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The bilinear problem

T LP() — LPi(u), i = 1,2, (p; > 1),
T,T-'>0(f>0= Tf, T-'f > 0).

Anf( 2+1ZT’

I=—n

Assume that we know that the linear averages converge: there exists

nlim Apf in LPi(u), forall f € LPi(u), i=1,2.

Francisco Javier Martin Reyes () Bilinear averages 3/29



The bilinear problem

Bilinear averages

Let An(fi, £) = (Anfy)(Anfz). Then

Elnlim An(fy, ) in LP(u), for all fy € LP'(n) and all f, € LP2(u),

Questions:
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Let An(fi, £) = (Anfy)(Anfz). Then
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fi € LP (1), fo € LP2(u)?
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The bilinear problem

Bilinear averages

Let An(fi, £) = (Anfy)(Anfz). Then

Elnlim An(fy, ) in LP(u), for all fy € LP'(n) and all f, € LP2(u),

Questions:

@ May we have the convergence of A,(fi, f>) without the
convergence of the linear averages?

@ May we characterize the convergence of Ax(fy, f2) in LP(u),
fi € LPi(p), fp € LP2(1)?

@ |s the convergence equivalent to the uniform boundedness of
An(fy, £)?

@ What can we say about the almost everywhere convergence?
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@ (X, F,u), o-finite measure space.
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X, F, ), o-finite measure space.

T : [P(n) — LP(p) invertible linear operator, 1 < p < oo,
T, T-'>0:
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@ (X, F,u), o-finite measure space.
o T: ( ) — LP( ) invertible linear operator, 1 < p < oo,
T.T-'>0

° Tf(x) g( x),g>0

=g(x)f(r
: X — X, measurable, invertible, non singular:

wWE)=0s w(rE)=0s u(r'E)=0
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(X, F, ),
D LP(u)

T >

o Tf(x) =g(x)f(rx), g >0

e 7: X — X, measurable, invertible, non singular:

-finite measure space.

° o-
° — LP(u) invertible linear operator, 1 < p < oo,
0:

wWE)=0c w(rE) =0« u(r'E) =0
o T'f(x) =gi()f(r'x);  fori>1, gi(x) = MZ{g(v/x).

Francisco Javier Martin Reyes () Bilinear averages 5/29



@ (X, F,u), o-finite measure space.

@ T :LP(u) — LP(u) invertible linear operator, 1 < p < oo,
T, T-'>0:

o Tf(x)
o 7: X

9(x)f(rx),g >0
X, measurable, invertible, non singular:

Lo

WE)=0<s u(rE) =0 u(r'E) =0

o T'f(x) =gi()f(r'x);  fori>1, gi(x) = MZ{g(v/x).
o yi(E) = u(r'E),  Ji(x) = G4 (x).
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@ (X, F,u), o-finite measure space.
o T: (M) — LP(u) invertible linear operator, 1 < p < oo,
T, T-'>0:
° T(X)=g( )(rx), g >0
e 7: X — X, measurable, invertible, non singular:
WE)=0<s u(rE) =0 u(r'E) =0
o T'f(x) =gi()f(r'x);  fori>1, gi(x) = MZ{g(v/x).

Vi(E) = w(7'E),  Ji(x) = $4(x).
If H; = g,-_pJ,' then

/ T PHI () dp(x) = / () Pdlu(x)
X X
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@ (X, F,u), o-finite measure space.
o T: M) — LP(u) invertible linear operator, 1 < p < oo,
T, T-'>0:
o Tf(x) = g(x)f(rx), g >0
e 7: X — X, measurable, invertible, non singular:

WE)=0<s u(rE) =0 u(r'E) =0

o T'f(x) =gi()f(r'x);  fori>1, gi(x) = MZ{g(v/x).
o yi(E) = u(r'E),  Ji(x) = G4 (x).
o If H; = g; "J; then

/ T PHI () dp(x) = / () Pdlu(x)
X X

© Apf(x) =515 S0 TH(X), MIF(x) = sup,sq Anlf|(x).
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Special case: the discrete Hardy-Littlewood maximal

operator

T:Z—7Z,7(X)=x+1,9(x) =1,
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Special case: the discrete Hardy-Littlewood maximal

operator

T:Z—-Z,7(x)=x+1,9(x)=1,a:Z— R, a={a())},
Ta()=a(j+ 1)
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Special case: the discrete Hardy-Littlewood maximal

operator

T L —Z,T(X)=x+1,9(x)=1,a:Z— R, a={a(j)},
Ta()_a(j+1)

Ana(]) 2n+1 Zlf na(j + )
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Special case: the discrete Hardy-Littlewood maximal

operator

T L —Z,T(X)=x+1,9(x)=1,a:Z— R, a={a(j)},
Ta()_a(j+1)

Ana(]) 2n+1 Z'*_n a(j T ) ma(j) = SUPp>0 2n1ﬁ Z?:—n |a(/ + I)|
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Special case: the discrete Hardy-Littlewood maximal

operator

T:Z—-Z,7(x)=x+1,9(x)=1,a:Z— R, a={a())},
Ta(j) = a(j + 1)
Analf) = gris P _pai+1i), ma(j) = sup,so zag S nlal + ).

Weights, 1 < p < o0, w : Z — [0, o0) (Muckenhoupt and Hunt,

Muckenhoupt and Wheeden)
The following are equivalent.
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operator

T:Z—-Z,7(x)=x+1,9(x)=1,a:Z— R, a={a())},
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° > = Ima()Pw(j) < CHIE . la()Pw())
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Special case: the discrete Hardy-Littlewood maximal

operator

T:Z—-Z,7(x)=x+1,9(x)=1,a:Z— R, a={a())},
Ta(j) = a(j + 1)
Analf) = gris P _pai+1i), ma(j) = sup,so zag S nlal + ).

Weights, 1 < p < o0, w : Z — [0, o0) (Muckenhoupt and Hunt,

Muckenhoupt and Wheeden)
The following are equivalent.

o 32 Ima(f)Pw(j) < C322_ . a()Pw(j)
o we Ay (Z}’:m W(j))ﬁ (Zf:m w1*P’(j))F <C(n—m+1),
nmeZ m<np+p =pp.
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The result in the linear case

Theorem (de la Torre, M-R, 1985/1988)

For 1 < p < oo, the following statements are equivalent.
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For 1 < p < oo, the following statements are equivalent.

@) [x|MflPdu < C [y |flPdpu.
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The result in the linear case

Theorem (de la Torre, M-R, 1985/1988)

For 1 < p < oo, the following statements are equivalent.
(@) [y |MflPdu < C [y |flPdp.
(b) sup,, || Anfllp < C||f|| o CEE=TYEDCIENEEPEINETD
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The result in the linear case

Theorem (de la Torre, M-R, 1985/1988)

For 1 < p < oo, the following statements are equivalent.
@) [x|MflPdu < C [y |flPdpu.

(b) sup, [l Anfllp < ClIf|p-
(

c) Apf converges in LP(u) for all f € LP(p).

(d) Fora. e. x € X, the function i — H;(x) satisfies Muckenhoupt A,
condition (on the integers), with a constant independent of x.
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The result in the linear case

Theorem (de la Torre, M-R, 1985/1988)

For 1 < p < oo, the following statements are equivalent.
@) [x|MflPdu < C [y |flPdpu.

(b) sup, [l Anfllp < ClIf|p-
(

c) Apf converges in LP(u) for all f € LP(p).

(d) Fora. e. x € X, the function i — H;(x) satisfies Muckenhoupt A,
condition (on the integers), with a constant independent of x.

(e) These equivalent conditions imply that A,f converges a.e. for all
felP(u).
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The result in the linear case

About the proof
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The result in the linear case

About the proof

@ (a)=(b), obvious

@ (b)=-(d), using Rubio de Francia algorithm of factorization of
weights.

@ (d)=-(a), Muckenhoupt result and transference argument.

(@)=(e), usingw e Ap = we Ap_.

°
@ (a)=-(c), obvious using (e).

Francisco Javier Martin Reyes () Bilinear averages 8/29



The result in the linear case

About the proof
° (a)
@ (b)=-(d), using Rubio de Francia algorithm of factorization of
weights.

=(b), obvious

@ (d)=-(a), Muckenhoupt result and transference argument.
@ (a)=(e),usingw e Ap = we Ap_.

@ (a)=-(c), obvious using (e).
° )

(c)=(d), obvious.
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The bilinear case

An(fi, R)(x) = @niig +1 <Z T'fy( x)) (Z Tifz(x)>

i=—n i=—n

Questions:
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The bilinear case

An(fi, R)(x) = @niig +1 <Z T'fy( x)) (Z Tifz(x)>

i=—n
Questions:
@ May we characterize the convergence of Ax(fy, f2) in LP(u),

frelPi(u), e LP2(u)? (pi>1, 5 =2+ o

1
P1 P1)
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The bilinear case

An(fi, R)(x) = (2n+1 <Z T'fy( x)) (Z Tffz(x)>

i=—n
Questions:
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The bilinear case
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The bilinear case

An(fi, B)(x) = @niig +1 (Z T'fy( x)) (Z Tffz(x)>

i=—n

Questions:
@ May we characterize the convergence of Ax(fy, f2) in LP(u),
freLPi(u), o€ LP2(u)? (i > 1, 5 = 5+ 2-)
@ Is it equivalent to the uniform boundedness of the bilinear
averages An(fi, )?
@ Is it equivalent to the boundedness of the bilinear ergodic maximal

operator
M(fy, ) (x) = S%pAn(|f1 1 =2])(x)?

@ Does it imply the a.e. convergence of the bilinear averages
An(fy, £)?
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e The bilinear case
@ The discrete bilinear Hardy-Littlewood maximal operator
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The discrete bilinear Hardy-Littlewood maximal

operator

Particular case: X =Z, 7x = x+ 1, g(x) = 1.

Definition: The discrete bilinear Hardy-Littlewood maximal

operator
Leta,b:Z — R

An(a, b)(j) = <2n1+1 > a(j+i)> <2n1+1 > b(j+i)>.

I=—n

m(a, b)(j) = sup An(lal, [ ()]
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Boundedness of the bilinear Hardy-Littlewood maximal
operator

Theorem[2009,Advances in Math.] [LOPTT].

Let w,u,v : Z — [0,00), w = uP/PtvP/P2 1 /py +1/p = 1/p,
1< pi <oo.
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Boundedness of the bilinear Hardy-Littlewood maximal
operator

Theorem[2009,Advances in Math.] [LOPTT].

Let w,u,v:Z — [0,00), w = uP/PrvP/P2 1 /py +1/ps = 1/p,
1 < p;i < oo. The following assertions are equivalent.
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1

o (33 . Im(a,b)()Pw(j))®
< C (7o la)IPu()) " (72 oo 16G) P2V () )
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e The bilinear case

@ The bilinear ergodic maximal operator
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The ergodic bilinear problem

® An(fi £)(X) = gy (S0 TH(X) (S Tha(x))
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The ergodic bilinear problem
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® M(h, k)(x) = sup, An(|fi], f[)(x)
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The ergodic bilinear problem

® An(fi,b)(x) = (2[]1T)2 (oL n THX)) (S, T'h(x))
® M(h, k)(x) = sup, An(|fi], f[)(x)

Boundedness of the bilinear ergodic maximal operator

If1/pi+1/po=1/p,1 < p; < 00,1 < p < 0. The following
assertions are equivalent.

© [M(fr, 2)llp < Clifllp T2l .-
© sup, || An(f, 2)llp < Cllfillp |2l .-

The difficult implication

sUp [ An(fr, 2)llp < Cllfyl|p; I2llp, = [|M(Fr, 2)[lp < Cllfilp, 12| p,-

v
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Boundedness of the bilinear ergodic maximal operator: first

step
sup, [[An(f1, 2)[lp < Clifi[lp [I2llp, = sup, [|AR(F)ll2p < Cl|fll2p
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Boundedness of the bilinear ergodic maximal operator: first

step
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An(f) = Ap(fP/P1 fP/P2)

<
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Boundedness of the bilinear ergodic maximal operator: first

step
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Boundedness of the bilinear ergodic maximal operator: first

step
sup, [[An(f1, 2)[lp < Clifi[lp [I2llp, = sup, [|AR(F)ll2p < Cl|fll2p

An(f) = Ap(fP/P1 fP/P2)

< (An(fZP/P1)>1/2 (An(fZP/P2)>1/2
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IN
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Boundedness of the bilinear ergodic maximal operator: first

step
sup, [[An(f1, 2)[lp < Clifi[lp [I2llp, = sup, [|AR(F)ll2p < Cl|fll2p

An(f) = Ap(fP/P1 fP/P2)
1/2 1/2
< (An(fZP/M)) / (An(fZP/p2)> /

/‘An(f”zP < /(An(f2p/p1)>p (An(f2p/Pz)>p
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Boundedness of the bilinear ergodic maximal operator: first

step
sup, [[An(f1, 2)[lp < Clifi[lp [I2llp, = sup, [|AR(F)ll2p < Cl|fll2p

An(f) = Ap(fP/P1 fP/P2)
1/2 1/2
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Boundedness of the bilinear ergodic maximal operator: first

step
sup, [[An(f1, 2)[lp < Clifi[lp [I2llp, = sup, [|AR(F)ll2p < Cl|fll2p

An(f) = Ap(fP/P1 fP/P2)
1/2 1/2
< (An(fZP/M)) / (An(fZP/p2)> /

/‘An(f”zP < /(An(f2p/p1)>p (An(f2p/Pz)>p
— /(An(fZP/P1,f2P/P2)>p

p/p1 P/p2
<C < / f(2p/p1)p1> < / f(2P/P2)P2) =C / f2p

Francisco Javier Martin Reyes () Bilinear averages 15/29



Boundedness of the bilinear ergodic maximal operator: first

step
sup,, [l 4n(fr, 2)llp < Cllfillp; I f2llp, = sup, [An(fll20 < ClIfll2p
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Boundedness of the bilinear ergodic maximal operator: first

step
sup,, [l 4n(fr, 2)llp < Cllfillp; I f2llp, = sup, [An(fll20 < ClIfll2p

Consequence

A\ |
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Boundedness of the bilinear ergodic maximal operator: first

step
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Boundedness of the bilinear ergodic maximal operator: first

step
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Consequence
For all j, if H; = g; %y,

/ | TH() PP H () dp(x) = / () PP dju(x)
X X

@ Fora.e. x € X, the function j — H;(x) satisfies Ay, with a
constant independent of x.
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Boundedness of the bilinear ergodic maximal operator: first

step
sup,, [l 4n(fr, 2)llp < Cllfillp; I f2llp, = sup, [An(fll20 < ClIfll2p

Consequence
For all j, if H; = g; %y,

/ | TH() PP H () dp(x) = / () PP dju(x)
X X

@ Fora.e. x € X, the function j — H;(x) satisfies Ay, with a
constant independent of x.

[ ITHCOPHG () dnt) = [ 100)Pdux
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Other weights

w(x,j) = Hi(x), u(x,j) = —2%_ v(x,j) = )

(gi(x))P1=2°" (gi(x))r2=2"

/ TH(x) 2w (x, /) dlu(x) = / ()PP dp(x)
X X
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) N H®X N HK) _
w(x,j) = H(x), 0. ]) = oSy, vix,)) = 5 Mg, w = wP/Pi el

sup [ An(f1, 2)llp = Clifrllo lITlp.

|

A7 (Dll2p < Clifllzp, AR (F)ll2p; < Cllfllng, IAF(Dlzp, < Clifll2g,

(S I IO PPW(X, ) dia(x) = [y [£(X)PPdu(x))
(S IR #r p1(X/duX Sy [F(x) P dlu(x) )

(U IRF()[2PEVI=PE(x, ) dla(x) = [ [FCx)PPoclpu(x) )

|

For a.e. x and with a constant independent of x
@ The function j — H;(x) = w(x,j) € Azp.
@ The function j — u'=Pi(x, ) € Agy. (It is proved using duality: p > 1)

@ The function j — v'=P2(x, j) € Agy. (In @ symmetric way)
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Transference Argument: Notations

© My (fi, £)(X) = SUPgc <y An(fr, 22)(X). (fi > 0)
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Transference Argument: Notations
o M, (i, 2)(X) = SUpg< <y An(fr, 2)(X). (fi > 0)
o *(j) = TIf(x),

Francisco Javier Martin Reyes () Bilinear averages 19/29



Transference Argument: Notations
o M, (i, 2)(X) = SUpg< <y An(fr, 2)(X). (fi > 0)
o f(j) = TI(x),

Transference Argument
Forall R >0

/X (My(fr, ) (X))Plu(x) =
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Transference Argument: Notations
o M, (i, 2)(X) = SUpg< <y An(fr, 2)(X). (fi > 0)
o ¥(j) = T(x),

Transference Argument
Forall R >0

[ (Mol 216000 = [ (T1M, (5, £)0)PH(0G ()

R
— a7 | S (TM(, )P H () () ().
j=0
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T>0= T (My(h, ) (X) < MEX-g A BXnme) D
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T>0= T (My(h, ) (X) < MEX-g A BXnme) D

Transference Argument
Forall R >0

/X (My(Fr, £)(3))Pdlu(x)

IA

IN
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T>0= T (My(h, ) (X) < MEX-g A BXnme) D

Transference Argument
Forall R >0

/X (My(Fr, £)(3))Pdlu(x)

R
=1 > 705, RICIPHCO(G1) o)

<

IN
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T>0= T (My(h, ) (X) < MEX-g A BXnme) D

Transference Argument

Forall R >0
[ M)
= Rl"/x | T My (fr, B)(X)[PH;(X)(g;(x))Pdu(x)

1

17107

i
o

IM(BX =, R]> B X[, R4n]) ) [P Hi(X) dpa(X)

A
Y

+
T

IN

Francisco Javier Martin Reyes () Bilinear averages 20/29



T>0= T (My(fi, ) (x) < M(EX R0 BX = An) () g,Ex)

Transference Argument
Forall R >0

/ (My(Fr, £)(3))Pdlu(x)
X

R
el D 2 7M. BP0 el

R

SR /Z (FX =Rt B X[—n, A1) D IPH(X) dpu(x)
j=0

SR / Z (B X [=n, Rt 18 X[=n,Rn)) ) [PW (X, ) dpa(X)
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i 3 H; p H:
w(x,j) = Hi(x), u(x,j) = (gj(xl)%’ v(x.)) %

(9
w(x,-) € Agp, U'Pi(x,-) € Agpr, V! —Pa(x,-) € Aoy, (with a constant

independent of x).

[ (5. )00)Plul)

<

IN
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w(x,j) = H(x), u(x.j) = o=z, V(X)) = o

gi(x))P1 =2’ (x))Pe—2p"

(9
W(X, ") € Agp, U'P1(X,-) € Agp, VI 7P2(x, ) € Apy (With a constant
independent of x).
W1/p = u1/p1 V1/p2

/X (Ma(F1, £)(X))Palu(x)

1 > . .
< Ft’—{—‘l/ Z ’m(f{X[—n,R+n], f2XX[—n,R+n])(/)|pW(X7./) du(x)
X

IN
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N N H(X) Hi(x)
w(x,j) = Hj(x), u(x,j) = W’ v(x,J) W

W(X, ") € Agp, U'P1(X,-) € Agp, VI 7P2(x, ) € Apy (With a constant
independent of x).
wl/p = yl/pi1y1/pe

/X (Ma(F1, £)(X))Palu(x)

A
><\

Z | M(EX =, Rn] To X[n, R ) ) [PW(X, ) dp(x)

= R+1
j=—00
c Rin p/p
< ) pi i
<qei /Ll 3 AP ot
=-n
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N N H(X) Hi(x)
w(x,j) = Hj(x), u(x,j) = W’ v(x,J) W

W(X, ") € Agp, U'P1(X,-) € Agp, VI 7P2(x, ) € Apy (With a constant
independent of x).
wl/p = yl/pi1y1/pe

/X (Ma(F1, £)(X))Palu(x)

A

< [ 3 I A BXC ) ()W) ()

j=—o0

Rin P/Pps
[ (Z | T ()P u(x,/)>
J

——n

C
R-+1

IN

~—

Rin P/P2
(Z ITIR(x)Pv(x, /)) | dux)
J

="
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N N H(x) N H®

W(X7./) - I_II(X)l U(f(’j) - (gj(x))p1—2p’ ‘f(xv./) (gj(x))pz—Zp'

W(x,-) € Agp, U'PI(X,) € Agpy, VITP2(x,-) € Agp (With a constant
independent of x)

/X (Ma(F1, £)(X))PDlu(x)

<

C p/p p/p2
i (Arznen [1rpan) " ((Re20+1) [ l6ean)
X X
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N N H(X) N H(X)

W(X7./) - I_I](X)5 U(f(’j) - (g]_(x))p172p’ ‘f(xv./) (gl_(x))pz—Zp'

W(x,-) € Agp, U'PI(X,) € Agpy, VITP2(x,-) € Agp (With a constant
independent of x)

/X (Ma(F1, £)(X))PDlu(x)

c Ry . p/p1
<o (Z / Tfn(x)“u(x,j)du(x))

j==n

C p/p p/p2
i (2o n [1rpan) " ((Re20+0) [ 16ean)
X X
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N N H(X) _ _ H®
W(X7./) - I_I](X)5 U(X7j) - (g]_(x))p172p’ V(Xv./) - (gl_(x))pz—Zp'

W(X, ") € Agp, U'P1(X,-) € Agp, VI 7P2(x, ) € App (With a constant
independent of x)

/X (Ma(F1, £)(X))PDlu(x)

c Ry . p/p1
<o (Z / Tfn(x)“u(x,j)du(x))

j==n

R+n P/pe
x (Z /X | TIR(x)[P2v(x, j) du(X))

j==n

C p/p p/p2
i (2o n [1rpan) " ((Re20+0) [ 16ean)
X X
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i ; H; . H;
wix,j) = H(x), u(x.]) = gl VO = Gt

w(x,-) € Azp, u' —P%(x7 ) € Agpq, v! —Pé(x7 e A2p§ (con constante
independiente de x)

[ ot )P

P/pi p/p2
<cPLBEL([ihpauea) ([ e duto)
R+1 X x
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i ; H; . H;
wix,j) = H(x), u(x.]) = gl VO = Gt

w(x,-) € Azp, u' —P%(x7 ) € Agpq, v! —Pé(x7 e A2pé (con constante
independiente de x)

[ ot )P

P/pi p/p2
<cPLBEL([ihpauea) ([ e duto)
R+1 X x

~o( [P du(x))p/m (/e du(x))p/ i
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WE HAVE PROVED

sup [ An(fr, &)llp < Cllfr 1ol J

i 3 H; p H:
w(x,j) = Hi(x), u(x,j) = (g,(xl)%’ v(x,j) = (gj()(])%'
W(x,-) € Agp, U'Pi(X,") € Aot vi=Pe(x,) € Ao (with a constant
independent of x)

IM(f. 2)llp < Cll o]l )
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Main Result

If1/pi+1/p2=1/p,1 < pj < 0, 1 < p < o0, the following assertions
are equivalent.

(a) An(fy, f2) converges in LP(u), fi € LP'(u) and f> € LP2(p).

(b) sup,>o lAn(fr; 2)llp < Cllfllp | 2llp, fi € LP'(1) @and fo € LP2(p).
(©) [[M(f,B)llp < Clifillp | llp,- fi € LP' (1) andfzy € LP2(p).
)

(d) Fora.e. x, w(x,-) € Agp, U'Pi(x,") € Azp;» vI=P2(x,-) € Azpy, (with
a constant independent of x)

Each one of the above conditions implies that

(e) An(fy, f2) converges a.e for f; € LP1(u) and f, € LP2(p).
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Some consequence

General Examples

Using the characterization, it is possible to give very general examples
such that

(a) Ap(fy, f2) converges in LP(u) for all f; € LP1(u) and all f, € LP2(p).

(b) An(fy) does not coverge in LPt(u) for some f; € LP(u).

(c) An(fo) converges in LP2(yu) for all f, € LP2(p).
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Theorem

Let (X, F,v) be a non atomic finite measure space. Let T : X — X be
an invertible ergodic measure preserving transformation. Let

1< p,p1,pe <oo,1/p1 +1/p2=1/p, p; # p2. Then there exist a
measure 1. equivalenttov (u(E) = 0 < v(E) = 0) and a positive
measurable function g such that the operator

Tf(x) = g(x)f(7x).

has the following properties:

(a) The bilinear averages An(fy, ;) associated to T are uniformly
bounded from LPt(u) x LP2(u) into LP(u)

(b) The linear averages A, associated to T are not uniformly
bounded in LP ()

(c) The linear averages A, associated to T are uniformly bounded in
LP2(p).
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Index

e The bilinear case

@ Open problems
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