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@ For 0 < p < 0o a > —1, the the standard weighted Bergman space AP, consists
of those f € H(D) for which

191 = [ 1P~ 20)" dAGz) < .
dA(z) = &&.
@ BMOA is the subspace of H' of functions with bounded mean oscillation.

@ VMOA is the subspace of H' of functions with vanishing mean oscillation.
@ The Bloch space

_ s sup(l — |z]2)|F(2)] < .
B*{“H(D)'ieg(l 1219l (2)] < }

o feByiflimy 1 (1—|2[2)|f'(2)| = 0.
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o F1B = IFO)2 +2 , If (2)] log 1 dA(2).

1/2
&(O—(/r (C)lf’lsz> , =1,

where ;(¢) denotes the Stolz angle with vertex at ¢ and aperture o.

M%~V@Vﬁ4$mmmy
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Tef(a) = [ FOF©ds. z<D £ e M)

@ T, is bounded (compact) on HP if and only if g € BMOA (g € VMOA).
@ Tg is bounded (compact) on AP if and only if g € B (g € Bo).
° -: A description of the resolvent set p ( Tz|HP).

° have solved the analogous problem for AP.

T4 has no eigenvalues.
0 € o(T4|HP).
If Tg is compact or (g € H*®), then o(T,|HP) = {0}.

] :
If g’ is a rational function with g € BMOA, then o (T,|HP) is a union of closed
disks,

o(Tg|HP) = {0} U{N#£0:e8/r ¢ HP}, ifp>1.

José Al1ge| Peldez Spectra of integration operators on Hardy spaces



Spectrum of integration operators |

José Angel Peldez Spectra of integration operators on Hardy spaces



Spectrum of integration operators |

o General idea If he H(D) and A € C\ {0},

A —T,f=h

José Al1ge| Peldez Spectra of integration operators on Hardy spaces



Spectrum of integration operators |

o General idea If he H(D) and A € C\ {0},

A — Tyf = h
has the unique solution
h0) en 5 (7
f(2) = Ry gh(z) = ¥e* + e; / e (€)de, zeD.
0
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o General idea If he H(D) and A € C\ {0},

M —Tgf=h
has the unique solution
h(0) s e

f(z) = Rygh(z) = ettt /0 e‘ﬁh’(f) d¢, zeD.

A€ p(Tg|HP) &  Ryg is a bounded.
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o General idea If he H(D) and A € C\ {0},

A —T,f=h

has the unique solution

f(2) = Ry gh(z) = ¥e%+e; / e (€)de, zeD.
0

A€ p(Tg|HP) &  Ryg is a bounded.

o If Rygh(z) = e [7 e~ 1(¢) de,

&(z)

Ry is a bounded < e'> € HPand R is a bounded.
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p/2
P /12 —
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o Ry, is bounded on HP if

IR sbl = [ e (e (521 | [ e ga

< Cl[Allkw

p/2
P /12 —
Al[2, / ( /wm dA) dm(C),  h(0)=0.

o If H(z) = [y e e~ H(€)de, sothat W = eSH', w(e®) = exp (p Pe (g(ie)»
and W(z) outer function with |W(e')| = w(e')

dm(()
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o Ry, is bounded on HP if

IR sbl = [ e (e (521 | [ e ga

< Cl[Allkw

p/2
P /12 —
Al[2, / ( /wm dA) dm(C),  h(0)=0.

o If H(z) = [y e e~ H(€)de, sothat W = eSH', w(e®) = exp (p Pe <g(§\r’9))>
and W(z) outer function with |W(e')| = w(e')

p/2
/T|H(C)|”W(C)dm(€“)§ CA(/F (OIWIQ/”IH'l%’A) dm(() .
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Reformulation (Aleman-Peldez (2011))

Assume that A € C\ {0}, 0 < p < o0 and g € BMOA. Then, the following
assertions are equivalent:

(i) A€ p(TlHP).

(if) eX € HP and for any f € H(D) with f(0) =0

p/2
P m ~ 2/p||£!2 m
/T|f(<)\ (¢) dm(¢) A(/mc)ww |f|dA> dm(¢)

i9)

where w(e'®) = exp (p Re (g(f\
W (e)| = w(e®).

)) and W(z) is the outer function with

José A|1ge| Peldez Spectra of integration operators on Hardy spaces
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e wis a weight if w € L}(T) and logw € L(T).
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T [¢—2]?

and
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= — |Z|2w m
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and
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1/p
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e wis a weight if w € L}(T) and logw € L(T).

= — |Z|2w m
W(Z) - T |C—Z‘2 (C)d (C)v
and
w(z) = o ([ S logulcyam(c))

1/p
1Fllpw = WPl = sup ( / W(ro|f(r<)|Pdm(<))
0<r<1 \JT

Sup,f(C) = (/r "

o

ho,p(F) = /D F(2) 7217 (2) PIW(2) log - dA(2).

2|

1/2
)|W|2/"|f’|2dA> » K=1,
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° -: Which weights do satisfy the estimates
£l ~ AP + [ 52, g,

for any f € H(D)?
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° -: Which weights do satisfy the estimates
£l ~ AP + [ 52, g,
for any f € H(D)?

15 ~ [FO)P + Lo p(£) -
for any f € H(D)?

° _:
@ Using appropriate test functions in

If112 o Z |F(0)|P + Ly p(f) for any f € H(D)

pw ~
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° -: Which weights do satisfy the estimates
£l ~ AP + [ 52, g,
for any f € H(D)?

15 ~ [FO)P + Lo p(£) -
for any f € H(D)?

° _:
@ Using appropriate test functions in

If112 o Z |F(0)|P + Ly p(f) for any f € H(D)

pw ~

we deduce
@ This fact and

If

P o SIF(0)P + Ly p(f) for any f € HD) ,

pw ~

gives that there exists 7 > 1 such that

(1- \Z|2)n71/% |§w£<z)|” dm(¢) S |W(z)], zeD.
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° -: Which weights do satisfy the estimates
£l ~ AP + [ 52, g,
for any f € H(D)?

15 ~ [FO)P + Lo p(£) -
for any f € H(D)?

° _:
@ Using appropriate test functions in

If112 o Z |F(0)|P + Ly p(f) for any f € H(D)

pw ~

we deduce
@ This fact and

If

P o SIF(0)P + Ly p(f) for any f € HD) ,

pw ~

gives that there exists 7 > 1 such that

(1- \Z|2)n71/% |§w£<z)|” dm(¢) S |W(z)], zeD.

o It implies logw € BMO.
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@ w satisfies A,,-condition,
There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

fe=e(s)
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@ w satisfies A,,-condition,

There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

fee()

o we Ay = logw € BMO.
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@ w satisfies A,,-condition,

There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

5
<)
Jiw /]
o we Ay = logw € BMO.
Aoo = U1<p<ooAp,
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@ w satisfies A,,-condition,
There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

o)
Jiw 1]
o we A, = logw € BMO.

Aoo = U1<p<ooAp,
1 -1 -1
w is an Ap-weight if sup; 75 [ wdm (W JjwT dm) < o0.
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@ w satisfies A,,-condition,
There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

Jew (|>
Jiw ]
o we A, = logw € BMO.
Aoo = U1<p<ooAp,

w is an Ap-weight if sup; 75 [ wdm (ﬁ f,ofp%ldm) < 0.
@ w satisfies the A condltlon ( is an A.o-weight) iff

1 / 1
—— [ wdm < Cexp < /Iogwdm) for arcs | C T.
m(l) J, (N Ji
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

@ w satisfies A,,-condition,
There are positive constants positive constants C, > 0 so that given any arc
| C T and any measurable set E C /

Jew (|>
Jiw ]
o we A, = logw € BMO.
Aoo = U1<p<ooAp,

w is an Ap-weight if sup; 75 [ wdm (ﬁ f,ofp%ldm) < 0.
@ w satisfies the A condltlon ( is an A.o-weight) iff

1 / 1
—— [ wdm < Cexp < /Iogwdm) for arcs | C T.
m(l) J, (N Ji

—1
oweA, owe A and wrT e Ay
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|
\

Proposition (Aleman-Peldez (2011))

The following are equivalent:
(i) w satisfies A
(ii) If W(z) = exp (fT $H2 Jog w(C )dm(C)), then log W € B and

o),
W(z)| ~ wdm, zeD.
W(z)| () J,

(iii) There exists n > 1 such that

2yn—1 z .
[ an0) s W), zep
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° _: Which weights do satisfy the estimates

1112, ~ [FO)P + /

for any f € H(D)?
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for any f € H(D)?
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

° _: Which weights do satisfy the estimates

1112, ~ [FO)P + /

for any f € H(D)?

1150 ~ £(0)P + L p(F) -
for any f € H(D)?

o Sufficient condition?
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o (1 |z fy 29sdm(0) < W(2). zeD. [
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o (1 |z fy 29sdm(0) < W(2). zeD. [

w(z) S|W(2)|, zeD,
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o (1 |z fy 29sdm(0) < W(2). zeD. [

w(z) S [W(2)

, zeD,

w satisfies the conformal invariant A, condition (w is Ax-invariant).
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o (1—|z)r 1 [ (& dm(¢) SIW(2)|, zeD. |
w(z) SIW(2)|, zeD,

w satisfies the conformal invariant A, condition (w is Ax-invariant).

1 1
- = [ wdm < .
Aso _ 0 /Io,dmN Cexp <m(l) /Ilogwdm> forarcs | C T.
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o (1 |z fy 29sdm(0) < W(2). zeD. [

w(z) S|W(2)|, zeD,

w satisfies the conformal invariant A, condition (w is Ax-invariant).

1 1
- = [ wdm < .
Aso _ 0 /Io,dmN Cexp <m(l) /Ilogwdm> forarcs | C T.

Theorem (Aleman-Peldez (2011))

If w satisfies the conformal invariant A, condition and p > 0 then for analytic
functions f in D

1115 ~ \f(0)|”+/1r55,p,fdm~ [£(0)IP + Lo p(£) -
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o (1 |z fy 29sdm(0) < W(2). zeD. [

w(z) S|W(2)|, zeD,

w satisfies the conformal invariant A, condition (w is Ax-invariant).

1 1
- = [ wdm < .
Ao _ 0 /Ic,,dmN Cexp <m(l) /Ilogwdm> forarcs | C T.

Theorem (Aleman-Peldez (2011))

If w satisfies the conformal invariant A, condition and p > 0 then for analytic
functions f in D

1115 ~ \f(0)|”+/1r55,p,fdm~ [£(0)IP + Lo p(£) -

Lemma (Treil-Volberg-Zheng (1997))

If the weight w satisfies the conformal invariant A, condition then for analytic
functions g in D and p > 0, we have

L1 o L o) < e

||
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|
\

Main Theorem (Aleman-Peldez (2011))

For a weight w on T and 0 < p < oo the following are equivalent:
(i) w satisfies A,-condition,
(ii) For analytic functions f in D we have

IF15 ~ P + [ 82, dm.

(iii) For analytic functions f in D we have

11150 ~ [FO)P + L p(f) -
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o We shall prove (i) = (iii) for small p’s and f € H*>.
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o We shall prove (i) = (iii) for small p’s and f € H*>.
o we A, = logw € BMO,

Lo,p(F) S 1IF115

pyw?

f e HD).
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

o We shall prove (i) = (iii) for small p’s and f € H*>.
o we A, = logw € BMO,

Lo,p(F) S 1IF115

pyw?

f e HD).

Lemma (Gundy-Wheeden (1974))

Assume that 0 < p < co and w satisfies Ao,. Then for any harmonic function u in
D with u(0) =0

/T ()P (Q)w(C) dim(¢)

s ( / . |Vu|2dA> p/zw(o dm(¢)

where u* is the nontangential maximal function.
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lo.p(F) = [ [f(2)]P72'(2) P[W(2)| log ; dA(z)
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lo.p(F) = Jp [F(2)]P72|(2) P[W(2)| log ; dA(z)

By G-W's result
p/2
/ (/ |V Im f|2dA> w(¢) dm(¢)
T +(2)

> / (Im F)P(C)w(C) dm(C)

p/2
/(/ VRefsz> w(¢) dm(¢)
T I-(z)

> / (ReF)P(C)w(C) dm(¢)
T
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lo.p(F) = Jp [F(2)]P72|(2) P[W(2)| log ; dA(z)

By G-W's result
p/2
/ (/ |V Im f|2dA> w(¢) dm(¢)
T +(2)

> / (Im F)P(C)w(C) dm(C)

p/2
/(/ VRefsz> w(¢) dm(¢)
T I-(z)
2 [ (ReP(c)() dm(c)
T

Since |V Imf| ~ |V Ref| ~ |f'|, it suffices to prove

p/2
L) 2 / ( / mf”dA) w(C) dm(¢). (1)
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If f is bounded and f(0) = 0.
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Weighted version of Fefferman-Stein and Hardy-Stein formulas

If f is bounded and f(0) =

H{fre) s

(7 (L) sm)"(fraommc)
(e omal
<

/ ((Ref)")P(C) + ((Im F)*)P(C) dm(<)

o
/T(f*)’?* <-/ra(o |f’2dA> )

1-p/2




p/2
/(f*)f’*(/ |f’2> () dm(() A 2 /(/ |f’|2dA) () dm(Q).
T Fo (<) T \/To(¢)

()

Next,
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ﬁm“%ﬁmwﬂ()mmwzﬁ<ﬁmmwﬁmmomm.

()

Next,

QAG=AV&W4W®HW&W%éﬂMﬂ

x/vuwzwwW(Aw@wmo)M@)

// (@)P2IF(2) w(¢) dm(C)
(<)

zAUW*(me@u«wmq

which together with (2) gives (1).



Weighted version of Fefferman-Stein and Hardy-Stein formulas

° -: If for harmonic functions v in D and ( € T
1/2

w,psu

sh (z):/ V2| W[2/PdA
Is(2)
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° -: If for harmonic functions v in D and ( € T

1/2
Shou(2) = / VUl WP dA
Is(2)

Corollary (Aleman-Peldez (2011))

The weight w satisfies A,, p > 1, if and only if

u(0))P + / (8", u)Pdm ~ ||ul2..

holds for all Poisson integrals u of integrable functions on T.
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Tof(2) = /0 CHOg(©)d, zeD.

Theorem (Aleman-Peldez (2011))

Assume that X € C\ {0}, p € (0,00), and g € BMOA. Then, the following
assertions are equivalent:

(i) A € p(T,|H?) . )
(i) eX € HP and w(e’®) = exp (p Re (g(i ))> satisfies the Ao, condition.
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Tof(2) = /0 CHOg(©)d, zeD.

Theorem (Aleman-Peldez (2011))

Assume that X € C\ {0}, p € (0,00), and g € BMOA. Then, the following
assertions are equivalent:

(i) A € p(T,|H?) . )
(i) eX € HP and w(e’®) = exp (p Re (g(i ))> satisfies the Ao, condition.

{0} U{X\#£0:e8/* ¢ HP} C o(T4z|HP)
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Spectrum of integration operators I

Tof(2) = /0 CHOg(©)d, zeD.

Theorem (Aleman-Peldez (2011))

Assume that X € C\ {0}, p € (0,00), and g € BMOA. Then, the following
assertions are equivalent:
(i) A€ p(TglHP) .

(i) eX € HP and w(e’®) = exp (p Re (g(f\w)» satisfies the A, condition.

{0} U{X\#£0:e8/* ¢ HP} C o(T4z|HP)
Equality holds if g € VMOA, g € H* or when g’ is a rational function.

José Al1ge| Peldez Spectra of integration operators on Hardy spaces



Spectrum of integration operators I

Tof(2) = /0 CHOg(©)d, zeD.

Theorem (Aleman-Peldez (2011))

Assume that X € C\ {0}, p € (0,00), and g € BMOA. Then, the following
assertions are equivalent:

(i) A€ p(TylHP) )

(i) eX € HP and w(e’®) = exp (p Re (g(i ))> satisfies the Ao, condition.

{0} U{X\#£0:e8/* ¢ HP} C o(T4z|HP)
Equality holds if g € VMOA, g € H* or when g’ is a rational function.
There is g € BMOA with eX € H? for all {A: |[A\—3| <1} and

exp (2 Re (g(%e)» does not satisfy the A, condition for any A as above,
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Tof(2) = /0 CHOg(©)d, zeD.

Theorem (Aleman-Peldez (2011))

Assume that X € C\ {0}, p € (0,00), and g € BMOA. Then, the following
assertions are equivalent:

(i) A€ p(TylHP) )

(i) eX € HP and w(e’®) = exp (p Re (g(i ))> satisfies the Ao, condition.

{0} U{X\#£0:e8/* ¢ HP} C o(T4z|HP)
Equality holds if g € VMOA, g € H* or when g’ is a rational function.
There is g € BMOA with eX € H? for all {A: |[A\—3| <1} and

i0
exp (2 Re (%)) does not satisfy the A, condition for any A as above,
1 1
A (A= Z| < 2} Co(T.|H?).
3 3



Spectrum of integration operators I

Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.
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Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

Proof.
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Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

Proof.

It suffices to prove the first part.
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Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

It suffices to prove the first part.
w = exp(Relog W) and apply the previous theorem to conclude that 1 belongs to
the resolvent set of Tiog .
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Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

It suffices to prove the first part.

w = exp(Relog W) and apply the previous theorem to conclude that 1 belongs to
the resolvent set of Tiog .

It is an open set, Al — Tiog v is invertible when X is sufficiently close to 1.
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Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

It suffices to prove the first part.

w = exp(Relog W) and apply the previous theorem to conclude that 1 belongs to
the resolvent set of Tiog .

It is an open set, Al — Tiog w is invertible when X is sufficiently close to 1.

exp(Re (@)) satisfies A, when X is sufficiently close to 1.
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Spectrum of integration operators I

Corollary (Aleman-Peldez (2011))

(i) If w satisfies A then there exists € > 0 such that |W| is Ao, for all

a € C with |a — 1| < &, and there exist p > 1 such that w satisfies A,.

(i) In particular, if w satisfies A, then there exists &' > 0 such that |W®| is A, for
all o € C with o — 1] < €.

It suffices to prove the first part.

w = exp(Relog W) and apply the previous theorem to conclude that 1 belongs to
the resolvent set of Tiog .

It is an open set, Al — Tiog w is invertible when X is sufficiently close to 1.

exp(Re (@)) satisfies A, when X is sufficiently close to 1.

The spectrum of Tiog 1 is bounded, the resolvent set must intersect the negative
real-axis, which gives the second assertion. O
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