D→ D and any Orlicz function Ψ, the operator Cϕ : HΨ → HΨ is
(well defined and) bounded .

Assuming ϕ(0) = 0, we use again the Littlewood’s Subordination Principle:

For every r ∈ [0, 1) and any subharmonic function g : D→ [0,+∞), we have:∫ 2π

0

g
(
ϕ(re it)

)
dt ≤

∫ 2π

0

g(re it) dt .

Hence for every f ∈ BHΨ , taking g(z) = Ψ(|f (z)|), we get

‖Cϕf ‖HΨ ≤ 1

For general ϕ, once again we write Cϕ = Cφ ◦ Cqa where φ(0) = 0.
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Compactness on Hardy–Orlicz spaces

The Schwartz’s criterium for compactness is still valid.

The composition operator Cϕ : HΨ → HΨ is compact
if and only if

for every bounded sequence {fn}n in HΨ converging to 0 uniformly on compact
subsets of D, we have fn ◦ ϕ→ 0 in HΨ.

(UCKS is the weak-star topology on BHΨ )

And the same first consequence when we apply it to fn(z) = zn.

Corollary

If Cϕ : HΨ → HΨ is compact, then

λϕ(T) = 0 i.e. |ϕ∗| < 1 almost everywhere on T.
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Compactness on Hardy–Orlicz spaces

A second consequence is as follows. Remember

ua,r (z) =
( 1− r

1− arz

)2

and ‖ua,r‖HΨ ≈
1

Ψ−1
(
1/(1− r)

) .

For every sequence {an}n in T, if rn → 1−, we have

Ψ−1
( 1

1− rn

)
uan,rn −→ 0 converging to 0 uniformly on compact subsets of D .

Corollary

If Cϕ : HΨ → HΨ is compact, then

lim
r→1−

sup
a∈T

Ψ−1
( 1

1− r

)∥∥∥Cϕua,r

∥∥∥
HΨ

= 0 (W )
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Order bounded composition operators

Theorem (LLQR, 07)

If Ψ satisfies (∆2), then TFAE:

1 Cϕ : HΨ → HΨ is weakly compact.

2 Cϕ : HΨ → HΨ is compact.

3 Cϕ : HΨ → HΨ is order bounded in MΨ:
∃g ∈ MΨ(T), with g ≥ |(Cϕf )∗| a.e., for all f ∈ BHΨ .

4 We have Ψ−1
(

1
1−|ϕ∗|

)
∈ MΨ(T).

Recall: Order bounded in L2 is the same that Hilbert–Schmidt...

Remark: for all the functions Ψq, this is equivalent to the (simple) condition:

∀d ≥ 1 ,

∫
T
|ϕ|n dλ = o

(
n−d)
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Order bounded composition operators

Observe that the best g we can choose to majorize |(Cϕf )∗|, for every f in the
unit ball is

g(e it) =
∥∥δϕ∗(e it )

∥∥
(HΨ)∗

≈ Ψ−1
( 1

1− |ϕ∗(e it)|

)
.

So clearly, the last two statements are equivalent.

If Cϕ is order bounded in MΨ (by g), and {fn}n ∈ BHΨ , converging to 0
uniformly on compacts subsets of D,
then, (point out |ϕ∗| < 1 a.e.)

{fn ◦ ϕ∗}n
a.e.−→ 0

and the convergence is dominated by g ∈ MΨ.

Thus

fn ◦ ϕ∗
‖·‖Ψ−→ 0

Therefore Cϕ is compact on HΨ.
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

Order bounded composition operators

Observe that the best g we can choose to majorize |(Cϕf )∗|, for every f in the
unit ball is

g(e it) =
∥∥δϕ∗(e it )

∥∥
(HΨ)∗

≈ Ψ−1
( 1

1− |ϕ∗(e it)|

)
.

So clearly, the last two statements are equivalent.

If Cϕ is order bounded in MΨ (by g), and {fn}n ∈ BHΨ , converging to 0
uniformly on compacts subsets of D,
then, (point out |ϕ∗| < 1 a.e.)

{fn ◦ ϕ∗}n
a.e.−→ 0

and the convergence is dominated by g ∈ MΨ.

Thus

fn ◦ ϕ∗
‖·‖Ψ−→ 0

Therefore Cϕ is compact on HΨ.

VI Curso Internacional de Análisis Matemático en Andalućıa
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Order bounded composition operators

It remains to prove that, under condition (∆2), compactness implies order
boundedness.

This will be done using the condition

lim
r→1−

sup
a∈T

Ψ−1
( 1

1− r

)∥∥∥Cϕ(ua,r )
∥∥∥

HΨ
= 0 (W )

Fix B > 1. Let ε = ε(B) > 0 (specified later), there exists r0 < 1 s.t., for every
a ∈ T, and all r0 < r < 1:∫

D
Ψ

(
1

ε
Ψ−1

( 1

1− r

)∣∣ua,r (z)
∣∣) dλϕ =

∫
T

Ψ

(
1

ε
Ψ−1

( 1

1− r

)∣∣ua,r◦ϕ∗
∣∣) dλ ≤ 1 .

Using Markov’s inequality and the fact that |ua,r (z)| ≥ 1/4, whenever
|z − a| ≤ 1− r ,

1 ≥ λ({|ϕ∗ − a| ≤ 1− r})Ψ

(
1

4ε
Ψ−1

( 1

1− r

))
, for every a ∈ T.
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Order bounded composition operators

Observe that the annulus {z ∈ C : 1− h < |z | < 1}, for h small enough, can be
covered by less than C/h balls of radii 2h and centers in T and therefore,
taking 2h = 1− r

C

h
≥ λ({|ϕ∗| > 1− h})Ψ

(
1

4ε
Ψ−1

( 1

2h

))
≥ λ

({ 1

1− |ϕ∗| >
1

h

})
Ψ

(
1

8ε
Ψ−1

(1

h

))

Writing g = Ψ−1
(

1
1−|ϕ∗|

)
, and x = Ψ−1(1/h), we have for x big enough,

CΨ(x) ≥ λ({g > x}) ·Ψ(x/8ε) ≥ λ({g > x})
[
Ψ(x/8A2ε)

]4
= λ({g > x})

[
Ψ(Bx)

]4

using condition (∆2) twice and for a suitable choice of ε.
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Order bounded composition operators

λ({Ψ(Bg) > Ψ(Bx)})
[
Ψ(Bx)

]4 ≤ CΨ(x) ≤ CΨ(Bx).

That is, for t large enough,

λ({Ψ(Bg) > t}) ≤ C

t3
,

and Ψ(Bg) is integrable, for every B > 1.

Namely g ∈ MΨ(T) and

Cϕ is order bounded in MΨ.
ok !
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A question

From the previous result we see that compactness of Cϕ on HΨ, when Ψ
satisfies (∆2), only depends on the modulus of ϕ∗:

If ϕ1, ϕ2 : D→ D satisfy |ϕ∗1 | = |ϕ∗2 |, a.e. on T, then

Cϕ1 is compact on HΨ if and only if Cϕ2 is compact on HΨ

Is this true for every Hardy-Orlicz spaces?

Is this true for Hardy spaces? (it is true for Hilbert-Schmidt composition
operators on H2)

Problem

If we have |ϕ∗1 | = |ϕ∗2 | and Cϕ1 : H2 → H2 is compact,

Is Cϕ2 compact too?

We shall answer a bit later....suspense...
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

A question

From the previous result we see that compactness of Cϕ on HΨ, when Ψ
satisfies (∆2), only depends on the modulus of ϕ∗:

If ϕ1, ϕ2 : D→ D satisfy |ϕ∗1 | = |ϕ∗2 |, a.e. on T, then

Cϕ1 is compact on HΨ if and only if Cϕ2 is compact on HΨ

Is this true for every Hardy-Orlicz spaces?

Is this true for Hardy spaces? (it is true for Hilbert-Schmidt composition
operators on H2)

Problem

If we have |ϕ∗1 | = |ϕ∗2 | and Cϕ1 : H2 → H2 is compact,

Is Cϕ2 compact too?

We shall answer a bit later....suspense...

VI Curso Internacional de Análisis Matemático en Andalućıa
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Back to pullback measure

We already mentioned (recall lecture 1) that, when f ∈ Hp, we have

‖Cϕf ‖pHp = ‖(f ◦ ϕ)∗‖pLp(T) =

∫
T
|f |p ◦ ϕ∗ dλ = ‖f ‖pLp(λϕ)

where λϕ to the pullback measure of λ by the map ϕ∗: λϕ(B) = λ({ϕ∗ ∈ B}),
for every Borel set B ⊂ D.

So properties like boundedness, compactness,... of the operator Cϕ are the
same than the properties of the inclusion (embedding) operator

jλϕ : Hp ↪→ Lp(λϕ) .

The same argument works for Hardy–Orlicz spaces.
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Carleson windows

Let 0 < h < 1. We define the window of center ξ ∈ T and radius h as

W (ξ, h) = {z ∈ D : 1− h < |z |, | arg(ξz)| < h}

Ξ

h

1
1�h
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Carleson’s point of view

Let 1 ≤ p <∞. Let µ be a finite measure on the borelian sets of D.
Let ϕ : D→ D analytic.

Carleson, ’62

The identity Hp −→ Lp(µ) defines a bounded operator if and only if µ is a
Carleson measure:

ρµ(h)

h
is bounded for 0 < h < 1.

where ρµ(h) = sup
ξ∈T

µ
(
W (ξ, h)

)

The identity Hp −→ Lp(µ) defines a compact operator if and only if µ is a
vanishing Carleson measure:

lim
h→0+

ρµ(h)

h
= 0.

The pullback measures λϕ are Carleson measures.
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Power (’80)- MacCluer (’85)

The composition operator Cϕ : Hp → Hp is compact if and only if λϕ is a
vanishing Carleson measure.

VI Curso Internacional de Análisis Matemático en Andalućıa
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An example

Let us recall the proposed question:

Problem

If we have ϕ1, ϕ2 : D→ D holomorphic, such that |ϕ∗1 | = |ϕ∗2 | a.e. on T, and
Cϕ1 : H2 → H2 is compact.

Is Cϕ2 compact too?

We are going to give two holomorphic functions ϕ and M : D→ D, with M an
inner function, such that Cϕ is not compact, but CM.ϕ is compact.

Taking ϕ2 = ϕ, and ϕ1 = M.ϕ, we see that the answer to the proposed
problem is NO.
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An example

Let ϕ(z) =
(1 + z)

2
.

We have ρϕ(h) ≈ h
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

An example

Let ϕ(z) =
(1 + z)

2
.

10

We have ρϕ(h) ≈ h

VI Curso Internacional de Análisis Matemático en Andalućıa
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An example

Let ϕ(z) =
(1 + z)

2
.

10

We have ρϕ(h) ≈ h =⇒ Cϕ is not compact.
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An example

We have, for −π ≤ t ≤ π, |ϕ∗(e it)| = cos(t/2) ≈ 1− t2/4.

Then, for
h→ 0+, λϕ

(
{z ∈ D : |z | > 1− h}

)
≈
√

h.

10 1�h

If M is an inner function, we also have λϕM

(
{z ∈ D : |z | > 1− h}

)
≈
√

h.
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An example

We choose M(z) = exp
(
T (z)

)
, where T (z) =

z + 1

z − 1
.

Point out that T is a conformal mapping from the disk D to the left half plane.
and M(e it) = exp

(
−i cot(t/2)

)
, for t 6= 0, −π < t < π.

We have ρϕM(h) ≈ h3/2
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Compactness of the inclusion in LΨ(µ)

The compactness of composition operator Cϕ : HΨ → HΨ is equivalent to the
compactness of the inclusion operator of HΨ in LΨ(λϕ).

So we could try to characterize for which finite measure µ on D, is the inclusion
operator HΨ ↪→ LΨ(µ) compact.
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Compactness of the inclusion in LΨ(µ)

Let µ be a finite measure on D, h ∈ (0, 1) and A > 0.
We denote:

ρµ(h) = sup
ξ∈T

µ
(
W (ξ, h)

)

Kµ(h) = sup
0<t≤h

ρµ(t)

t

γA(h) =
1

Ψ
(
AΨ−1(1/h)

)
Theorem (’07)

Consider the following conditions:

(R0) For every A > 0, ρµ(h) = o
(
γA(h)

)
, h→ 0+.

(K0) For every A > 0, Kµ(h) = o
(
γA(h)

h

)
, h→ 0+.

(C0) The inclusion of HΨ(D) in LΨ(µ) is a compact operator.

Then we have (K0) =⇒ (C0) =⇒ (R0).
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Compactness of composition operators on HΨ

For general measures we do not have a complete characterization of
compactness of the inclusion for every Ψ.

But in the study of composition operators Cϕ we are interested in pullback
measures λϕ associated to analytic functions

Regularity of the pullback measure (’07)

There exists a constant k1 > 0 so that, for every analytic map ϕ : D→ D, and
for every ξ ∈ T, we have

λϕ
(
W (ξ, εh)

)
≤ k1 ε λϕ

(
W (ξ, h)

)
,

whenever 0 < ε < 1, and 0 < h < 1− |ϕ(0)|.
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Compactness of composition operators on HΨ

Consequence: For µ = λϕ we have

Kµ(h) = sup
0<t≤h

ρµ(t)

t
≈ ρµ(h)

h

Therefore

(R0) ρµ(h) = o
(
γA(h)

)
, h→ 0+ and (K0) Kµ(h) = o

(
γA(h)

h

)
, h→ 0+

are equivalent; hence

Characterization of compactness (LLQR ’07)

The composition operator Cϕ : HΨ → HΨ is compact if and only if

∀A > 0 , ρλϕ (h) = o
(
γA(h)

)
, when h→ 0+.

if and only if

lim
h→0+

Ψ−1(1/h)

Ψ−1
(
1/ρλϕ (h)

) = 0.
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Some consequences

If Cϕ is compact on HΨ, then it is compact on H2.

When Ψ satisfies the ∆2 condition, Cϕ is compact on HΨ if and only if it
is compact on H2.

Conversely, if Ψ does not satisfy the ∆2 condition, there exists a symbol ϕ
such that Cϕ is compact on H2, but it is not compact on HΨ.
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Program H∞ Hardy-Orlicz Boundedness Compactness Example Compactness on HΨ Carleson versus Nevanlinna

Some consequences

If Ψ satisfies, for some β > 1,

lim
x→+∞

Ψ(βx)

Ψ(x)
= +∞

then Cϕ is compact on HΨ if and only if it is weakly compact.

If ϕ is a symbol such that ‖ϕ‖∞ = 1, there exists an Orlicz function Ψ
such that Cϕ is not compact on HΨ.

For every Orlicz function Ψ, there exists a symbol ϕ such that Cϕ is
compact on HΨ, and ‖ϕ‖∞ = 1.

Moreover ϕ can be onto (ϕ(D) = D).
This is done building an example similar to the one of Shapiro and
MacCluer; changing their set Ω for a new set Ω1, adapted to Ψ.
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Carleson versus Nevanlinna

We just saw the efficiency of the point of view via Carleson’s measures.

Yesterday, we saw that there is a nice characterization via the Nevanlinna
function.

Cϕ is compact on H2

if and only if

sup
|w|≥1−h

Nϕ(w) = o(h) when h→ 0

if and only if

ρϕ(h) = sup
ξ∈T

λϕ
(
W (ξ, h)

)
= o (h) when h→ 0

There should be a link... Indeed

The Nevanlinna counting function is “equivalent” to the λϕ-measure of the
Carleson’s windows.
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Carleson versus Nevanlinna

(LLQR ’11)

There exist c,C > 0 (numerical) s.t.

Nϕ(w) ≤ Cλϕ
(
W (ξ, ch)

)
where w = ξ(1− h)

λϕ
(
W (ξ, h)

)
≤ C

A
(
W (ξ, ch)

) ∫
W (ξ,ch)

Nϕ(w) d A ≤ C sup
w∈W (ξ,ch)

Nϕ(w)

An immediate consequence

Cϕ : HΨ → HΨ is compact if and only if lim
|w|→1−

Ψ−1
(
1/(1− |w |)

)
Ψ−1

(
1/Nφ(w)

) = 0.

When ϕ is finitely-valent:

Cϕ : HΨ → HΨ is compact if and only if lim
|z|→1−

Ψ−1
( 1

1− |ϕ(z)|

)
Ψ−1

( 1

1− |z |

)
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Key ingredients of the proof

The main tool is an Orlicz version of the Littlewood-Paley formula:

Stanton formula ’85

Let G : D→ R be subharmonic.

lim
r→1−

∫
T
G
(
ϕ(rξ)

)
dλ(ξ) = G

(
ϕ(0)

)
+

1

2

∫
D

∆G(w)Nϕ(w) dA(w),

where ∆ is the Laplacian (in the distributional sense)

we apply it to G(z) = ψ(|f (z)|) where f is analytic and ψ is nondecreasing,
convex and continuous. We also require its derivative ψ′ to be convex.
Then

∆G(z) =
[
ψ′′(|f |) +

ψ′(|f |)
|f |

]
|f ′|2 ≈ ψ′′(|f |)|f ′|2 .

We use it with f (z) =

√
1− |a|2

1− āz
where h = 1− |a|.

For instance to majorize the Nevanlinna function, we concretely choose

s 7→ ψ′′(s), as a step function, depending on λϕ
(
W ( w

|w| , c(1− |w |)
)

.
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Merci !
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