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CONVEX UNBOUNDED AND BOUNDED DOMAINS

FILIPPO BRACCI

Abstract. We present one open problem concerning unbounded con-

vex domains in several complex variables.

Statement of the problem

By the Riemann mapping theorem all simply connected domains of C are
biholomorphic either to C or to the unit disc D.

In particular if D is a convex subset of C then either D = C or D is
biholomorphic to a bounded convex domain (the unit disc D). Notice that
the convex domain D is biholomorphic to the unit disc if and only if it is
hyperbolic, namely the Poincaré metric of D is a true metric. Therefore we
can state the following:

Proposition 1. Let D ⊂ C be a (possibly unbounded) convex domain. Then
D is biholomorphic to a bounded convex domain if and only if D is hyper-
bolic.

In higher dimension the Poincaré metric is replaced by the Kobayashi
metric [2], and it is well known that a bounded domain in Cn is Kobayashi
hyperbolic. It is also possible to show that a (possibly unbounded) convex
domain in Cn is Kobayashi hyperbolic if and only if it is biholomorphic to
a bounded domain [1]. However convexity is not a property invariant by
biholomorphism and, in fact, the bounded domain image of the hyperbolic
unbounded convex domain by means of the biholomorphism constructed in
[1] is not convex in general. This raises up the following question:

Question 1. Let D ⊂ Cn be a Kobayashi-hyperbolic convex domain. Is it
true that D is biholomorphic to a bounded convex domain?
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