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Introduction The operators
The spaces
The weights

The operators

Given @ > —1 one defines the Bergman-type projection P, by the

formula
— w[?)*f(w
Pulf)a) = (a+ 1) [ ST anw) (1)

for any f € L}((1— |w|?)*dA(w)).
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Introduction The operators
The spaces
The weights

The operators

Given @ > —1 one defines the Bergman-type projection P, by the

formula . 270
Pulf)(a) = (a+1) [ S

for any f € L}((1— |w|?)*dA(w)).
Given a function ¢ € L1(D), its Berezin transform is defined by

dA(w) (1)

3(z) = (112 [ 2 dAw) @)

V.
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Introduction The operators
Main results The spaces

A proof The weights

The operators

Given @ > —1 one defines the Bergman-type projection P, by the

formula
— w[?)*f(w
Pulf)a) = (a+ 1) [ ST anw) (1)

for any f € L}((1— |w|?)*dA(w)).
Given a function ¢ € L1(D), its Berezin transform is defined by

= 212 o(w)
=(1— A 2
#(2) = (1P [ TP daw) )
For a fixed 0 < o < 7, the averaging operator of ¢ is given by
A0)(E) = T oy PLO)IA). (3)

where A(z,a) ={w: |z| < |w| < 1,|Arg(w) — Arg(z)| < a(1—|z|)} is
the Carleson box at the point z.
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Introduction The operators
The spaces
The weights

Mixed norm spaces

Let @ € R, 0 < p,g < = the mixed norm spaces LP%% consist of all
measurable complex functions f on D such that

! 2 1 Ya
11l paa = (/O (1—r)9% Mg(f,r)dr) < oo, (4)

mor.) = ([

with

f(re’®)|

pdo 1/p
)
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Introduction The operators
The spaces
The weights

Mixed norm spaces

Let @ € R, 0 < p,g < = the mixed norm spaces LP%% consist of all
measurable complex functions f on D such that

! 2 1 Ya
11l paa = (/O (1—r)9% Mg(f,r)dr) < oo, (4)

27
mor.0) = |
0
In particular,

L(p,p,1/p) = LP(D,dA), L(p,p.B/p) = L(D,(1 — |z|)P~*dA).

with

; 1/p
f(re®) "de) .

21
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Introduction The operators
The spaces
The weights

Weighted mixed norm spaces

Let p : (0,1] — R™ is measurable and bounded on compact sets of (0,1].
Define L(p, q,p) the space of measurable functions on the unit disc D
such that

ILp(l—r 1/q
lpan = ([ B 2ug(r0ar) <o 09
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Introduction The operators
The spaces
The weights

Weighted mixed norm spaces

Let p : (0,1] — R™ is measurable and bounded on compact sets of (0,1].
Define L(p, q,p) the space of measurable functions on the unit disc D
such that

ILp(l—r 1/q
lpan = ([ B 2ug(r0ar) <o 09

In particular, p(t) = t*?,L(p,q,p) = L(p,q, ).
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Introduction The operators
The spaces
The weights

The conditions on weights

For € € R, p is said to satisfy Dini condition of order &, in short
p € De, if [§ ”(tt)t dt < = and there exist C > 0 such that

/" "t < Cp(s)s,0<s<1. (6)
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Introduction The operators
The spaces
The weights

The conditions on weights

For € € R, p is said to satisfy Dini condition of order &, in short
p €D, if [3 2 tt)t dt < = and there exist C > 0 such that

/" "t < Cp(s)s,0<s<1. (6)

For 6 € R, p is said to satisfy the bs-condition, in short p € bg, if there
exist C > 0 such that

1
p(t) p(s)

4
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Introduction The operators
The spaces
The weights

The conditions on weights

For € € R, p is said to satisfy Dini condition of order &, in short
p €D, if [3 2 tt)t dt < = and there exist C > 0 such that

/" "t < Cp(s)s,0<s<1. (6)

For 6 € R, p is said to satisfy the bs-condition, in short p € bg, if there
exist C > 0 such that

1
p(t) p(s)

4

B
For p(t) = ta(|og(§)) . p € DeNbg if and only if —& < ot < &.
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Introduction The operators
The spaces
The weights

A basic lemma

Lemma

Let €,0 € R such that €+ 06 # 0. The following are equivalent
(i) p € De N bs.

(ii) flpl(lr)rl)egs dr<C€’(1 ) 1/2<s<1.
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Introduction The operators
The spaces
The weights

A basic lemma

Lemma

Let €,0 € R such that €+ 06 # 0. The following are equivalent
(i) p € De N bs.

(ii) flpl(lr)rl)eﬁs dr<C€’(1 ) 1/2<s<1.

Proof For 1/2<s< 1

_ _ A 1 £—1
pl r)(1—r) drﬁ/( p(t)t dt
0

(1—rs)e+d st+(1—s))e+d
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Introduction The operators
The spaces
The weights

A basic lemma

Lemma

Let €,0 € R such that €+ 06 # 0. The following are equivalent
(i) p € De N bs.

(ii) flpl(lr)rl)eﬁs dr<C€’(1 ) 1/2<s<1.

Proof For 1/2<s< 1

_ _ A 1 £—1
tp(l—r)(1—r) drﬁ/( p(t)t dt
0

(1—rs)e+d st+(1—s))e+d
e—1 1 £—1
_ / g Lty .
0

NGRS AL A T pp
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Introduction The operators
The spaces
The weights

A basic lemma

Lemma

Let €,0 € R such that €+ 06 # 0. The following are equivalent
(i) p € De N bs.

(ii) flpl(lr)rl)eﬁs dr<C€’(1 ) 1/2<s<1.

Proof For 1/2<s< 1

_ _ A 1 £—1
tp(l—r)(1—r) drﬁ/( p(t)t dt
0

(1—rs)e+d st+(1—s))e+d

3 p()ee? L p(aye!
N/o (- A G s

1 1— Sp( tg
(1_5)£+5/ dt+/ 1+3 dt
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The averaging operator
Main results The Bergman projection
The Berezin transform

The averaging operator

Recall the notation

1

Aa((P)(Z) = m A(z,@)

¢(@)dA(o)

and 1
plz)= — - A
042 = 557 b, 2@)A@)
where D(z,s) = {w : |*5%| < s}.
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Introduction The averaging operator
Main results The Bergman projection

A proof The Berezin transform

The averaging operator

Recall the notation

AuO)(E) = a it o P@)A@)
and
0:(2)= 5o [ g(0)dA(o)

D(z,5)[ Jp(z,5)
where D(z,s) ={w : |#*Z%| < s}.

1-Zw

Theorem

Let 0 < p < oo and p be a non-negative continuous function. The
following are equivalent:

(I) p e by.

(ii) The averaging operator Ay, is bounded on L(p,1,p) for all 1 < p < oo,

(iii) The averaging operator Ay is bounded on L(p,1,p) for some
0< p<Loo,

v
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Main results

The Berezin transform

Let1<p<owandl<q<e. Ifp € bs for some 6 < q then the
averaging operator Ay is bounded on L(p,q,p).
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The averaging operator
Main results The Bergman projection

The Berezin transform

Theorem

Let1<p<owandl<q<e. Ifp € bs for some 6 < q then the
averaging operator Ay is bounded on L(p,q,p).

| A\

Corollary

Let 1 < p,q < . Then the averaging operator ¢ — Qs is bounded on
L(p,q,) for a < 1.

A\
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The averaging operator
Main results The Bergman projection
The Berezin transform

Bergman type projections

Denote H(p,q,p) = L(p,q,p) N (D). In particular
H(p,p,a/p) = Ag(D).

Oscar Blasco Remarks on weighted mixed norm spaces



The averaging operator
Main results The Bergman projection

The Berezin transform

Bergman type projections
Denote H(p,q,p) = L(p,q,p) N (D). In particular
H(p,p,a/p) = Ag(D).

Theorem

Let > —1,1<p<o, 1< g<oo, pe DsNbgs for some € <0 and
0 < qg(l+a) withe+38 #0. Then Py is a projection from L(p,q,p)
onto H(p,q,p).

N
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The averaging operator
Main results The Bergman projection

The Berezin transform

Bergman type projections

Denote H(p,q,p) = L(p,q,p) N (D). In particular
H(p,p,a/p) = Ag(D).

Let > —1,1<p<o, 1< g<oo, pe DsNbgs for some € <0 and
0 < qg(l+a) withe+38 #0. Then Py is a projection from L(p,q,p)
onto H(p,q,p).

”
Corollary

Let 1< p,g<oo, a,y>—1 and B € R.

(i) Then Py, is bounded on L(p,q, ) whenever 0 < 8 < (1+a) (see [J]).
In particular Py is bounded on LP(D, (1 — |z|?)YdA(z)) whenever
0<y+1<p(l+a) (see [HKZ]).
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The averaging operator
Main results The Bergman projection

The Berezin transform

Berezin transform and mixed norm spaces

If T+ A% — A2 is bounded and k.(w) = =2 s the normalized

Bergman kernel then ~
T(z) =(T(k2),kz).
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The averaging operator
Main results The Bergman projection

The Berezin transform

Berezin transform and mixed norm spaces

|

If T: A% — A% is bounded and k,(w) = ~—L

(1-zw)?

T(2) = (T (k). k).

is the normalized

Bergman kernel then

For Toeplitz operators

Tol()(2) = PoloN(@) = [ MM(W)

one has that §(z) = Ty(2) = (1 - |2[*)? f, 2227 dA(w).

[1-wz[*

V.
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The averaging operator
Main results The Bergman projection

The Berezin transform

Berezin transform and mixed norm spaces

|

is the normalized

If T: A% — A% is bounded and k,(w) = ~—L

(1-zw)?
Bergman kernel then ~
T(z) =(T(k2),kz).

For Toeplitz operators

Tol()(2) = PoloN(@) = [ MM(W)

one has that §(z) = To(2) = (1—|2[)2 fp, ll‘ﬁ(v_";z)l4 dA(w).
Therefore, for 1 < p < oo

5P < @—12P [ 12 Ay,
p|1—wz|*
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The averaging operator
Main results The Bergman projection

The Berezin transform

Berezin transform and mixed norm spaces

—|z|
(1-zw)?

.
._\
N

is the normalized

If T:A2— A2 is bounded and k,(w) =

Bergman kernel then ~
T(z) =(T(k2),kz).

For Toeplitz operators

Ty(1)(2) = Pole)(a) = [ L daw)

one has that §(z) = To(2) = (1—|2[)2 fp, ll‘ﬁ(v_";z)l4 dA(w).
Therefore, for 1 < p < oo

5P < @—12P [ 12 Ay,

p|1—wz|*

) then ¢ € LP(D, ~42)) for 1 < p < oo.

Hence if ¢ € LP(D, » )

(1\2
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Berezin transform and mixed norm spaces

—|z|
(1-zw)?

.
._\
N

is the normalized

If T:A2— A2 is bounded and k,(w) =

Bergman kernel then ~
T(z) =(T(k2),kz).

For Toeplitz operators

Ty(1)(2) = Pole)(a) = [ L daw)

one has that §(z) = To(2) = (1—|2[)2 fp, ll‘ﬁ(v_";z)l4 dA(w).
Therefore, for 1 < p < oo

5P < @—12P [ 12 Ay,

p|1—wz|*

) then ¢ € LP(D, ~42)) for 1 < p < oo.

Hence if ¢ € LP(D, » )

(1\2
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raging operator
Main results The Bergman projection
The Berezin transform

(B-Pérez-Esteva (IEOT-2011)) Let 1 < p,q < . Then the Berezin
transform is bounded on L(p,q, o) for =2 < a < 1.
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The averaging operator
Main results The Bergman projection

The Berezin transform

Theorem

(B-Pérez-Esteva (IEOT-2011)) Let 1 < p,q < . Then the Berezin
transform is bounded on L(p,q,a) for —2 < ¢ < 1.

Theorem

| A\

Let p non negative continuous function. The following are equivalent:
(i) p € D2 by, ie. f5p(t)tdt < Cs2p(s), [ B dt < C2L).

s

(ii) The Berezin transform is bounded on L(p,1,p) for all 1 < p < oo,
(iii) The Berezin transform is bounded on L(p,1,p) for some 0 < p < co.

v
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The averaging operator
Main results The Bergman projection

The Berezin transform

Theorem

(B-Pérez-Esteva (IEOT-2011)) Let 1 < p,q < . Then the Berezin
transform is bounded on L(p,q,a) for —2 < ¢ < 1.

Theorem

| A

Let p non negative continuous function. The following are equivalent:
(i) p € D2 by, ie. f5p(t)tdt < Cs2p(s), [ B dt < C2L).

(ii) The Berezin transform is bounded on L(p,1,p) for all 1 < p < oo,
(iii) The Berezin transform is bounded on L(p,1,p) for some 0 < p < co.

o

Let1<p<eandl<qg<eco.
If p € De N bs for some € < 2q and & < q with €+ 8 # 0 then the Berezin
transform is bounded on L(p,q,p).
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The case g=1
A proof

From conditions on weights to boundedness of Berezin transform

We show that p € D, N b; implies that the Berezin transform is bounded
on L(p,1,p) for all 1 < p < co.
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The case g=1

A proof

From conditions on weights to boundedness of Berezin transform

We show that p € D, N b; implies that the Berezin transform is bounded

on L(p,1,p) forall 1 < p<ooletfel(plp).
Use Minkoswki's and standard estimates to obtain

" Mo(£,5) 4. (8)

My(F,r) < C(l—r)2/0 s
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The case g=1

A proof

From conditions on weights to boundedness of Berezin transform

We show that p € D, N b; implies that the Berezin transform is bounded
on L(p,1,p) forall 1 < p<ooletfel(plp).
Use Minkoswki’'s and standard estimates to obtain

M, (F,r) < C(l—r)2/1é\f”(fr’s’;gds. (8)

0

Now

/01 p(ll_ ) o(F r)dr</ p(1—=r)(1-r) (/ rs)3 ds)dr
<c/ /p(l_') ) dr)M,(f,s)ds.

lfrs
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The case g=1

From conditions on weights to boundedness of Berezin transform

We show that p € D, N b; implies that the Berezin transform is bounded
on L(p,1,p) forall 1 < p<ooletfel(plp).
Use Minkoswki’'s and standard estimates to obtain

M, (F,r) < C(l—r)z/lé\f”(i’s;gds. (8)

0

Now

/01 P(ll_ ) o(F r)dr</ p(l—r)(1—r) (/ rs)3 ds)dr
<c/ /p(l_') ) dr)M,(f,s)ds.

lfrs

The basic lemma applied for e =2 and 6 =1 gives

p(1 p(1
/ 1—r d<C/ £, s)ds.
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The case g=1

From boundedness of Berezin transform to conditions on weights

Now we show that the boundedness of Berezin transform on L(p,1,p) for
some 1 < p < oo implies p € D, N by.
Apply the assumption to radial positive functions ¢ to obtain

p(-n~ A A—np—r)
/0 - o(r)dr = /0(/0 A—rs)? dr)o(s)ds
1

< C/o p(l%_ss)(p(s)ds.
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Introduction

Mair The case g =1

ults
A proof

From boundedness of Berezin transform to conditions on weights

Now we show that the boundedness of Berezin transform on L(p,1,p) for
some 1 < p < oo implies p € D, N by.
Apply the assumption to radial positive functions ¢ to obtain

Lp(l=r) - [ t(1=rp-r)
| = ener ~ [ ([ S dne(s)ds

1 0
1
p(l—s)
< C/o " o(s)ds.

Therefore

/01 (CP(ll_—Ss) 7/01 (1 —(lrﬁ)r(sl); r) dr) 0(s)ds > 0

for any measurable non-negative function ¢. Hence

CP(l—S)_/IWdQO
0

1-—s
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