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Background Spaces of analytic functions

Multipliers

f € Hol(D) belongs to the Besov space BP, 1 < p < oo, if

1/p
Ifllp = \f(0)1+<(p = 1)/D ()P (1 - |2%)P? dA(Z)) <0
The Bloch space B is the set of analytic functions f such
that
Iflls = Q)] +sup |F'(2)] (1 = [2°) < oo
zeD

The analytic function f € A if

1 2 )
Il = O + 57 [ 17(e")] 0 < oo.
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Background Spaces of analytic functions
Multipliers

The minimal space B!

For f € Hol(D), we have that f € B! if 3{ay}5°, € D and
{A\}52, € ¢! such that

f(2) =X+ Mpa(2), ZeD, (M
k=1

where ¢q(2) = 7= . Furthermore,

Il = inf {3 Inl: (1) holds }

= !f(O)\+!f’(0)\+/D\f”(z)ldA(Z)-
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Background Spc¢

Multipliers

Mulfiplication operators
For g € Hol(D), the multiplication operator M, is defined
by

Mqy(f) = 9(2)f(2), f € HoI(D), z€ D.

Let X and Y be two Banach spaces of analytic functions
in D that contain the polynomials and are continuously
embedded in Hol(D).

Pointwise multipliers

A function g € Hol(D) is called a pointwise mulfiplier from
Xinto Yif Mg(X) C Y. The space of all such multipliers will
e denoted by M(X, Y) or M(X) when X =Y.
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Background Sp of analytic functions

e M(BHY=8'".
M(A]) = A].
e g€ M(B)=Bifand only if g is bounded in D and

2
sup |g'(2)|(1 — |z )log 7——5 <.
zeD ‘ ’

e Characterization of M(BP) in ferms of certain
capacities.
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Background Spaces of analytic functions
Multipliers

Galanopoulos, Girela, and Peldez
M(BP, B9)={0}, if 1<g<p.

Axler and Shields

1/2
g € M(D) = sup|g'(2)|(1 — |z?) (Iog 2 2) <oco.
zeD 1-12

- v

Zorboska
geM(BP),1 <p<oo=

1

2 P
"(2)|(1 = |2?) (log —— :
sup|0/(2)[(1 - 27) (log =5 )~ <o

- v
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Background Spaces of analytic functions
Multipliers

Zorboska
Suppose that 1 < p < co and g € H*.
M IfgeM(BP)and 0 < r < 1,then

p—1
swp [ g(@P( - 2P (loa =) dA@)

weD J A(w,r) - |Z|2
is finite.
(i) If

p—1
[19@Pa -1z (log =) dA@) <.

then g € M(BP).

v
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Background Spaces of analytic functions
Multipliers

Zorboska
Suppose that 1 < p < co and g € H*.
M IfgeM(BP)and 0 < r < 1,then

>p_] dA(2)

is finite. This condition is equivalent to say that the
measure ug defined by
dug(z) = |g'(2)[P(1 — |2|?)P~? dA(2) satisfies

sp [ 19@)P( — |22)P2 <Iog

weD J A(w,r) 1- |Z|2

1-p
ug(S() < C (log ‘—f,) ,

where [ is an interval in 9D and S(/) its associated
Carleson box. )
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Multipliers
Lacunary series

Main results
Univalent functions

(i) M(B',B) = H®
(i) M(B',B9)=BINH>, 1<qg< oo
(i) If 1 < p<oothen ge M(BP,B)if and only g € H* and

2 / 2 ]_5
sup(1 - 22)g/ @) (loa =5 ) " <%,
zeD |Z|

v
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Multipliers
Lacunary series

Main results
Univalent functions

(i) M(B',B) = H®
(i) M(B',B9)=BINH>, 1<qg< oo
(i) If 1 < p<oothen ge M(BP,B)if and only g € H* and

2 / 2 ]_5
sup(1 - 22)g/ @) (loa =5 ) " <%,
zeD |Z|

(V) If T<p<g<oothen ge M(BP,B9) — if g € H* and
foreach r € (0, 1)

b

, 2 q(1-
wp [ (- g (e =5 ) T @)

weD J A(w,r)

is finite. )
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Main results

Theorem

() M(B',Al) = M(A]) = Al

(i) M(A},B9) = BInH>, forallg> 1.
(i) M(BP,A]) = {0}, forall p > 1.

(iv) M(A},B") = {0}.
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Main results

(M B' ¢ M(BP,B9), 1 <p<g< oo
(i) B' ¢ M(BP,B), 1< p < .
(i) B! ¢ M(B).

The spaces M(BP,B9) (1 < p < g < =), M(BP, B),
(1 < p < o0), and M(B) are not conformally invariant.
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Main results

Forg>0and k=1,2,...,we set
a=1-e% Ny= (Iog ¥>_ﬁ = e kP
o L T—1a] |
We let f3 be the analytic function in D defined by
f3(2) =) Mgpa(2), zeD.
k=1

o If]<p<ooond0<ﬁ<1—%,Thenf5¢M(Bp,Bq)
(b < g < o0)and fzg ¢ M(BP, B).
e IfO< <1, then fz ¢ M(B).
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Multipliers
Lacunary series

Main results
Univalent functions

Definition
By a lacunary series we mean a power series of the form

fz)=> az™ zeD
k=1

with ng 1 > Any (for a certain A > 1).
We use £ to denote the class of functions f € Hol(ID) given
by a lacunary power series.

o
geLnB & > mlolP < oo
k=0
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Multipliers
Lacunary series

Main results
Univalent functions

Theorem

Suppose that 1 <p<g<ocoand g(z) = gakz™ € L.
Then, the following conditions are equivalent:

(i) geBa.

(i) g € M(BP,B9).

(i) >z oNklak]9 < oo.
In particular, we have

LNBP=LNM(BP), 1<p< .
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Main results

We use U/ to denote the set of univalent functions in D
(analytic and one-to-one functions in the unit disk). ’

Axler and Shields gave an example of a function
g€ (UnNA)\ M(D). Thus,

UnA ¢ M(D). J

If1<p<qg<oo thendNAl ¢ M(BP,B9).
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Multipliers
Lacunary series
Univalent functions

Main results

Axler and Shields

If g is a univalent mapping onto a bounded starlike
domain, then g € M(D).

Theorem
Let g be a univalent mapping onto a bounded starlike
domain Q.
M If1<p<qgandqg>2 then ge M(BP,B9). In
particular, g € M(B9).
(i) If 1 < p < qg< 2 there exists g € U onto a starlike
domain that does not belong to M(BP, BY).
(i) If @ turns out fo be convex, then g € M(BP, B9)
whenever 1 <p <q.

v
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