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BOUNDEDNESS OF THE BILINEAR HILBERT
TRANSFORM ON BERGMAN SPACES

OSCAR BLASCO

1. The problem

Let 0 < p < oo and AP(DD) denote the Bergman space of analytic functions
on the unit disc such that || f||ar = (Jp |f(2)[PdA(2))}/P < co. Consider the
bilinear operator, defined on polynomials f(z) = Zg:o apz" and g(z) =
SM b,z by the formula

N+M
B(f.9)2) = S (S anbysiglk— j))=".
n=0 k+j=n

Problem. Find the values 0 < pi,p2,p3 < oo with 1/ps = 1/p1 + 1/p2
for which B continuously extend to a bounded operator AP*(D) x AP2(D) —
AP2(D) .

I know that the result holds true for 1 < p1,ps < oo and p3 > 2/3 (see the
proof below) . This follows using the boundedness of the bilinear Hilbert
transform on LP-spaces, but I believe that a much simpler proof and covering
even more cases should be found for Bergman spaces.

2. What I know

In the last decade and after the solution of the Calderén conjecture on the
bilinear Hilbert transform by M. Lacey and C. Thiele (see [6,7]), multilinear
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operators have become a matter of great interest in Harmonic Analysis. The
following result contains the work in the mentioned papers.

Theorem 2.1. Suppose that

(2.1) 1 < p1,p2 < o0;
1 1 1
b1 b2 b3

(2.3) 3 < p3 < 00.

Then for each f € LP* (R)( L? (R), and each g € LP? (R) [ L? (R),

(2.4) H(fg) @)= tim [ TEEDIEZ0,
e=0F Jy|>e Yy

exists for almost all x € R, and

(2.5) 1H (s 9| os ) < Bprps [1F | Loy 191 o2 w)

where By, p, is a constant depending only on p1 and ps.

This result and other bilinear multipliers have been transferred to different
settings by using different techniques. First, D. Fan and S. Sato (see [5])
used DeLeeuw approach to get the boundedness of the analogue to (2.4) in T
(see also [2,4] for further extensions). Later in [3] (see also [1]) another proof
using the extension of Coiffman-Weiss transference method to the bilinear
situation was achieved.

Note that another possible way to write (2.4) is

(2.6) / / F(©)d(m)siglé — n)eE dedy

Now the transferred operator to T looks as follows: If f,g are trigono-
metric polynornials on T then

(2.7) =33 Fm)gm)sigln — m)etrm),

neZ meZ

or equivalently

(2.8) B(f.9)(0)=> (> f(i)glk)sigj — k))e™”
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and the previously mentioned transferred result establishes that
B : LP(T) x LP*(T) — LP*(T)

whenever (2.1), (2.2) and (2.3) holds.
Let us denote, for 0 < p < oo, HP(T) the corresponding Hardy space.
Using (2.8) and the just mentioned result one obtains the following corollary.

Corollary 2.2. If (2.1), (2.2) and (2.3) holds then B : HP*(T) x H?*(T) —
HP3(T) is bounded and

(2.9) |89, .

where Ap, p, 15 a constant depending only on p1 and ps.

< Apips HfHle(’ﬂ‘) HgHHPQ('[F) )

Corollary 2.3. If (2.1), (2.2) and (2.3) holds then B : AP*(D) x AP?(D) —
AP3(D) is bounded and

(2.10) 1B (f, g)HAps(D) < Apype HfHApl(JD)) ||9||AP2(ID))

where Ap, p, 15 a constant depending only on p1 and ps.

Proof. Let f, g be analytic polynomials and denote by f,(e?) = f(re'). Tt
is elementary to see that

B(.ﬂg)(rew) = B(fragr)(e)‘

Therefore

1B, 9P < 0/ 1By ) 2

< / L2 oy g 12y

< ||f ps/m H )Ps/m
> T LPl gr LP2(1I‘

<

CHf‘ AP1(D) Hg’ AP2(D
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