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@ Introduction. A “classification” of sensible radial weights.
@ One weight problem for rapidly decreasing weights.
@ [P-behavior of Bergman reproducing kernels induced by doubling weights

@ Projections. Two weight problem. Regular weights. A Bekollé-Bonami type
condition.

Projections. Some facts on the one weight problem.
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Which are those weights (w, v) satisfying the two weight inequality

1Pu(Ollee S Iflleg, £ e L3?
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A classification of radial weights

Regular weights.

A radial weight is called regular, w € R, if w € D and

o IfwewR,

1+r
2 ]

Clu(t) <w(r) < Cw(t), 0<r<t< (LS).

@ R is a natural framework for an extension of the classical theory on the
standard Bergman spaces AP.
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Rapidly increasing weights.

A continuous radial weight is called rapidly increasing, w € Z, if

eZCD

va(r) = ((1 —) (Iog 1:)&) 71, 1<a< o

o Rapidly increasing weights may admit a strong oscillatory behavior,

ot = o (e )

Vo(r)+1, 1<a< .
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A continuous radial weight is called rapidly increasing, w € Z, if

eZCD

va(r) = ((1 —) (Iog 1:)&) 71, 1<a< o

o Rapidly increasing weights may admit a strong oscillatory behavior,

(0 1

sin | log ——
& 1—r

HP C AP C Na>-1AP, weT.

w(r) =

Vo(r)+1, 1<a< .
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Rapidly decreasing weights.

A radial weight w is called rapidly decreasing if

. frl w(s)ds

A=)

José Al1ge| Peldez Decomposition norm theorem, LP-behavior of reproducing kernels and two w
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Rapidly decreasing weights.

A radial weight w is called rapidly decreasing if

. frl w(s)ds

A el

@ Exponential type weights

w(r) = exp (_ucr)a)  Ca>0

are rapidly decreasing.
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Theorem. (Dostanic (2004))

If w(r) = (1-r?>)Aexp (ﬁ) A>0,B>0,0<a<1. Then, the Bergman

projection is bounded from LP to LP only for p = 2.
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Theorem. (Dostanic (2004))

If w(r) = (1-r?>)Aexp (ﬁ) A>0,B>0,0<a<1. Then, the Bergman
projection is bounded from LP to LP only for p = 2.

Theorem. Zeytuncu (2012), Constantin-P (2014)

Assume that w(r) = e=2%(") is a radial weight such that ¢ : [0,1) — R* is a
C*-function, ¢’ is positive on [0, 1), lim,_;— ¢(r) = lim,_,;- ¢'(r) = +o0 and

00 _
A oy =

Then, the Bergman projection is bounded from LP to LP only for p = 2.

for any n € N'\ {1}.
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Theorem. Constantin-P (2014)

Let v(r) = exp (— lfr),a >0, and 1 < p < co. Then, the Bergman projection

Pu(F)(2) = / F(¢) B (2, O)v(z) dm(¢)

is bounded from LP (D, vP/2) to AC,,/z-
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. Then, there is a

Proposition. Constantin-P (2014)
,a>0,and let BY(z) =72, sznnﬂ

Let v(r) = exp (f T
positive constant C such that

<

M (r,B") < ex(pl(_l_j)), r—1-,

Nlw

where )
My(r,B*) = / |BY(re™)|dt, 0<r<1.
0
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. Then, there is a

Proposition. Constantin-P (2014)
,a>0,and let BY(z) =72, sznil

Let v(r) = exp (f T
positive constant C such that

=
/\/I:]_(r7 Bv) = W

where )
My(r,B*) = / |BY(re™)|dt, 0<r<1.
0

@ A more general result have been obtained by Arrousi-Pau (2014) by using
(Marzo-Ortega approach for weighted Fock spaces) and Hérmander
(Berndtsson) L2-estimates for solutions of the J-equation.
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LP-behavior of Bergman reproducing kernels for doubling weights

o If wis radial, &(r) = [’ w(s) ds

r

o The class D consists of the radial weights w such that

-

sup wlr <
up ——=v < 0.
o<r<1 B(15)

<
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LP-behavior of Bergman reproducing kernels

LP-behavior of Be|

an repro

ing kernels for doubling weights

o If wis radial, &(r) = [’ w(s) ds

r
@ The class D consists of the radial weights w such that

w(r
it

I—=

sup

= < Q.
0<r<1 W(5")

o If w(z) = (1 - |z]?),

m do
. |l _ éreié"(2+a)p

me(r6;) = [
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LP-behavior of Bergman reproducing kernels
LP-behavior of Bergman reproducing kernels for doubling weights

o If wis radial, &(r) = [’ w(s) ds

r

o The class D consists of the radial weights w such that

su a(r) < 00
ogrzl D) '
o If w(z) = (1 - |z]?),
4 do

me(r6;) = [

. |l _ éreié"(2+a)p

For v(z) = (1 - |z[?)?,

wip _ [ (L= z2)PdAz) _ [P [T do s
1B \\A5A.47|1752|(2+a)p =, = [l (1—=r)dr
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o If wis radial, &(r) = [’ w(s) ds

r

o The class D consists of the radial weights w such that

wp 20
u ~
o<r<1 B(15)

< 00.

o If w(z) = (1 - |z]?),

m do
. |l _ éreié"(2+a)p

me(r6;) = [

For v(z) = (1 - |z[?)?,
wip _ [ (L= z2)PdAz) _ [P [T do s
18511 =< /D Tioaz@ee o\ T JaredEram (1—=r)dr

lalr dt
P W)
Mg (r,BY) = /0 (1—t)@ror
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o If wis radial, &(r) = [’ w(s) ds

r

o The class D consists of the radial weights w such that

wp 20
u ~
o<r<1 B(15)

< 00.

o If w(z) = (1 - |z]?),

m do
. |l _ éreié"(2+a)p

me(r6;) = [

For v(z) = (1 - |z[?)?,
wip _ [ (L= z2)PdAz) _ [P [T do s
18511 =< /D Tioaz@ee o\ T JaredEram (1—=r)dr

lalr dt
P W)
Mg (r,BY) = /0 (1—t)@ror

o 1 5 |alr dt |al 1
w - Y- - -
1851, = /0 (11 /0 ) 4= /0 et T
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LP-behavior of Bergman reproducing kernels

o If w(z) = (1 —|z?)* and v(z) = (1 — |z|?)¥,

\a\r dt |a|r dt
M?b (r,BY) < —— o < — 1~
P (r7 a ) /0 (1 _ t)(2+a)p A @(t)p(l _ t)p r, |a| - 5
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LP-behavior of Bergman reproducing kernels

o If w(z) = (1 —|z?)* and v(z) = (1 — |z|?)¥,

\a\r dt |a|r dt
M?b (r,BY) < —— o < — 1~
P (r7 a ) /O (1 _ t)(2+a)p A @(t)p(l _ t)p r, |a| - 5

|al 1 |a| v(r)
wilp o - vl _
1651 = || e = ) st o
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LP-behavior of Bergman reproducing kernels

Theorem (P-Rattya 2014)

Let 0 < p < 00, w € D and N € NU {0}. Then the following assertions hold:

|alr dt
g p w\(N)) _ _
(1) Mp (ra (Ba ) ) - /0 @(t)/’(l _ t)p(N+1)7 r, |a| —+17.
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Let 0 < p < 00, w € D and N € NU {0}. Then the following assertions hold:

|alr dt
g p w\(N)) _ _
(1) Mp (ra (Ba ) ) - / @(t)/’(l _ t)p(N+1)7 r, |a| —+17.

0
(i) If v e D, then

la| 7
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18 oy = [ s g el =17
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LP-behavior of Bergman reproducing kernels

Theorem (P-Rattya 2014)

Let 0 < p < 00, w € D and N € NU {0}. Then the following assertions hold:

|alr dt
g p w\(N)) _ _
(1) Mp (ra (Ba ) ) - / @(t)/’(l _ t)p(N+1)7 r, |a| —+17.

0
(i) If v e D, then

la| 7
wy(N) 1P v(t) -
18 oy = [ s g el =17

The inequality < in (ii) is actually valid for any radial weight v.
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LP-behavior of Bergman reproducing kernels

Corollary (P-Rattya 2014)

Let 0 < p < o0, w € D and N € NU {0}. Then the following assertions hold.
N MP w) (M) = 1 -
(1) MP (ru(Ba ) ) - @(ar)p(l _ |a|r)p(N+1)717 r7|a| — 1 b

if and only if

|a| dt 1
S la| = 1°.
/0 G(t)P(1 — t)P(N+D) ~ G(a)P(1 — |a|)P(N+1)-1”
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LP-behavior of Bergman reproducing kernels

Corollary (P-Rattya 2014)

Let 0 < p < o0, w € D and N € NU {0}. Then the following assertions hold.
N MP w) (V) 1 -
(1) Mp (ru(Ba ) ) ( ) (1 _ |a| ) N+1) 1°? r7|a| — 1 b

if and only if

|a| dt 1
S la| = 1°.
/0 G(t)P(1 — t)P(N+D) ~ G(a)P(1 — |a|)P(N+1)-1”

(i) If v e ﬁ then

7(a)
(@7 (1 = AT

wy(N _
1B ™M 15, = = la| =17,
w

if and only if
r v(t) v(r) _
/0 O dt < r—1-.

1— t)P(N+1) 75~ G(r)p(1 = r)p(N+D)-1”
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Sketch of the proof for < of (if). veER. p>1

[ee)
185115, = D2 "I ALBY 15
n=0

o P
3 n
= 22*" Z 2(3;) Decomposition norm
n=0 kel,(n) Wan+1 Hp
o0 27,.’ p
= Z — Z (az)" Moments of w are smooth
n=0 sz(ﬁ)‘Fl kel (n) e
P
© —n
S nam—pL CO)
n=0 w25(ﬁ)+1 keh(n) ||y

[e ] — p—1
2" E(2-) 1
= —_ —mlE
Z wP 4] 1—r,

n=0 "2£ (2 )+1

I=rnt1

)

v :
/0 m dt w and v are doubling
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Two weight problem

Which are those weights (w, v) satisfying the two weight inequality

1P ()l < 1]

e, felf?
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the following are equivalent:
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Theorem Bekollé-Bonami (1978)
For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.
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For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.
@ The sublinear operator P (f)(z) = [ — =3 = zc\2+a An(C) is bounded from L£ to
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [, ‘lyz%)z‘m dA(¢) is bounded from LE to
LP.

0 &= € Bo(a). That s,

1z[%)

ot -y 0 ) (g T ).
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [, ‘lyz%)z‘m dA(¢) is bounded from LE to
LP.

0 &= € Bo(a). That s,

1z[%)

o) (30 7240) (1 7 00

ICT [/|(Z+e

< o0.

@ Pott-Reguera (2013), quantitative version.
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@ Pott-Reguera (2013), quantitative version.

@ The inducing reproducing kernels are well understood;
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [, ‘ll’;%)z‘m dA(¢) is bounded from LE to
LP.

0 & € By(a). That s,

1z[%)

(fs v(z) dAn( z)) (fSI) z)P dA())%

“|(2+o¢

By o(v) = sup
ICT

< o0.

@ Pott-Reguera (2013), quantitative version.

@ The inducing reproducing kernels m are well understood; they do not

have zeros,
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [, ‘ll’;%)z‘m dA(¢) is bounded from LE to
LP.

0 &= € Bo(a). That s,

1z[%)

o) (30 7240) (1 7 00

ICT |1|(+)p = oo

@ Pott-Reguera (2013), quantitative version.
@ The inducing reproducing kernels ﬁ are well understood; they do not
have zeros, are almost constant on pseudohyperbolic disks,
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [ — =3 = una dA,(¢) is bounded from LP to
LP.

0 & € By(a). That s,

1z[%)

(fs v(z) dAn( z)) (fSI) z)P dA())%

“|(2+o¢

By o(v) = sup
ICT

< o0.

@ Pott-Reguera (2013), quantitative version.

@ The inducing reproducing kernels are well understood; they do not

1
(1—z{)2+e
have zeros, are almost constant on pseudohyperbolic disks, precise pointwise
estimates,
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP
to AP.

@ The sublinear operator P (f)(z) = [ — =3 = una dA,(¢) is bounded from LP to
LP.

0 & € By(a). That s,

1z[%)

(fs v(z) dAn( z)) (fSI) z)P dA())%

“|(2+o¢

By o(v) = sup
ICT

< o0.

@ Pott-Reguera (2013), quantitative version.

@ The inducing reproducing kernels are well understood; they do not

1
(1—z{)2+e
have zeros, are almost constant on pseudohyperbolic disks, precise pointwise
estimates, it is known a lot about the LP-behavior. ..
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Two weight problem

Theorem Bekollé-Bonami (1978)

For a weight v, p > 1 and o > —1, the foIIowing are equivalent:

@ The Bergman projection P, ( le) = ZC 2+a dA.(¢) is bounded from LP

to AP.
@ The sublinear operator P (f)(z) = [ — =3 = una An(C) is bounded from L£ to
LP.
0 &= € Bo(a). That s,
B o (1) (fs v(z) dAn( z))(fSI) z)P dA())
,alV) = sup < 0.
P ICT |{|e*ede

@ Pott-Reguera (2013), quantitative version.

@ The inducing reproducing kernels ﬁ are well understood; they do not
have zeros, are almost constant on pseudohyperbolic disks, precise pointwise
estimates, it is known a lot about the LP-behavior. ..

@ This does not remain true for a general weight
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Two weight problem

What is known about the two-weight inequality

IPu(O)lleg S Iflleg,  feLf

when w is not an standard weight?
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Two weight problem

Theorem. (P-Rattya (2014))

Let 1 < p < oo and w,v € R. Then the following conditions are equivalent:
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(a) P :LP — LPis bounded;
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Two weight problem

Theorem. (P-Rattya (2014))

Let 1 < p < oo and w,v € R. Then the following conditions are equivalent:
(a) P :LP — LPis bounded;
(b) P, : LP — LPis bounded;

o w0k (11 (:8)° v(s)ds)"l'

0<r<1 w(r)

< 00;

José Angel Pelsez

Decomposition norm theorem, LP-behavior of reproducing kernels and two w:



Two weight problem

Theorem. (P-Rattya (2014))

Let 1 < p < oo and w,v € R. Then the following conditions are equivalent:
(a) P :LP — LPis bounded;
(b) P, : LP — LPis bounded;

9(r)3 < Ik (MS’)p/ v(s)ds) e

v(s)
o) S O

(c) sup
0<r<1

o g, ([ 55 9) ([ () o) <
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Two weight problem

Theorem. (P-Rattya (2014))

Let 1 < p < oo and w,v € R. Then the following conditions are equivalent:
(a) P :LP — LPis bounded;
(b) P, : LP — LPis bounded;

@ & "0 (frl (s)” v(s)ds>*’

50 p,
@ oo ([ 55 </ (“E?) V(S)“)p =
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Two weight problem

Comments
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Two weight problem

Comments

o If w(z) = (1 — |z|)%, then (condition (c)) above

W0 (11 (58)" vio)as)

0<r<1 w(r)

o

< 0

is the same as saying that the radial weight W satisfies the corresponding
Bekollé-Bonami condition B,(c).
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Two weight problem

Comments

o If w(z) = (1 — |z|)%, then (condition (c)) above

(r)? (f,l (42)" v(s)ds)

0<r<1 w(r)

o

<)

< 0

is the same as saying that the radial weight W satisfies the corresponding

Bekollé-Bonami condition B,(c).
i

@ The condition (d) above supg, .4 ( o ;(SS)),, ds) (fr (“;((ss)))p v(s)ds) T <

describes the boundedness of the Hardy operator ¢ — f s) ds on certain
weighted LP([0,1)) spaces.
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Comments

o If w(z) = (1 — |z|)%, then (condition (c)) above

(r)? (f,l (42)" v(s)ds)

0<r<1 w(r)

o

<)

< 0

is the same as saying that the radial weight W satisfies the corresponding

Bekollé-Bonami condition B,(c).
i

@ The condition (d) above supg, .4 ( o ;(SS)),, ds) (fr (“;((ss)))p v(s)ds) T <

describes the boundedness of the Hardy operator ¢ — f s) ds on certain
weighted LP([0,1)) spaces.

@ Any of both conditions above, as well as others, is self-improving in the sense
that if it is satisfied for some p > 1, then it is also satisfied when p is replaced
by p — 9, where § > 0 is sufficiently small.
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Two weight problem

Comments

o If w(z) = (1 — |z|)%, then (condition (c)) above

(r)? (f,l (42)" v(s)ds)

0<r<1 w(r)

<)
o

< 0

is the same as saying that the radial weight W satisfies the corresponding

Bekollé-Bonami condition B,(c).
i

@ The condition (d) above supg, .4 ( o ;(SS)),, ds) (fr (“;((ss)))p v(s)ds) T <
describes the boundedness of the Hardy operator ¢ — f s) ds on certain
weighted LP([0,1)) spaces.

@ Any of both conditions above, as well as others, is self-improving in the sense
that if it is satisfied for some p > 1, then it is also satisfied when p is replaced
by p — 9, where § > 0 is sufficiently small.

@ This is not true for the Bekollé-Bonami condition B,(c)!!
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Two weight problem

Sketch of the proof of (b) = (¢)
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Two weight problem

Sketch of the proof of (b) = (¢)

o The adjoint of P,,, with respect to (-,-)2, is given by

PA(€)(O) = ”8 [ s8R, sets.
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Two weight problem

Sketch of the proof of (b) = (¢)

o The adjoint of P,,, with respect to (-,-)2, is given by

* w(¢ w !
Pe)0) = 2 [ 2B (o) aa@). g ety
v(¢) Jo
e P%: P — [P is bounded, and hence, by choosing g,(z) = z", n € N, as test
functions, we get

1
7

0% (11 (58)" vishas)’

< 00.
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Two weight problem

IR RGO of (c) & (d) & (o) & (1)
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Two weight problem

IR RGO of (c) & (d) & (o) & (1)

For w:[0,1) — (0, c0), set

Julr) = ()/ s, reo).
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Two weight problem

IR RGO of (c) & (d) & (o) & (1)

For w:[0,1) — (0, c0), set

~ 1 r
Yo(r) = O] ./0 w(s)ds, re[0,1).

Replace w by (%)p v in the following result;
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Two weight problem

IR RGO of (c) & (d) & (o) & (1)

For w:[0,1) — (0, c0), set

~ 1 r
Yo(r) = O] ./o w(s)ds, re[0,1).

Replace w by (%)p v in the following result;

Lemma. (P-Réattya (2014))

Let w be a radial weight and 1 < p < co. Denote wy(r) = w(r)=P(1 — r)=? and
wa(r) = (w(r)(1 — r))_%w(r). Then the following assertions are equivalent:

(i) weR;
(ii) w satisfies the (LS)-property and

o (T92) (£22) <

r—17;

()
(lll) ﬁ = 1,
(iV) wy €ER.
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Two weight problem

(e) = P, is bounded on L”.
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Two weight problem

(e) = P, is bounded on L”.

o Let h(z) = vi/p.
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Two weight problem

(e) = P, is bounded on L”.

o Let h(z) = v'/P,

@ Apply an instance of Shur's test

Ipsle, < [ ([ roeneriee aigs o)

( / B4 (2 |dA(§)>p/Pl v(2) dA(2).
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(e) = P, is bounded on L”.

o Let h(z) = v'/P,

@ Apply an instance of Shur's test

Ipsle, < [ ([ roeneriee aigs o)
( / B4 (2 |dA(§)>p/Pl v(2) dA(2).

o Ly, ,kernels estimates of By’.
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Two weight problem

(e) = P, is bounded on L”.

o Let h(z) = v'/P,

@ Apply an instance of Shur's test

Ipsle, < [ ([ roeneriee aigs o)

( / B4 (2 |dA(§)>p/Pl v(2) dA(2).

o Ly, ,kernels estimates of By’.

@ Some calculations. . . ...
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Two weight problem

Theorem. (P-Rattya (2014))

Let w, v € R. Then the following conditions are equivalent:
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Two weight problem

Theorem. (P-Rattya (2014))

Let w, v € R. Then the following conditions are equivalent:
(a) P, : Ll — Ll is bounded;
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Two weight problem

Theorem. (P-Rattya (2014))

Let w, v € R. Then the following conditions are equivalent:
(a) P, : Ll — Ll is bounded;
(b) P : Ll — Ll is bounded;
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(© jue, v(r)/o BE( 5 © <>
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Two weight problem

Theorem. (P-Rattya (2014))

Let w, v € R. Then the following conditions are equivalent:
(a) P, : Ll — Ll is bounded;

(b) P : Ll — Ll is bounded;

} w(r) [T (s) _
© s 20 [ = o <o

0<r<1 V( )
o) [t w(s)
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Two weight problem

Theorem. P-Réattya (2014)
Let 1 < p < o0.

(i) If w € R, then P} : LP — LP is bounded. In particular, P, : LP, — AP is
bounded.

(ii) If w € R, then P, : L>°(D) — B is bounded.
(iii) If w € Z, then P is not bounded from LP to LP.
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Two weight problem

Theorem. P-Réattya (2014)
Let 1 < p < o0.

(i) If w € R, then P} : LP — LP is bounded. In particular, P, : LP, — AP is
bounded.

(ii) If w € R, then P, : L>°(D) — B is bounded.
(iii) If w € Z, then P is not bounded from LP to LP.

@ Part (i) follows from the two weight inequality.
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Theorem. P-Réattya (2014)
Let 1 < p < o0.

(i) If w € R, then P} : LP — LP is bounded. In particular, P, : LP, — AP is
bounded.

(ii) If w € R, then P, : L>°(D) — B is bounded.
(iii) If w € Z, then P is not bounded from LP to LP.

@ Part (i) follows from the two weight inequality.

o Part(ii) is an application of LP-estimates for Bergman reproducing kernels.
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Two weight problem

Theorem. P-Réattya (2014)
Let 1 < p < o0.

(i) If w € R, then P} : LP — LP is bounded. In particular, P, : LP, — AP is
bounded.

(ii) If w € R, then P, : L>°(D) — B is bounded.
(iii) If w € Z, then P is not bounded from LP to LP.

@ Part (i) follows from the two weight inequality.
o Part(ii) is an application of LP-estimates for Bergman reproducing kernels.

@ The proof of (iii) is a little bit more involved, relies on them and on a result of
Muckenhoupt on Hardy operators.
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Two weight problem

Sketch of the proof of (i
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Two weight problem

Sketch of the proof of (

@ We assume that P} : LP — LP is bounded and aim for a contradiction.
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Two weight problem

Sketch of the proof of (ii

° We assume that Pt . LP — LP is bounded and aim for a contradiction.
fo for short, and let ¢ be a radial function.
w(t
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Two weight problem

Sketch of the proof of (iii).

@ We assume that P : LP — LP is bounded and aim for a contradiction
o K(r)= |, % for short, and let ¢ be a radial function.

s|z|
o M (s,(BY)) < /0 @(t)glt—t) = K(s|z|).
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Two weight problem

Sketch of the proof of (iii).

@ We assume that P} : LP — LP is bounded and aim for a contradiction.
o K(r)= |, % for short, and let ¢ be a radial function.
)= [ B k(s
o M (s,(BY x/ —— = K(sl|z]).
o w(t)(t-1)

@ This and the properties of &, w € Z, give
1

PJ(¢)(Z)X/O K(|zls)p(s)w(s) ds > K(|z]*) | ¢(s)w(s)ds

2|

= K(|z]) | ‘cb(S)W(S) ds.
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Two weight problem

Sketch of the proof of (iii).

° We assume that Pt . LP — LP is bounded and aim for a contradiction.
e K(r fo m for short, and let ¢ be a radial function.

slz|
o M (s,(BY)) < /0 @(t)(dlt—t) = K(sl|z|).

@ This and the properties of &, w € Z, give

PJ(¢)(Z)X/O K(|zls)p(s)w(s) ds > K(|z]*) | ¢(s)w(s)ds

2|

< K(lz) | ols)e(s)as

IPE@IE, 2 / (ke / Hs)w ) () dr.
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Two weight problem

Sketch of the proof of (iii).

@ We assume that P} : LP — LP is bounded and aim for a contradiction.
o K(r)= |, % for short, and let ¢ be a radial function.

s|z|
M (s, (B;)) =< /0 @(t)(dlt_t) = K(s|z|).

@ This and the properties of &, w € Z, give
Pi()(2) x/ K(|zls)p(s)w(s) ds > K(|z|*) [ ¢(s)w(s)ds
0 |z|
< K(el) | opots) e
IPZIE, / (ke / o) ) () dr,

/( f)/¢s)w(s )w() dr < [l9llf,. o< L.
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Two weight problem

@ This can be rewritten as

[ (v [ vora6)

K(rw(r)/p, 0<r<1
0, r>1 ’

P

1
wsAwwwm»wemm (1)

where

and

1
YV, 0<r«1
vin={ 497 05
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Two weight problem

@ This can be rewritten as

[ (v [ w9 ds)p s [V, ve, @
where

K(nw(nYr, 0<r<1
o[ o

and

1
YV, 0<r«1
V(r):{ w7, 0sr

e But (1) is equivalent to
r
sup (/ KP(s)w(s) ds) Ez(r)vﬂ’ < oo (2)
0<r<1 0

by a result on Hardy operators due to Muckenhoupt (Studia Math. 1972).
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Two weight problem

@ This can be rewritten as

[ (v [ w9 ds)p s [V, ve, @

where

K(nw(nYr, 0<r<1
and .
V(r):{w(r())"/’ 0§r<1
, r>1

e But (1) is equivalent to

r
sup (/ KP(s)w(s) ds) Ez(r)vﬂ’ < oo (2)
0<r<1 0
by a result on Hardy operators due to Muckenhoupt (Studia Math. 1972).
@ Two applications of the Bernoulli-I'H6pital theorem now give
T KP d 1 ” P
liminf fo (S)wgs) ° > liminf (7/1 (r)) =0
r—1- a(r)" 7 p—1 rs1-

—r
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Two weight problem

This can be rewritten as

[ (v [ vora6)

K(nw(nYr, 0<r<1
o[ o

P

1
wsAwmwm»wemm (1)

where

and

1
YV, 0<r«1
V(r):{ w7, 0sr

But (1) is equivalent to
r
sup (/ KP(s)w(s) ds) Ez(r)vﬂ’ < oo (2)
0<r<1 0

by a result on Hardy operators due to Muckenhoupt (Studia Math. 1972).
Two applications of the Bernoulli-I'Hopital theorem now give

Jo KoS()ds 1y (%(d)” = o

liminf
r—1- GS(r)" 7 p—1 r=1-

1—r

Therefore (2) is false and consequently, P : LP — LP is not bounded.
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