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Program
[ ]

Program

@ Other operator ideals

o Schatten classes and approximation numbers.

o Absolutely summing composition operators (work in progress, with L.
Rodriguez-Piazza).

e Some open questions...
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Schatten Classes
Schatten Classes

Definition

Let H be a (separable) Hilbert spaces, and T a bounded operator on H.
For p > 1, define the Schatten p-norm of T as

I T|lse := (Z/\‘Z(ITD)l/P _ (tr(“_'p)) "

n>1

where
AT = X(T)) == X(|T|) > -+ are the eigenvalues of |T| = +/(T*T).

VI Curso Internacional de Analisis Matemdtico en Andalucia



Schatten Classes
Schatten Classes

Let H be a (separable) Hilbert spaces, and T a bounded operator on H.
For p > 1, define the Schatten p-norm of T as

I T|lse := (Z/\‘Z(ITD)l/P _ (tr(“_'p)) "

n>1

where
AT = X(T)) == X(|T|) > -+ are the eigenvalues of |T| = +/(T*T).

T belongs to the Schatten class S if its Schatten p-norm is finite.
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Schatten Classes
Schatten Classes

Let H be a (separable) Hilbert spaces, and T a bounded operator on H.
For p > 1, define the Schatten p-norm of T as

I T|lse := (Z/\‘Z(ITD)l/P _ (tr(“_'p)) "

n>1

where
AT = X(T)) == X(|T|) > -+ are the eigenvalues of |T| = +/(T*T).

T belongs to the Schatten class S if its Schatten p-norm is finite.

Remark: T belongs to S? if and only if T is Hilbert-Schmidt.
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Schatten Classes
o

Classes de Schatten

The case S, is already known (lecture 1) and the general case was solved by
Luecking:
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Schatten Classes
o

Classes de Schatten

The case S, is already known (lecture 1) and the general case was solved by
Luecking: its characterization uses Luecking windows = half dyadic Carleson'’s
windows.
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Schatten Classes
o

Classes de Schatten

The case S, is already known (lecture 1) and the general case was solved by

Luecking: its characterization uses Luecking windows = half dyadic Carleson'’s
windows.

Letn>1and 0< <27 —1:

Rij={zeDi1-27 <l <1-2"" and IT cage < 2017
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Schatten Classes
o

Classes de Schatten
The case S, is already known (lecture 1) and the general case was solved by
Luecking: its characterization uses Luecking windows = half dyadic Carleson'’s

windows.

Letn>1and 0< <27 —1:

Rij={zeDi1-27 <l <1-2"" and IT cage < 2017
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Schatten Classes
o

Schatten classes

(Luecking '87)
We assume that A, (T) = 0.

il
C, €Sp if and only if Z Z [2")\¢(Rn,j)]p/2 < +o0.
n>0 j=0
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(Luecking '87)
We assume that A, (T) = 0.
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C, €Sp if and only if Z Z [2")\¢(Rn,j)]p/2 < +o0.
n>0 j=0
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CoeS, ifandonlyif 3> [2"Ap(Wa)]"'? < +oo.
n>0 j=0
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Schatten Classes
o

Schatten classes

(Luecking '87)
We assume that A, (T) = 0.

2"—1
C, €Sp if and only if Z Z [2")\¢(Rn,j)]p/2 < +o0.
n>0 j=0
Actually (LLQR '08)
2"—1
CoeS, ifandonlyif 3> [2"Ap(Wa)]"'? < +oo.
n>0 j=0

(Luecking-Zhu '92)

N, (z) )P/2 dA

og(1/l2)) = zp2 = T

C, €Sy if and only if / (
D
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Schatten Classes
o

Schatten classes

(Luecking '87)
We assume that A, (T) = 0.

211!
Co€Sy  ifandonlyif > Y [2"Ap(Raj)]”’? < +oo.
n>0 j—0
Actually (LLQR '08)
2" 1
CoeS, ifandonlyif 3> [2"Ap(Wa)]"'? < +oo.
n>0 j=0

(Luecking-Zhu '92)

. . Ny(z) \r/2 dA
C, €S if and only if / 2 < +o00.
e D (log(1/|z\)) (1—1zP)?

Link with Carleson’s measures ? J

VI Curso Internacional de Anilisis Matematico en Andalucia



Schatten Classes
o

Schatten classes

(Luecking '87)
We assume that A, (T) = 0.

211!
Co€Sy  ifandonlyif > Y [2"Ap(Raj)]”’? < +oo.
n>0 j—0
Actually (LLQR '08)
2" 1
CoeS, ifandonlyif 3> [2"Ap(Wa)]"'? < +oo.
n>0 j=0

(Luecking-Zhu '92)

. . Ny(z) \r/2 dA
C, €S if and only if / 2 < +o00.
e D (log(1/|z\)) (1—1zP)?

Link with Carleson’s measures ? With a-Carleson ? J

A finite measure y on D is a-Carleson if p,(h) = sup u(W(&, h)) = O(h®).
geT
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Schatten Classes
L]

Schatten Classes

A necessary condition

"y
If C, € Sp, then py(h) = o <h(|og %) p>.
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Schatten Classes

A necessary condition

"y
If C, € Sp, then py(h) = o <h(|og %) p>.

<

A sufficient condition

. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —
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Schatten Classes
L]

Schatten Classes

A necessary condition

"y
If C, € Sp, then py(h) = o <h(|og %) p>.

<

A sufficient condition

. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —

On the other hand,
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Schatten Classes
L]

Schatten Classes

A necessary condition

"y
If C, € S, then pu(h) = o <h(|og %) p).

<

A sufficient condition
. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —

<

Va € (1, 2), there exist two symbols 1 and ¢ such that |¢7| = |p5] (a.e.),
with

pei(h) ~ h et pea(h) = h*

hence
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Schatten Classes

Schatten Classes

A necessary condition

"y
If C, € S, then pu(h) = o (h(log %) P).

A sufficient condition

. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —

Va € (1, 2), there exist two symbols 1 and ¢ such that |¢7| = |p5] (a.e.),
with

Per(h) = h et Per(h) = h*

For any p > 2,there exist two symbols @1 and 2 such that |p7| = |p5| (a.e.),
with

Co, €Sy but C,, non compact.
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Schatten Classes

Schatten Classes

A necessary condition

"y
If C, € S, then pu(h) = o (h(log %) P).

A sufficient condition

. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —

Va € (1, 2), there exist two symbols 1 and ¢ such that |¢7| = |p5] (a.e.),
with

Per(h) = h et Per(h) = h*

For any p > 2,there exist two symbols @1 and 2 such that |p7| = |p5| (a.e.),
with

Co, €Sy but C,, non compact.

“p = 00" (cf lecture 2: o = 3/2).
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Schatten Classes

Schatten Classes

A necessary condition

"y
If C, € S, then pu(h) = o (h(log %) P).

A sufficient condition

. 2
If A, is a-Carleson where a > 1, then C, € S, for any p > “1
@ —

Va € (1, 2), there exist two symbols 1 and ¢ such that |¢7| = |p5] (a.e.),
with

Per(h) = h et Per(h) = h*

For any p > 2,there exist two symbols @1 and 2 such that |p7| = |p5| (a.e.),
with

Co, €Sy but C,, non compact.

“p = oo” (cf lecture 2: o = 3/2). Cannot be true for p = 2 (cf lecture 1) !
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Approx. numbers
[ ]

Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}
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Approx. numbers
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Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T||
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Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
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[ ]

Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
an(T) — 0 if and only if T is compact.
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Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
an(T) — 0 if and only if T is compact.

1T ]s» = @ (T)al, )
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Approx. numbers
[ ]

Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
an(T) — 0 if and only if T is compact.

1T ]s» = @ (T)al, )

(Li-Queffélec—Rodriguez-Piazza '11-14)

@ Given g, \, 0, there exists a symbol ¢ s.t. C, compact and a,(Cy,) 2 &n.
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Approx. numbers
[ ]

Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
an(T) — 0 if and only if T is compact.

1T ]s» = @ (T)al, )

(Li-Queffélec—Rodriguez-Piazza '11-14)

@ Given g, \, 0, there exists a symbol ¢ s.t. C, compact and a,(Cy,) 2 &n.

o If ||¢]lo <1 then lim (an(Cg,))l/" _ o/ Caple(®)

VI Curso Internacional de Analisis Matematico en Andalucia



Approx. numbers
[ ]

Approximation numbers on H?

Definition

Let T be an operator: a,(T) =inf {|T —R||; rank(R) < n}

Remarks: a1(T) = || T|| a non-increasing sequence
an(T) — 0 if and only if T is compact.

1T ]s» = @ (T)al, )

(Li-Queffélec—Rodriguez-Piazza '11-14)

@ Given g, \, 0, there exists a symbol ¢ s.t. C, compact and a,(Cy,) 2 &n.
o If [|plloo < 1 then lim (a,(C,))"" = e/ C#®),
@ Si ¢ is the lens map (of index 6 € (0, 1)), then

e*aeﬁ < an(cp) < e*ﬁeﬁ
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Abs. summing operators
[ ]

g-summing operators

Suppose 1 < g < oo and let T: X — Y be a (bounded) operator between
Banach spaces.

We say T is a g-summing operator if there exists C > 0 such that

(S Imsl) < ¢ sup (Solxro)i) " =
j=1

=i X*EByx
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Abs. summing operators
[ ]

g-summing operators

Suppose 1 < g < oo and let T: X — Y be a (bounded) operator between
Banach spaces.

We say T is a g-summing operator if there exists C > 0 such that

(S Imsl) "< ¢ sup (S lxroin) = c s Hza,x,
j=1

=i X*EByx

for every finite sequence x1, x2,...,X, in X.

The g-summing norm of T, denoted by mq(T), is the least suitable constant
C>o0.
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Abs. summing operators
[ ]

g-summing operators

Suppose 1 < g < oo and let T: X — Y be a (bounded) operator between
Banach spaces.

We say T is a g-summing operator if there exists C > 0 such that

(S Imsl) "< ¢ sup (S lxroin) = c s Hza,x,
j=1

=i X*EByx

for every finite sequence x1, x2,...,X, in X.

The g-summing norm of T, denoted by mq(T), is the least suitable constant
C>o0.

@ This forms an operator ideal.

@ 1l-summing operators are also called absolutely summing operators.
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Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

.o le — Lq(;;,y)

f —

T is a g-summing operator and 74(T) = 1, indeed
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Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

C(K) — LIY(K,v)
f

f —

T:‘

T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

PG
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Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

C(K) — LIY(K,v)
f

f —

T:‘

T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

ST = [ 3 1500 dv

VI Curso Internacional de Anlisis Matematico en Andalucia



Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

f —

T: ‘C(K) - Lq(;f(ﬂ/)

T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

SIT@N= [ S0 dvs [ s 3 o

XGBC (K)* j=1
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Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

f —

T: ‘C(K) - Lq(;f(ﬂ/)

T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

SIT@IE= [ Sigerdvs [ su me )i dv < sup Z|x(f Ik

XEBc(k)* XEBc(k)*

VI Curso Internacional de Anlisis Matematico en Andalucia



Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

C(K) — LIY(K,v)
f

f —

T: ‘
T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

XEBc(k)* XEBc(k)*

SIT@IE= [ Sigerdvs [ su me )i dv < sup Z|x(f Ik

Any restriction of this operator still works...
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Abs. summing operators
[ ]

a (generic) example

Let (K, v) a probability space, where K is compact and consider

f —

T: ‘C(K) - Lq(;f(ﬂ/)

T is a g-summing operator and 74(T) = 1, indeed

Let fi, f,...,f in C(K).

ZIIT(G)IIZ:/ZIE'(X)I" dVS/ sup le(f )If dv < sup le(f )
j=1 Ko K X€Bc(k

(K)* X€Bc(k)*

Any restriction of this operator still works...

Actually, up to factorizations, any g-summing looks like this: J
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Abs. summing operators
o

Pietsch Theorem

(Pietsch '67)

T: X — Y is a g-summing operator

if and only if
there exists a (probability) measure v on the compact (Bx=, w™) s.t.
G 1/q
weX, TS ([ I due)
By

if and only if
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Abs. summing operators
o

Pietsch Theorem

(Pietsch '67)

T: X — Y is a g-summing operator

if and only if

there exists a (probability) measure v on the compact (Bx=, w™) s.t.

< G 1/q
weex, TS ([ Il av(e))
beo
if and only if
we have the following factorization
X L v
\ T T
R ]
XCC(Bx:) & X, CLY(Bx-,v)

for some probability measure v on Bx-x.
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[ ]

Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.
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@ g-summing operators are weakly compact and
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Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).

VI Curso Interna



Abs. summing operators
[ ]

Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.
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Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.

@ For 1 < p <2, H? and L? have cotype 2.
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Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.

@ For 1 < p <2, H? and L” have cotype 2. For p > 2, they have cotype p.
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Abs. summing operators
[ ]

Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.

@ For 1 < p <2, H? and L have cotype 2. For p > 2, they have cotype p.
Hence
Ju is gqi-summing  if and only if j,, is g2-summing

in the following cases:
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Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.

@ For 1 < p <2, H? and L have cotype 2. For p > 2, they have cotype p.
Hence
Ju is gqi-summing  if and only if j,, is g2-summing

in the following cases:

e Forl<p<2andaqi, g >1.
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Abs. summing operators
[ ]

Pietsch Theorem

Consequences

o If g1 < @, every gi-summing operator is g>-summing.

@ g-summing operators are weakly compact and map weakly convergent
sequences to norm convergence sequences (Dunford-Pettis operator).
In particular, they are compact when X is reflexive.

@ For 1 < p <2, H? and L have cotype 2. For p > 2, they have cotype p.
Hence
Ju is gqi-summing  if and only if j,, is g2-summing

in the following cases:

e Forl<p<2andaqi, g >1.

e For p>2,and 1< q1, g2 < p’, where p’ is the conjugate exponent of p.
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from £* to ¢ is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from £* to ¢ is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:

feAD) — f e H
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A digression

(Grothendieck '56)

Every operator from £* to ¢ is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €

is well defined (not obvious),
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from £* to ¢ is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €

is well defined (not obvious), 1-summing (obvious)
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from #* to ¢? is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €

is well defined (not obvious), 1-summing (obvious), and onto (not obvious).
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from #* to ¢? is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)
O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €
is well defined (not obvious), 1-summing (obvious), and onto (not obvious).

@ Ingredient 2: ¢! has the lifting property:
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from #* to ¢? is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €
is well defined (not obvious), 1-summing (obvious), and onto (not obvious).

@ Ingredient 2: ¢! has the lifting property:
Given a surjective map: o: X — Y, any operator T: £ — Y factorizes as
T=0co0T.
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from #* to ¢? is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €
is well defined (not obvious), 1-summing (obvious), and onto (not obvious).

@ Ingredient 2: ¢! has the lifting property:
Given a surjective map: o: X — Y, any operator T: £ — Y factorizes as
T=0co0T.

So the proof is now obvious:

given T: 08 — (2.
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Abs. summing operators
L]

A digression

(Grothendieck '56)

Every operator from #* to ¢? is absolutely summing.

Sketch of proof (Petczyriski-Wojtaszczyk)

O Ingredient 1: the Paley projection P:
feAD) — feH — (F2),, €
is well defined (not obvious), 1-summing (obvious), and onto (not obvious).

@ Ingredient 2: ¢! has the lifting property:
Given a surjective map: o: X — Y, any operator T: £ — Y factorizes as
T=0co0T.

So the proof is now obvious:

given T: * — *. We factorize T = Po T, which is 1-summing.
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Abs. summing C,
[ ]

Carleson embeddings

Our problem now:

When a composition operator C,: H? — HP is g-summing ?
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Carleson embeddings

Our problem now:
When a composition operator C,: H? — HP is g-summing ?

This problem is equivalent to:
When the identity f € H? — f € LP(D, \,) is g-summing ?

Hence we are interested in the following more general problem:
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Carleson embeddings

Our problem now:
When a composition operator C,: H? — HP is g-summing ?

This problem is equivalent to:
When the identity f € H? — f € LP(D, \,) is g-summing ?

Hence we are interested in the following more general problem:
Assume from now on that p is concentrated in the open disk D.
For 11 a Carleson measure, when the Carleson embedding

Jut H? = LP(p)

is a g-summing operator ?
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Known facts

(Shapiro-Taylor '73)

Let p > 2. The composition operator C,: H? — HP is p-summing if and only if

1
/7*d)\<+oo.
11— e
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Known facts

(Shapiro-Taylor '73)

Let p > 2. The composition operator C,: H? — HP is p-summing if and only if

1
/7*d)\<+oo.
11— e

In the Carleson embedding framework, the condition is / 1= 7]
JD -

du(z) < +o0

Actually,
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Known facts

(Shapiro-Taylor '73)
Let p > 2. The composition operator C,: H? — HP is p-summing if and only if

1
/7*d)\<+oo.
11— e

In the Carleson embedding framework, the condition is / =7 du(z) < +o0
JD -

Actually,

Let p > 1.

/ %H du < 400 ifand only if  j,: H? — LP(u) is order bounded.
rl—|z
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Known facts

(Shapiro-Taylor '73)

Let p > 2. The composition operator C,: H? — HP is p-summing if and only if

1
/7*d)\<+oo.
11— e

In the Carleson embedding framework, the condition is / =7 du(z) < +o0
JD -

Actually,

Let p > 1.

/ %H du < 400 ifand only if  j,: H? — LP(u) is order bounded.
r1—|z

In particular, the condition implies that j,, is p-summing for every p > 1.
But the converse is false for p € [1,2)
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Known facts

(Shapiro-Taylor '73)

Let p > 2. The composition operator C,: H? — HP is p-summing if and only if

1
/7*d)\<+oo.
11— e

In the Carleson embedding framework, the condition is / =7 du(z) < +o0
JD -

Actually,

Let p > 1.

/ %H du < 400 ifand only if  j,: H? — LP(u) is order bounded.
r1—|z

In particular, the condition implies that j,, is p-summing for every p > 1.
But the converse is false for p € [1,2)

(Domenig '99)

Let p € [1,2). There exist p-summing composition operators on H? which are
not order bounded.
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.

We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}

and by ji» the inclusion of H” into L”(u,).
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.

We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}

and by ji» the inclusion of H” into L”(u,).

I, is the union of the 2" Luecking windows R, ;.
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.

We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}
and by ji» the inclusion of H” into L”(u,).

I, is the union of the 2" Luecking windows R, ;.

Now consider, for n € N, the 2"-dimensional subspace H? of HP generated by
the monomials z¥, with 2" < k < 2",
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.

We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}

and by ji» the inclusion of H” into L”(u,).
I, is the union of the 2" Luecking windows R, ;.

Now consider, for n € N, the 2"-dimensional subspace H? of HP generated by
the monomials z¥, with 2" < k < 2",
We have, the decomposition

{f e H”: £(0) =0} = P H;

n>0

which is an orthogonal decomposition when p = 2 (i.e. for H?).
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.

We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}

and by ji» the inclusion of H” into L”(u,).
I, is the union of the 2" Luecking windows R, ;.

Now consider, for n € N, the 2"-dimensional subspace H? of HP generated by
the monomials z¥, with 2" < k < 2",
We have, the decomposition

{f e H”: £(0) =0} = P H;

n>0

which is an orthogonal decomposition when p = 2 (i.e. for H?).
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First results: the annulus case.

Let us fix a finite measure  on D and an integer n.
We denote by i, the restriction of p to the annulus
Mh={zeD:1-2""<|z|<1-2""""}

and by ji» the inclusion of H” into L”(u,).
I, is the union of the 2" Luecking windows R, ;.

Now consider, for n € N, the 2"-dimensional subspace H? of HP generated by
the monomials z¥, with 2" < k < 2",
We have, the decomposition

{f e H”: £(0) =0} = P H;

n>0
which is an orthogonal decomposition when p = 2 (i.e. for H?).

Moreover
H,’,) ~ égn
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the annulus case

Let a, be the restriction of j, to H5.

Proposition

For 1 < p < +00, the following quantities are equivalent:
© q(jn: H” — L?(1n)
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the annulus case

Let a, be the restriction of j, to H5.

Proposition

For 1 < p < +00, the following quantities are equivalent:
© q(jn: H” — L?(1n)

Q mq(an: HY — LP(un))
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the annulus case

Let a, be the restriction of j, to H5.

Proposition

For 1 < p < +00, the following quantities are equivalent:
© q(jn: H” — L?(1n)

Q mq(an: HY — LP(un))

© mq¢(D.), where D,: €5, — (5, is the diagonal operator whose multipliers are
aj = (2"M(Rw.))1/p (where j=1,2,...,2").
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the annulus case

But the summing norms of multipliers on sequence spaces are known, so:

on 1/2
Q@ 1<p<2 mlin)~ | D [2"w(Res)]*”

j=1
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the annulus case

But the summing norms of multipliers on sequence spaces are known, so:

o 1/2
. n 2
0 1<p<2  moljn) = <Z[2 #(Rn.j)] /,,> :
j=1

Q p>2:

on , 1/p

o if1<q<p. melin)~ <Z[2"M(Rn,j)]p “’) ’
j=1

VI Curso Internacional de Analisis Matematico en Andalucia



Abs. summing C,
[ ]

the annulus case

But the summing norms of multipliers on sequence spaces are known, so:

o 1/2
. n 2
0 1<p<2  moljn) = <Z[2 #(Rn.j)] /,,> :
j=1

Q p>2:

on , 1/p

o if1<q<p. melin)~ <Z[2"M(Rn,j)]p “’) ’
j=1

n

% 1/q
oifp/ <q<p. mqln) = (ZP"MRMH q“’) :

Jj=1
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the annulus case

But the summing norms of multipliers on sequence spaces are known, so:

on 1/2
. n 2
0 1<p<2  moljn) = <Z[2 #(Rn.j)] /,,> :
j=1
Q p>2:
on , 1/p
o if1<q<p. melin)~ <Z[2"M(Rn,j)]p “’) ’
j=1
g 1/q
o if p' <q<p.  mglin) ~ (Z [2"1(Rs.))] q”’) :
j=1
on 1/p
o if p<gq. 7Tq(jn) ~ (Z [2nN(Rn,j)]> !
j=1
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the annulus case

But the summing norms of multipliers on sequence spaces are known, so:

on 1/2
. n 2
0 1<p<2  moljn) = <Z[2 #(Rn.j)] /,,> :
j=1
Q p>2:
on , 1/p
o if1<q<p. melin)~ <Z[2"M(Rn,j)]p “’) ’
j=1
g 1/q
o if p' <q<p.  mglin) ~ (Z [2"1(Rs.))] q”’) :
j=1
on 1/p
o if p<gq. 7Tq(jn) ~ (Z [2nN(Rn,j)]> !
j=1

How to glue the pieces ?

VI Curso Internacional de Anlisis Matematico en Andalucia



Abs. summing C,

First results

In some cases, we can glue:

In the case g > p > 2 we have:

rain) ~ (3 ralnl?) " = (3 R atRal)
~ (/D 1%|z| d,u(z))l/p.
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First results

In some cases, we can glue:

In the case g > p > 2 we have:

rain) ~ (3 ralnl?) " = (3 R atRal)
~ (/D 1%|z| d,u(z))l/p.

In the case 2 < g < p we have:

mq(jn) ~ (Z [m,(jn)]")l/q ~ (Z 2" p(Rn )1 ")l/p-
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First results

In some cases, we can glue:

In the case g > p > 2 we have:

rain) ~ (3 ralnl?) " = (3 R atRal)
~ (/D 1%|z| d,u(z))l/p.

In the case 2 < g < p we have:

mq(jn) ~ (Z [m,(jn)]")l/q ~ (Z 2" p(Rn )1 ")l/p-

For p > 2, the case 1 < g < 2 is still open (our tube of glue is empty...).
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The case p < 2.

Thanks to the Littlewood-Paley decomposition (where f, € H?)

IS, ~[(Zmr)”

Lp(T)
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The case p < 2.

Thanks to the Littlewood-Paley decomposition (where f, € H?)
~ * (2 1/2
|24, ~[(Z=r)
n n

and since H” has cotype 2 and type p:

Lp(T)
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The case p < 2.

Thanks to the Littlewood-Paley decomposition (where f, € H?)
1/2
~ * |2
|2 4], ~ | wr)
n n
and since H” has cotype 2 and type p:

(Sl <[ h

Lp(T)

1/p
< P
s (A
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The case p < 2.

Thanks to the Littlewood-Paley decomposition (where f, € H?)
1/2
~ * |2
|2 4], ~ | wr)
n n
and since H” has cotype 2 and type p:

(Sl <[ h

This can be used to prove

Lp(T)

1/p
< P
s (A

()" < main) £ (X i)

n

But none of these two estimates is the correct one.
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The case p < 2.

Thanks to the Littlewood-Paley decomposition (where f, € H?)
1/2
~ * |2
|2 4], ~ | wr)
n n
and since H” has cotype 2 and type p:

(Sl <[ h

This can be used to prove

Lp(T)

1/p
< P
s (A

()" < main) £ (X i)

n

But none of these two estimates is the correct one.

Our characterization is of different nature...
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The case p < 2.

Let 1 < p < 2. The Carleson embedding j,.: H? — LP(u) is absolutely summing

if and only if
dpu(2) )2“’
—_— dA(¢) < +o0
/T</m =) 0

where T'(€) is the Stolz domain in &:
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The case p < 2: sketch of proof

Step 1 (via Maurey factorization theorem)

Let r > 1 with1/r+1/2=1/p and T: X — LP(u) a bounded operator.
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The case p < 2: sketch of proof

Step 1 (via Maurey factorization theorem)

Let r > 1 with1/r+1/2=1/p and T: X — LP(u) a bounded operator.

T is a 2-summing operator
if and only if

There exists F € L"(p), with F > 0 p-a.e., such that 7: X — [%(v) is well
defined and 2-summing, where v is the measure defined by
1

dv(z) = Fap du(z).
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The case p < 2: sketch of proof

Step 1 (via Maurey factorization theorem)

Let r > 1 with1/r+1/2=1/p and T: X — LP(u) a bounded operator.

T is a 2-summing operator
if and only if

There exists F € L"(p), with F > 0 p-a.e., such that 7: X — [%(v) is well
defined and 2-summing, where v is the measure defined by
) = — ()
= F(zE

Moreover, we have

m(T: X — LP(n))

~
~

inf{7r2(T: X = 12(v)) : dv = du/F%, F > 0,/ Frdu < 1}.
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The case p < 2: sketch of proof

The natural injection j: H? — L?(v) is a 2-summing operator

=" du(z))p'/z I (W) < koo,

if and only if
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The case p < 2: sketch of proof

Step 2

The natural injection j: H? — L?(v) is a 2-summing operator

1 P’/2
———dv(z dA\(w) < +o0,
L([ 2w ana) o
In fact we have

mi 1 — ) ~ [ ([ 242)7" dA(w))W.

if and only if
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The case p < 2: sketch of proof

S

Ju: HP — LP(u) is 2-summing if and only if

inf{/qr(/ﬂ)k—://rz(-z)l:(z)?)p/pd)\(w) : FZO,/F'd,ug 1 } is finite
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The case p < 2: sketch of proof

S

Ju: HP — LP(u) is 2-summing if and only if

inf{/qr(/ﬂ)k—://rz(-z)l:(z)?)p/pd)\(w) : FZO,/F'd,ug 1 } is finite

if and only if

g(w) g
Feij sup // W F(z)d w(z) dA\(w) is finite

2 gGB

where t is the conjugate of p'/2, and 1/r+1/2=1/p.
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The case p < 2: sketch of proof

S

Ju: HP — LP(u) is 2-summing if and only if

inf{/qr(/ﬂ)k—://rz(-z)l:(z)?)p/pd)\(w) : FZO,/F'd,ug 1 } is finite

if and only if

g(w) g
Feij sup // W F(z)d w(z) dA\(w) is finite

2 gGB

where t is the conjugate of p'/2, and 1/r+1/2=1/p.

By Ky Fan's lemma the order of taking the sup and the inf can be interchanged.
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if

sup K/H;)(/legfm;zlzd)\(w))p/zdu(z) is finite

!
<81
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if
. p/2
sup / (/ g(iw)z d)\(w)) du(z) s finite
geBz;(T). p\Jr |z —w|

if and only if
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if
. p/2
sup / (/ g(iw)z d)\(w)) du(z) s finite
geBz;(T). p\Jr |z —w|

if and only if

sup /D(P[g](z))p/2du(z) is finite

— 2
geBzrt(,ﬂ_) 1 ‘Z|
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if
. p/2
sup / (/ g(iw)z d)\(w)) du(z) s finite
geBz;(T). p\Jr |z —w|

if and only if

sup /D (71’[g](22|2))p/2du(z) is finite

!
<81

But it means that the Poisson transform maps Lt to LP/?(v), where
du(z)
d = — 2 =
U e e
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The case p < 2: sketch of proof

Using Fubini and the following result:

Let h: Q — [0, +00) be a measurable function on (2, X, 1) and p > 0. Then

(p+1)/
inf{/gdu:on,/FPdug1}:(/hf’/(f’“)dp) e

We obtain that j,,: H? — LP(u) is 2-summing if and only if
. p/2
sup / (/ g(iw)z d)\(w)) du(z) s finite
geBz;(T). p\Jr |z —w|

if and only if

sup /D (71’[g](22|2))p/2du(z) is finite

!
<81

But it means that the Poisson transform maps Lt to LP/?(v), where
du(z)
d = —7
V&) = G aper
Applying a result of Luecking, Blasco-Jarchow, we get the conclusion.
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A few open problems...
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o Compute the value of the approximation numbers of any composition
operator acting on H?...
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A few open problems...

e Compute the exact norm of any composition operator acting on H?...on
HP...

o Compute the value of the approximation numbers of any composition
operator acting on H2...on HP...

o Finish the characterization of summing composition operators,
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o Compute the value of the approximation numbers of any composition
operator acting on H2...on HP...

o Finish the characterization of summing composition operators, of other
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Exercices
o

Exercices (77)

A few open problems...

e Compute the exact norm of any composition operator acting on H?...on
HP...

o Compute the value of the approximation numbers of any composition
operator acting on H2...on HP...

o Finish the characterization of summing composition operators, of other
operator ideals

There are many other questions of course...
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@ J. Shapiro: "Composition operators”. Springer 1993.

o C. Cowen, B. McCluer: " Composition operators of analytic functions”
CRC Press 1995.
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Merci !
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