A SIMPLE CHARACTERIZATION OF WEIGHTED SOBOLEV SPACES WITH
BOUNDED MULTIPLICATION OPERATOR

JOSE M. RODRIGUEZ()

Departamento de Matematicas
Escuela Politécnica Superior
Universidad Carlos III de Madrid
Avenida de la Universidad, 30
28911 Leganés (Madrid), SPAIN
Telephone number: 34 91 6249098
Fax number: 34 91 6249151
email: jomaro@math.uc3m.es

ABSTRACT. In this paper we give a simple characterization of weighted Sobolev spaces (with piecewise
monotonous weights) such that the multiplication operator is bounded: it is bounded if and only if the
support of po is large enough. We also prove some basic properties of the appropriate weighted Sobolev
spaces. To have bounded multiplication operator has important consequences in Approximation Theory: it
implies the uniform bound of the zeros of the corresponding Sobolev orthogonal polynomials, and this fact
allows to obtain the asymptotic behavior of Sobolev orthogonal polynomials.
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1. INTRODUCTION.

Weighted Sobolev spaces are an interesting topic in many fields of Mathematics. In the classical books
[11], [13], we can find the point of view of Partial Differential Equations (see also [26] and [7]). We are inter-
ested in the relationship between this topic and Approximation Theory in general, and Sobolev Orthogonal
Polynomials in particular.

Sobolev orthogonal polynomials are becoming more and more interesting in recent years. In particular,
in [8] and [9], the authors showed that the expansions with Sobolev orthogonal polynomials can avoid the
Gibbs phenomenon which appears with classical orthogonal series in L2.

In [20], [21], [22], [23], [24] and [25] the authors solved the following specific problems:

1) Find hypotheses on general measures p = (ug, i1, - - -, pi;) in R, as general as possible, so that we can
define a Sobolev space W*P (1) whose elements are functions. These measures are called p-admissible.

2) If a Sobolev norm with general measures p = (po, fi1, - - -, g) in R is finite for any polynomial, what
is the completion, P¥? (1), of the space of polynomials with respect to the norm in W*?(;)? This problem
has been studied previously in some particular cases (see e.g. [4], [3], [5]).

We think that this definition of weighted Sobolev space W¥P (1) with p-admissible measures is the best
context in order to develop our work. However, the definition of these spaces is large and technical, and we
have chosen in this work a definition of weighted Sobolev space inspired in the paper [12] by Kufner and
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Opic. Our definition generalizes the Kufner-Opic’s definition, keeping its simplicity and obtaining a wide
enough measure type as to include the usual examples in applications.

Our definition makes easy the reading of the paper to those people mainly interested in Sobolev orthogonal
polynomials. We think that this is a good choice although we must pay with some loss of generality.

One of the central problems in the theory of Sobolev orthogonal polynomials is to determine its asymptotic
behavior. In [14] the authors show how to obtain the n-th root asymptotic of Sobolev orthogonal polynomials
if the zeros of these polynomials are contained in a compact set of the complex plane. Although the uniform
bound of the zeros of orthogonal polynomials holds for every measure with compact support in the case
without derivatives (k = 0), it is an open problem to bound the zeros of Sobolev orthogonal polynomials. The
boundedness of the zeros is a consequence of the boundedness of the multiplication operator M f(z) = x f(x)
in the corresponding space P*2(p): in fact, the zeros of the Sobolev orthogonal polynomials are contained
in the disk {z : [z| < [|M]|} (see [15]).

In [21], [23] and [1], there are some answers to the question stated in [14] about some conditions for M
to be bounded.

The main aim of this paper is to find conditions (which should be very easy to check in practical cases)
implying the boundedness of these zeros, when the measures are supported in the real line. In particular,
Theorem 4.3 (the main result of this paper) states the following characterization: If dyp; = w;dx and w;
is piecewise monotonous for 1 < j < k, then M is bounded if and only if the support of pg is big enough
(see the precise statement of Theorem 4.3). The hypothesis about the monotony of w; is a weak one, since
it is verified in almost every example (for instance, every Jacobi weights hold it). In order to work with
these Sobolev spaces we need to develop the theory of such spaces: its completeness (see Theorem 3.1) and
a strong version of the continuity of the evaluation operator (see Theorem 2.1), which can be viewed as an
embeding theorem in weighted Sobolev spaces.

The outline of the paper is as follows. In Section 2 we introduce the weighted Sobolev spaces and prove
some basic facts about them, which will be useful tools. In Section 3 we prove the completeness of the
Sobolev spaces. After developing the basic theory of the weighted Sobolev spaces, Section 4 contains the
results on the multiplication operator. There are some examples in Section 5.

Now we introduce the notation we use.

Notation. If Ais a Borel set in R, x,, |A|, 4 and A denote, respectively, the characteristic function, the
Lebesgue measure, the cardinal and the closure of A. By f() we mean the j-th distributional derivative of
[. IP denotes the set of polynomials and PP, the set of polynomials of degree least or equal than n. || - ||Ls(a)
will denote the usual LP-norm (without weights) on A. We say that an n-dimensional vector satisfies a
one-dimensional property if each coordinate satisfies this property.

2. BACKGROUND AND PREVIOUS RESULTS ON SOBOLEV SPACES.

The main concepts that we need to understand the statement of our results are contained in the following
definitions.

DEFINITION 2.1. Given 1 < p < 0o and a set A which is a union of intervals, we say that a weight w in A
belongs to B,(A) if w™! € LYY 4).

loc

It is possible to construct a similar theory with p = co. We refer to [1], [17], [18] and [19] for the case
p = .

B, (R) contains, as a very particular case, the classical A,(R) weights appearing in Harmonic Analysis (see
[16] or [6]). The classes B,(€2), with 2 C R™, and A,(R™) (1 < p < o0) have been used in other definitions
of weighted Sobolev spaces on R™ in [12] and [10] respectively.

In [12], Kufner and Opic define the following sets:
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DEFINITION 2.2. Let us consider 1 < p < oo and a vectorial measure pu = (po, ..., k) in R. For0<j <k
we define the open set

Q; == {z € R : 3 an open neighbourhood V of x with w; € B,(V)},
where w; = dp;/dzx.

Notice that we always have w; € B,(12;) for any 0 < j < k. In fact, Q; is the largest open set U with
w; € B,(U). It is easy to check that if fU) € LP(w;) with 0 < j <k, then ) € L}, ()
Given any compact interval I C €2;, by Holder’s inequality

SO = 190707 gy < 1O gl oo

[ <.

= ||f(J)HLp(1,wj)||wj LY/ =1 (1)
Therefore fU-1 e ACoc(R2;)if 1 <j <k (fU=1 is locally absolutely continuous in Q).

In fact, this argument proves the following;:

LEMMA 2.1. Let us consider 1 < p < oo and a weight w;. The convergence in LP(w;) implies the convergence
in Li,.(Q). In fact,

loc
| , Y
/I|f(j)| < H-f(])HLP(I,wj)ij 1HL1€<T’_1)(I)’

for every fU) e L},.(Q) and every compact interval I C §;.

DEFINITION 2.3. Given 1 < p < oo, we say that a vectorial measure v = (o, . .., ui) belongs to the class S,
if it is a measure in R verifying the following properties:

(i) We can make the decomposition dug = d(ug)s + wodx (by Radon-Nikodym’s Theorem, we can make
this decomposition if ug is o-finite).

(4) dpj = wide and w; =0 a.e. in R\ Q; for0<j <k.

Remarks.

1. Hypothesis “w; = 0 a.e. in R\ ©; for 0 < j < k” is natural: if we do not require it, the corresponding
weighted Sobolev space is not a Banach space (see [12]). Furthermore, it is not easy to construct a weight
which does not satisfy this hypothesis.

2. We just consider vectorial measures in S, in the definition of the Sobolev.

3. The class S, depends on p since the sets {2; depend on p.

DEFINITION 2.4. Let us consider 1 < p < oo and a vectorial measure pu = (o, ..., px) in Sp. We define the
Sobolev space W:{;p(u) as the space of equivalence classes of

1/p
<

k
VEP (1) = {f: R=C / | fllyprmn = (ZHf(J')Hip(M)> %0,
j=0

and [9) € ACuoe(y41 U+ UQ) for 0= j <k},
with respect to the seminorm || - |lywwr.v(y)-

Let us notice that in [12], Kufner and Opic require the equalities Q¢ = Qy = --- = Q. in their definition.
Our definition is inspired in [12], is as simple, and allows to deal with a wider set of vectorial measures.

It is possible to define Sobolev spaces, which we call W¥P(y), for a wider class of measures (see e.g. [20],
[21], [1]), but they need a big amount of technical background. For the sake of simplicity we have chosen the
current definition in this paper. Since there is just a way to define the Sobolev norm, we use the notation
| lwe.p(y instead of || - HW:;p(“).

Now, we are going to develop the basic results about these weighted Sobolev spaces.
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Since, for the sake of generality, we allow || - ||y #.r(,) to be a seminorm, it is natural to introduce the
following concept.

DEFINITION 2.5. Let us consider 1 < p < oo and pu = (uo, pi1, - - -, i) @ vectorial measure in S,. Let us
define the space Kyo(u) as

Kro(p) := {g t QU UQ — C/ g € VP (playuuey)s 191wes (ulayo.on,) = 0} :

Kro(i) is the equivalence class of 0 in W,f(’)p(umlu...ugk). Therefore, || - [lyr.r(ujq, . 00, ) 15 a norm if and
only if k() = 0. This concept plays an important role in the study of the multiplication operator in
Sobolev spaces (see Theorem 4.3 below).

Remark. Since the values of any f € kao’p (1) in two different connected components of Qq U --- U €y are
independent, it is direct to check that KCro(1) = 0 if and only if Ko (1| 4) = 0 for every connected component
A of Q;U---UQy. Furthermore, if we consider the functions in K, (p|4) defined as 0 in R\ A, we have that

ICko(u) = @ Kko(MAq,)v

where {A;}; are the connected components of Qq U---U Q.

PROPOSITION 2.1. Let us consider 1 < p < oo and a vectorial measure pn = (Lo, ft1, ..., k) 1 Sp. If a
connected component A of Q1 U ---U Qg intersects ; for some 0 < i < k, then every function f € Kio(1)
verifies fla € Pi—1.

Remark. We use the convention P_; = 0.

Proof. Let us fix 0 < j < k and a function f € Kyo(). We prove first that fU) =0 a.e. in Qo U---UQ;:
Let us consider a compact interval I C €, with 0 < i < j. By Lemma 2.1,

/1|f(i)| = ||f(i)”Lp(17wi) wi_lul/p 0- ||wz'_1H1/p =0.

LY =11 — LY/ (=1)(I)
Hence, f() =0 a.e. in ; and f@) =0 a.e. in Q;. Consequently, f) =0 a.e. in Qo U--- U Q;.

Furthermore, the restriction of f to some connected component of ©; (0 <4 < j) belongs to P;_; (recall
that f0~1) € AC)1,c()).

We prove now that if the restriction of f to some open interval J C Q,, for some 0 < m < k belongs to
P;_1, and H is an open interval H C €, for some 0 <n < k, with JN H # @, then f|g € P,_; also:

Using the previous argument, we obtain that f|g € P,_;. Since, by hypothesis, f|; € P;_1, and J and
H are open intervals with J N H # &, then f|;ug € Pj_1 and flg € P;j_1.

If a connected component A of Q1 U---U Qy intersects 2; for some 0 < i < k, let us fix g € Q; N A.
Given x € A, it is enough to prove that we can go from xg to x by crossing just a finite number of open
intervals in some €,,, with 0 < m < k. (This also has sense for the case i = 0, since if zy € Qg N A, then
there exists 0 < m < k with xo € Q,,.)

Given x € A, consider the compact interval I, C A with endpoints x and xg. Since €2,, is an open set
for each m, it is a disjoint union of open intervals. Then A has an open covering of open intervals in some
Qun, with 0 < m < k. Since I is a compact subset of A there exists a finite subcovering of open intervals in
some 2, with 0 < m < k. Then we can go from xg to z by crossing just a finite number of open intervals
in some €Q,,,, with 0 < m < k, and the proof is finished. O

DEFINITION 2.6. Given 1 < p < 00, a vectorial measure p = (o, ft1,- - -, 1x) 0 Sp and a connected compo-
nent A of Q1 U---UQy, the defects of A are

do(A) := defectg(A) :=min{0< j<k: QNA#o},
di(A) :=defect; (A) :=min {1 < j<k: QNA#D}.
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In general, it is easy to compute K, (1), as show the following results.

PROPOSITION 2.2. Let us consider 1 < p < oo, a vectorial measure p = (o, 1, .-, k) in Sp, and a
connected component A of QU U---UQ. Then

Kro(pla) = {f € Pyyay-1: /A|f|p dpo = 0} = {f € Py, (ay-1: /A|f\p dpo = 0},

and
dim Kpo(p|a) = (do(A) — ﬂSupp(Mo\A))Jr = (di(A) — ﬂSUPP(Ho|A))+,

where, as usual, x4 := max{x,0}.

Proof. Let us fix a connected component A of ; U---U Q. We prove first the results with do(A).

By definition of do(A), we have that 24,(4) intersects A and Q; = @ for any 0 < j < do(A) (if do(A4) > 0).
Then p; = 0 for any 0 < j < do(A) (if do(A) > 1). By Proposition 2.1 we obtain f|4 € Py (4)—1 (vecall that
P_; = 0), for every function f € Kpo(u]a)-

We have that

Kro(pla) = {f € Pay(ay-1: /A|f|p dpo = 0},

since p; = 0 for any 0 < j < do(A), if do(A) > 1 (conditions [, |f9[Pdu; = 0 for do(A) < j < k are not
relevant since we know that f|a € Pgycay—1).

If dy(A) = 0, there is nothing to prove, since Kro(pt|4) € P_1 =0 and ﬁsupp(uo\A) > 0.

If do(A) > 0, then we denote 7 := §supp(ola)-

If r = 0o, then Kyo(u|a) = 0 and do(A) < k; hence, there is nothing to prove.

If r < 0o, then pgla = 164, + -+ + ¢4, with ¢; > 0 and x; € A. Therefore, any f € Kjo(p]4) can be
written as

f(z) = Oédo(A)ﬂﬁdO(A)_1 + -+ asx + aq,
with the restrictions
0= f(xs) :ado(A)SU?O(A)_l+"'+042$i+a1, 1<e<r.

This is a homogeneous linear system of r equations with the do(A) unknowns ag, (4, - .., 2, 1.
If do(A) < r < oo, then Kgo(pt|a) =0 and (do(A) — 7)1+ = 0.
If r < do(A), then the r equations are linearly independent and dim KCpo(1t|a) = do(A) —7 = (do(A) —7) +.
We prove now the results with d;(A).
If QoNA =@, then dy(A) = d1(A) and there is nothing to prove. If Qo N A # &, then do(A) = 0 < dy(4),
but in this case ﬁsupp(u0|A) = oo; consequently, Kro(pt|a) = 0 and 0 = (do(A) — ﬁsupp(uo|,4))+ =

(di(A) *ﬁSHPP(M0|A))+- O

COROLLARY 2.1. Let us consider 1 < p < oo and a vectorial measure p = ({0, 1, - - -, i) n Sp. Then the
following conditions are equivalents:

(A) Kolp) = 0.

(B) tsupp (M0|A) > do(A) for every connected component A of Q1 U--- U Q.

(@) ﬂsupp(ﬂou) > d1(A) for every connected component A of Q1 U--- U Q.

Proof. By the Remark after Definition 2.5, Ko(pr) = 0 if and only if Kro(pt|a) = 0 for every connected
component A of Q1 U---UQ,. Then we just need to apply Proposition 2.2. O

We need two technical results from [20]:
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Lemma A. ([20, Theorem 4.1]) Let us consider 1 < p < oo and a measure jo on [a,b] such that supp po
has at least k points. Let wy, be a weight in By([a,b]). Then there exists a positive constant ¢ such that

k—1
D IF e aby < WS era bl io) + 1F P o apiwn,  for all £ with f&~D € AC([a,b).
§=0

Lemma B. (|20, Lemma 4.2]) Let us suppose that 1 < p < 0o and w = (wy, ..., wg) s a vectorial weight in
Sp. If I is a compact interval contained in Q41 U---UQy for some 0 < j <k, and INQuU---UQ; # 3,
then there exists a positive constant ¢ such that

lfPNpen € M llwroqwys  for every f € VP (w).

We introduce now a technical concept which we need in order to state Theorem 2.1.

Given 1 < p < o0, a vectorial measure p = (fo, ft1, ..., k) in Sp, 0 < j < k and b € R, we say that
b~ € Q(j) (respectively, b™ € Q(4)), if there exist ¢ > 0 and j < i < k with w; € B,([b — €,b]) (respectively,
w; € By([b,b+¢])). Also, we say that b € Q(j) if b~ € Q(j) and b* € Q(j).

Remark. Let us notice that if b= € Q(j), then b~ € Q(3) for each 0 < ¢ < j. Hence, Q11 U---UQ; C Q(j).
Furthermore, Q(j) € Q41 U---UQy, and if I is a compact interval contained in Q(j), then Q(j) \ (2j11 U
- U Qk) is a finite set.

When we use this definition we think of a point {b} as the union of two half-points {b*} and {b~}. With
this convention, each one of the following sets

(a7 b) U (b,c) U {b+} :(a7 b) U [b+7 ) # (a,c),
(@) U (b,c) U{b™} =(a,b"] U (b,c) # (a,c),

has two connected components, and the set (a,b) U (b,c) U {b~} U {b"} = (a,b) U (b,c) U {b} = (a,c) is
connected.

We just use this convention in order to study the sets of absolute continuity of functions: we want that
if f € AC(A) and f € AC(B), where A and B are union of intervals, then f € AC(A U B). With the
usual definition of absolute continuity in an interval, if f € AC([a,b)) N AC([b,c]) then we do not have
f € AC(la,c]). Of course, we have f € AC([a,c]) if and only if f € AC([a,b”]) N AC([b*,c]), where, by
definition, AC([bT, c]) = AC([b, c]) and AC([a,b~]) = AC([a,b]). This idea can be formalized with a suitable
topological space.

The following Theorem is a basic tool in the theory of weighted Sobolev spaces and, in particular, in the
study of the multiplication operator (see the proofs of Theorems 3.1 and 4.3). It allows us to control the
L*°-norm (in appropriate sets) of a function and its derivatives in terms of its Sobolev norm (it is also a
version of an embeding theorem in weighted Sobolev spaces). Furthermore, it is important by itself, since it
answers to the following main question: when the evaluation functional of f (or f\4)) in a point is a bounded
operator in W,fo’p(u)?

THEOREM 2.1. Let us consider 1 < p < oo and a vectorial measure p = (po, ft1, ..., pk) in Sp. Let K;
be a finite union of compact intervals contained in Q(j), for 0 < j < k. Then there exists a positive
constant ¢; = ¢1(p, Ko, ..., Kx—1) such that for any f € kao’p(u) there exists fo € kao’p(u), independent of
Ko, ..., Kr_1 and c1, with

ll.fo — f”W"’vP(u) =0,

k—1 k—1

i +1
> ||f0(J)||L°°(K_,») +° [F7a )”Ll(Kj) < [[follwrrey = er [ fllwrp () -
=0

Jj=0
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Furthermore, if go, fo are these representatives of g, f respectively, we have for the same constant ¢y

k—1 k—1
o o
ST = £ ey + D MgV = 1 N paiyy < eallg = Fllwrmgu -
j=0 j=0

Besides, if Kio(1) = 0, then there exists a positive constant co = co(u, Ko, ..., Kr—1) such that

k—1 k—1
Z 1F N poe (1) + Z £ pa i,y < ea llFlwe s
=0 =0

for every f € kao’p(u), In particular, if b= € Q(j) or bT € Q(j), we have respectively,
OO < eallflwergy,  IFPON)] < eallflwer,

for every f € ka(;p(u).

Remark. If (a,b) is a connected component of 1 U---UQy, and b~ € Q(j), then there exists the limit
f9)(b™) for every f € kao’p(u), since there exist € > 0 and j < i < k with f¢~1) € AC([b — ¢,b]). A similar
remark holds for b™.

Proof. By the Remark after Definition 2.5, without loss of generality we can assume that € U--- U Qy, is
connected. We can assume also that Q # @, since in other case we can consider max{l < j <k: Q; # o}
instead of k.

Since K is a finite union of compact intervals, without loss of generality we can assume that K; is a
single compact interval.

We prove first the inequalities concerning the L°°-norm, with the following additional hypothesis: K; is
a compact interval contained in ©;11 U--- U Qy (which is a subset of Q(j)), for 0 < j < k.

Let us define k1 :=d1(Q U---UQy). Let us fix by < j < k. Since Q7 U---UQy, is connected, we can find
a compact interval I such that K; CI; C Q1 U---UQp and I; N (QoU---UQ;) # @. By Lemma B we
deduce that there exists a constant cz with

k—1 k—1
(1) SNy < D0 NPz < esll fllwren gy »

j=k1 Jj=k1

for every f € kao’p (1).

Since k1 > 0, then Qp, U---UQ, =0y U---U Q. Furthermore, if kq > 1, then Q; U---UQg, 1 = 3.

If Kro(p) = 0, then Corollary 2.1 gives ﬁsupp(uoblu-.-uﬂk) > k. Without loss of generality we can
agsume that Ko = K1 = -+ = Kj, -1 C Qg, U---UQy and ﬁsupp(,uoh(o) > k1, since in other case we can
enlarge K; (j=0,1,...,k —1).

Since Ky is a compact interval contained in Q, U (Qk1+1 U---u Qk), then there are a finite number
of compact intervals Ji, ..., J;m, C Quyy J4 .o, J™2 C Qi1 U+ U Q, with JJU--- U Jp, UJLU--- U
J™ = K,. Let us define w;ﬁ = wg, + Xy, i3 it belongs to B,(Ky) since wy, € Bp(Jl U---uU Jml) and
1eBy(JtU---uJm).

By (1) we have that

(2) 15 2oy 1) < allF S o 1) + 175 i) < esllFllwerg

for every f € VEP(u), since J*, ..., J"™ C Q1 U--- U Q.
Since § supp(uolx,) > k1 and wy, € By(Kp), Lemma A and (2) give that

kl—l
D Pl o) < co(lFlzotuolaey) + 15 ot 1)) < erllf e
j=0
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for every f € kao’p (11). Therefore,

k—1

Z Hf(j)HLoc(Kj) < (es +er)llfllwrr(
3=0

for every f € kao’p (1).

If Kro(p) # 0, let us define r := fsupp(uolo,u-.ue, ). By Proposition 2.2, dim Kyo(p) = k1 —r > 0.
Then without loss of generality we can assume that Ko = K1 = -+ = Kp,-1 C Q, U--- U Qp and
supp(,uo|glu...ugk) C K.

Then pgla = b10z, +- - ++b-0,,., with b; > 0 and x; € QU---UQy,. By Proposition 2.2, any f € Kgo(pt) =0
can be written as

f(2) = a7V 4o+ anz +ag,
with the restrictions
0=f(x;) = apai "+ +opzi+on, 1<i<r.

This is a homogeneous linear system of r equations with the k; unknowns ayg,, ..., as, a1, and dim Kp,(p) =
k1 —r. Let us choose points y1,..., Yk —r € Q0 U--- Uy with x; # y; for every ¢, j.
Fix f € Vk%p(u). We define ¢y =0 in R\ (€ U---UQ) and gy|o,u---u0, € Pryi—1 N Kko(p) as the unique
polynomial in Py, _; verifying gs(x;) = 0 for every 1 < i < r and qf(y;) = f(y;) for every 1 <i <k; —r.
The function fo := f — g5 satisfies ||fo — fllwr.r(u) = llgsllwer(uy = 0. If we define a vectorial measure
p*in Sy by pg = po + 8y, + -+ 0y, ., and wi = w; for 1 < j <k, then Ky, (u*) = 0, by Proposition 2.2,
since ﬁsupp(u(’;mlu...ugk) = k1. Consequently,

D5 ey < esll follwrngury = cslfollwrn iy = esll flwrna -
§=0
since fo(y;) =0 for every 1 <i <k —r.

We have the same inequality for go — fo instead of fy, since q4—5 = g4 — qy-

Then, we have proved the inequalities concerning the L>-norm, if K; is a finite union of compact intervals
contained in Q41 U---UQy, for 0 < j < k. We finish now the proof just in the case Kxo(1) = 0, since the
other case is similar (using the same measure p* and the function fo = f — ¢y).

By the Remark after Lemma B, we have that if K; € Q(j), then K \ (41 U---Uy,) is a finite set.
Hence, without loss of generality we can assume that K; = [a,b] C Q(j), with (a,b) C Q11 U--- U Q.

In order to finish the proof of the L*-inequalities, it is enough to show that if a ¢ Q41 U--- U Qg, then

||f ||L°° ([a,a+¢]) < C”fHW’“ P (1) s

for every f € ka’o’p(u), since the case b ¢ Q41 U--- Uy is similar.
Since a™ € Q(j), there exist ¢ > 0 and j < i < k with w; € Bp([a,a + 2¢]) (then (a,a + 2¢) C Q).
Therefore,

P (@) = £ e o) a-ame) e f D) E D [ o 20,

for every z € [a,a + 25]. Lemma 2.1 gives

wl 1/p
i ’|L1/(p71)([a,a+26])

i )
‘/ f( dt‘ < Cng HLl( la,a+2¢e]) — Cng( HLP( la,a+2¢e],w;)

< ClO”fHWk,p(N) 3
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and then
) . ) i—j—1 )
[fO@)] < [fPa+e)+efI D at+e)|+-+ m £ @+ )] + exoll Fllwrn
i—1
< C11 Z ‘f(m)(a +5)’ + ClOHfHWk,p(“) .
m=j

Since a + ¢ € Q;, then a + ¢ € Q41 U--- UQy for every m < 4, and the proved part of this Theorem gives

1—1
1PN o sy < €11 22 17 @+ )+ croll Fllynngy < a2l Fllwnng
m=j
We prove now the L'-inequalities. For each 0 < j < k, we can write K; = Kg“ U U Kj’?, where K} is

a finite union of compact intervals with w; € Bp(K;:). Let us define w’, ; := wj1 + x . it belongs

KIT20. Uk
to Bp(K;) since wji1 GBP(K?H) and 1 €Bp(Kj+zu...UKf). By Lemma 2.1, ] J
1P ey < asllF O M s,y < all P g

Since Kg+2 U---u KJ’-€ C Q(j + 1), the proved part of this Theorem gives

oyt oy FG+D HLoo(K;:+2u..-uz<;) .

Hf(jH)HLoo(Kjf+2u...qu) < e[l -

and consequently _
||f(J+1)HL1(Kj) < ClGHJcHWw(M) ’

for every f € V2P (u). O

3. COMPLETENESS OF THE SOBOLEV SPACE.
The following Theorem is a central fact in the theory of Sobolev spaces.

THEOREM 3.1. Given 1 < p < 0o and a vectorial measure 1 = (o, . .., i) in Sp, the Sobolev space W,f(;p(,u)
is a Banach space.

Proof. Given a Cauchy sequence {f,}, in W,f "P(u), for each 0 < j < k, { f,(f )}n is a Cauchy sequence in
LP(p;), and then {fr(f)}n converges to some g; in LP ().

First of all, let us show that g; can be extended to a function in C(2(j)) (if 0 < j < k) and in L}, (Q(j—1))
(if 0 < j < k).

If 0 < j < k, let us consider any compact interval K C (j). Theorem 2.1 gives that there exists a
representative (independent of K) of the class of f,, € W,f °P(u) (which we also denote by f,,) and a positive
constant ¢ such that for every n,m € N

k
1£9 = £ Lo iy < €D NED = £ Loy -
1=0

Then {f,gj)}n is a Cauchy sequence in (C(K), | - ||r=(x)), and there exists a function h; € C(K) such that
{fr(Lj)}n converges to h; in L®(K).
Consequently,

k
I£9) — hjllLes () < CZ £ — Gill Lo () -
i=0
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Since we can take as K any compact interval contained in €2(j), we obtain that the function h; can be
extended to €2(j) and we have in fact h; € C(2(j)). It is obvious that g; = h; in Q(j) (except for at most

a set of zero pj-measure), since f,(ﬂ ) converges to g; in the norm of LP(u;) and to h; uniformly on each
compact interval K C Q(j). Therefore, without loss of generality we can assume that g; € C(Q(35)).

If 0 < j <k, let us consider any compact interval J C Q(j — 1). Now Theorem 2.1 gives

K
1£9 = DMy < e NP = Fllzo () -
=0

Then {f,(Lj)}n is a Cauchy sequence in L'(J), and there exists a function u; € L'(J) such that {f,gj)}n
converges to u; in L'(J).
Consequently,
k
1£9 = wjllzrery < e NP = gill o) -
i=0

Since we can take as J any compact interval contained in €2(j — 1), we obtain that the function u; can be
extended to Q(j — 1) and we have in fact u; € L}, .((j — 1)). It is obvious that g; = u; in Q(j) (except for
at most a set of zero Lebesgue measure), since fflj) converges to u; in Li,.(Q(j)) C L}, .(2(j — 1)) and to g;
locally uniformly in Q(j). We just need to show u; = g; in Q; \ Q(j) (recall that by hypothesis w; = 0 a.e.
in R\ ©Q;), but this is immediate since the convergence in LP(w;) implies the convergence in L}, .(£2;) (see
Lemma 2.1). Therefore, g; € L}, .(2(j —1)).

loc
In fact, we have seen that {f,(lj)} converges to g; in L (Q(j)) (if 0 < j < k) and in L}, (Q(j — 1)) (if
0<j<k).
Let us see now that g;- = gj+1 in the interior of Q(j) for 0 < j < k. Let us consider a connected component
I of int(Q(j)). Given ¢ € C°(I), let us consider the convex hull K of supp ¢. We have that K is a compact

interval contained in I C (j). The uniform convergence of { f,(lj )} in K and the L' convergence of { fT(Lj +1)}

in K gives that
/ ¢’ g9; = lim / ¢ [P == lim [ @ fItY =—/ ¢ gi+1 -

Consequently, g} = gj41 in int(2(4)). Then, gj41 = g(ng) in int(2(y)) and g(()j) € AC,.(int(Q2(4))) for
0 < j < k. In particular, g(()j) € AC106(Q41U---UQy), and go € kao’p(u). Consequently, {fy}, converges to
go in WP (u). O

4. RESULTS ON THE MULTIPLICATION OPERATOR.

In order to clarify the proof of Theorem 4.3 (the main result of this section), we have proved some technical
results on weighted Sobolev spaces in the previous sections: Propositions 2.1 and 2.2, Corollary 2.1, and
Theorems 2.1 and 3.1. We also need to prove two more previous results: Theorem 4.2 and Lemma 4.2.

We begin with some previous concepts.

Recall that when every polynomial has finite W*?(u)-norm, we denote by P*P(u) the completion of P
with that norm. Since our aim is to bound the multiplication operator in P*? (1), in this section we just
consider measures such that every polynomial has finite Sobolev norm. Hence, for any 0 < j < k,

5 (R = 1] oy < 07/ sy < 00

and consequently, p is finite.
M. Castro and A. Durdn [2] proved that if the multiplication operator is bounded in P¥P (1) then the
support of p is compact. Then, we just need to consider finite vectorial measures with compact support.
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First of all, some remarks about the definition of the multiplication operator. We start with a definition
which has sense for arbitrary vectorial measures (they do not need to belong to Sp).

DEFINITION 4.1. If = (o, pi15 - - -, ftx) 8 @ vectorial measure in R, we say that the multiplication operator is
well defined in P*P () if given any sequence {s,} of polynomials converging to 0 in the W*P(u)-norm, then
{xs,} also converges to 0 in the W*P(u)-norm. In this case, if {g,} € PP (u), we define M({q,}) := {xqn}.
If we choose another Cauchy sequence {r,,} representing the same element in P*P(u) (i.e. {gn—m,} converges
to 0 in the W*P(u)-norm), then {xq,} and {xr,} represent the same element in P*P(u) (since {x(q, —7,)}
converges to 0 in the W*P(u)-norm,).

We can also think of another definition which is natural as the previous one (if p € Sp):

DEFINITION 4.2. If u = (po, ft1, - - -, k) 1S a vectorial measure in Sy, we say that the multiplication operator
is well defined in W,fo’p(,u) if given any function h € ka(;p(u) with |||y = 0, we have ||zh|lywr.p (. = 0.
In this case, if [f] is an equivalence class in W,f(;p(u), we define M([f]) := [zf]. If we choose another
representative g of [f] (i.e. ||f — gllwr.r(uy = 0) we have [xf] = [xg], since ||z(f — g)llwkr) = 0.

Although both definitions are natural, it is possible for a vectorial measure p = (o, pt1, . . ., ) € Sp with

W,f(;p () = PEP (), that M is well defined in W:(;p(p) and not well defined in P*?(u) (see the example after
Theorem 4.2). The following elementary lemma gives an unexpected characterization of the spaces P*P(u)
with M well defined in them.

LeEMMA 4.1. ([1, Lemma 8.1]) Let us consider 1 < p < oo and pn = (po, - - -, k) a vectorial measure in R.
The following facts are equivalent:

(1) The multiplication operator is well defined in P*P(u).

(2) The multiplication operator is bounded in P*P(y).

(3) There exists a positive constant ¢ such that

lzgllwesy < clladlwrogy, — for every q €P.

DEFINITION 4.3. A wvectorial measure pn = (po, ..., px) in R is extended sequentially dominated (and we
write j € ESD) if there exists a positive constant ¢ such that pj41 < cp; for 0 <j <k.

This kind of measures plays a main role in the study of the multiplication operator:

THEOREM 4.1. ([1, Theorem 8.1]) Let us consider 1 < p < oo and p = (uo, - .., pr) a finite vectorial measure
in R with compact support. Then, the multiplication operator is bounded in P*P(p) if and only if there evists
a vectorial measure ' € ESD such that the Sobolev norms in W*P(u) and WP (u') are comparable on P.
Furthermore, we can choose pi" = (pig, - .., p1y,) with p; == pj + pjv1 + -+ g for 0 < j < k.

Although this result characterizes the measures with M bounded, it is convenient to obtain more practical
criteria in order to guarantee the boundedness of M. This is the goal of Theorem 4.3.

Let us notice that the multiplication operator M is bounded in W,f "P(w) if and only if there exists a
positive constant ¢ such that

||:L'fHWk’P(p,j) <c ||fHWk’P(p) ;

for every f € V2P(u). Consequently, if M is bounded in WP (u) and P C WP (u), then it is bounded in
PkP (1), since W,f(;p(u) is a complete space by Theorem 3.1.

The following result characterizes when M is a well defined operator in W,f P(p).

THEOREM 4.2. Let us consider 1 < p < oo and a vectorial measure pp = (to, 1, .., 1x) in Sp. Then the
multiplication operator M is well defined in W,fo’p(u) if and only if Kio(p) = 0.
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Proof. Let us suppose first that Kro(r) = 0 and let us consider f € Vkﬁ)’p(u) with || fllw#.»(.) = 0. On the
one hand, f € Kio(pt) = 0 implies that f|o,u..uq, =0, and so ||l’fHW}c,p(ulglu_“UQk) = 0. On the other hand,
we also have || f||z»(u,) = 0, and so f(z) = 0 for pp-almost every x € R. Then xf(x) = 0 for po-almost every
v € Rand || f|1r(u,) = 0. Let us observe that y; is concentrated in ; € Qy U--- Uy for 1 < j < k. We
deduce from these facts that

Wy < 0 Wy + 1 i oy =0

and therefore the multiplication operator is well defined in W: P().

On the converse, let us suppose that Ky,(1) # 0, and let us consider f € Kyo(p) \ {0}; then f € V5P (u)
and ||f||Wk,p(leu_>_UQk) = 0, but f is not identically zero in Q3 U --- U Q. We know that there exists an
interval Ip C 3 U--- Uy, such that f|7, # 0 (since f € AC5c(1U---U)), and therefore there is another
interval Iy C Iy such that I; C Q; for some 1 <i < k and f|;, # 0. If g belongs to Ki,(u), Proposition 2.1
gives g|;, € P;_1. If degq denotes the degree of the polynomial ¢, let us choose now h € Ky,(1) such that
deghlr, > degg|s, for all g € Kio(p) (we have deg h|;, > 0 since the function f is not identically zero in Iy);

we define h =0 in R\ (€4 U---UQy), and then ||h|[ys.r(,) = 0. Since degxh|;, >deghls,, we deduce that
wh ¢ Kio(p) and [|zh|lyr.p(,) > 0; hence, M is not well defined in W:f(u). O

Remark. Let us notice that when W,f "P(p) and PP (u) are the same, we have two different definitions of
the well defined character of M.

One can think that, in a similar way to Lemma 4.1, the multiplication operator M is well defined in
W,f "P () if and only if it is bounded in W,f °P(u). However, this is not true, as shows the following:

Example. Let us consider the absolutely continuous finite vectorial measure p = (uo, 11) given by wo(x) :=
Sons1 s x,, and wi(z) =3, <1 X, , where I, := [272"71 2727] Tt is easy to see that Kpo(u) = 0; then M
is well defined in W,i P (u) by Theorem 4.2. We show now that M is not bounded in Wklf (1): Let us consider
fo € C((27203/2 272041/2)) with f, = 1in L; then | fullwirg = [Uloe, e = (22720717 and
lzfallwrey > 11Le, w) = (2*2”*1)1/17. Consequently, |M]| > n'/? for every n > 1, and M is not
bounded in WP (). Tt is not difficult to prove that WP (u) = P'P(u), and then M is not bounded in
PLP (). Consequently, M is well defined in Wkl/(’)p(u) and it is not well defined in P1?(u) by Lemma 4.1.

LEMMA 4.2. Let us consider 1 < p < co and a vectorial measure pr = (fo, 1, - - -, k) in Sp with compact

support. Then, the multiplication operator M is bounded in W,f(;p(u) if and only if there exists a positive
constant ¢ such that

1F9 "D Loy < el fllwemu) »
for every 1 < j <k and f € VEP(u).

Proof. Tf M is bounded in WP (1), we have that
1@H N oy < IMIHIF llwrsn ()
forevery 1 <j<kand f € kao’p(u). Since
1@ )P ze) = 12f9 + 59" o) = 19 Moy — K N1F9 N nou;)
with K := max{|z|: = € U?:()suppuj}, we have
19 oy < KNFD N Loguyy + MM lwso ey < B+ IMID [ ey

forevery 1 <j<kand f € kao’p(u).
We now prove the converse implication. Notice that

1@ )P o) = 12fD + 59 D pouy) <319 poguy) + K1 Loy »
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with K as before, for every 1 < j <k and f € Vkﬁ)’p(u). Then
1@H Dy < 2 (PN + KPS )
<2 (N sy + KIS N)

forevery 0 < j<kand f € ka(;p (1) (if 7 = 0 the inequality is trivial). Consequently, since Z?:o gP < kPt

1 gy < 2 (R U ey + K71 s )

and
_ 1
|z flwes e < 20702 (kP + K2V fllyrin o »

for every f € V2P(u). Hence, M is bounded in WP (p). O

In order to state the main result of this section we need two definitions.

DEFINITION 4.4. A function u in a compact interval [, 3] is piecewise monotonous if there exist points
by =a<by<:  <bpm_1 <by =0 such that u is a monotonous function in [b;, b;11] for each 1 < i < m.

DEFINITION 4.5. We say that two functions w,v are comparable on the set F C R if there are positive
constants c1, ca such that crv(x) < u(x) < cov(x) for almost every x € F.

THEOREM 4.3. Let us consider 1 < p < oo and a finite vectorial measure p = (po, 1, - - -, bk;) i a compact
interval [a, (], such that du; = wjdx and w; is comparable to a piecewise monotonous function for any
1<j<k. Then p €Sy, and the following conditions are equivalents:

(A) The multiplication operator M is bounded in W:(;p(p).

(B) Kio(p) = 0.

(©) ﬁsupp(u0|A) > do(A) for every connected component A of Q1 U---U Q.

(D) tsupp(pola) = di(A) for every connected component A of Q0 U--- U Q.

Remarks.
1. Let us notice that when Theorem 4.3 holds, it implies that M is bounded in P*?(u).
2. By monotonous we mean non-strictly monotonous; hence, it is possible to have w; = 0 in some interval.
3. The partition in intervals can be different for each w;.

Proof. Since py is finite, Radon-Nikodym’s Theorem gives that dug = d(uo)s +wodzx; then, in order to prove
that pu € Sp, it suffices to show that if w; is comparable to a monotonous function w in [a, b], then u = 0 a.e.
in [a,b]\ ;. If w=01in [a,d], then w; = 0 a.e. in [a, b], and there is nothing to prove. Then, we can assume
that u(x) > 0 for some z € [a, b].

By symmetry, we can assume that w is a non-decreasing function in [a,b]. Let us define a¢ := inf{z €
[a,b] : u(x) > 0}. Consequently, u =0 in [a, ap), since u is a non-decreasing function.

If ap = b, then v = 0 in [a,b) and w = 0 a.e. in [a, b].

If ag € [a, b) then (ap,b) C Q;: Given any 0 < € < b—ao, then u(z) > u(ag+e¢) > 0 for every z € [ap+¢, b],
and hence f _1/(p Y < 00 and w; € Bp([ag+e,b]) for every 0 < & < b—ag. Consequently, (ap,b) C ;.
Since u = 0 in [a ao), we deduce that w; = 0 a.e. in [a,b] \ ;. Therefore, p € Sp.

We prove now the equivalence of the two first conditions. The other conditions are equivalent to (B) by
Corollary 2.1.

If M is bounded in W:O’p(p,), then it is well defined in W:O’p(ﬂ)l if || fllweruy =0, then || f|lyr.p(, = 0,
since || f(lwrp(uy < M fllwrreuy = 0. By Theorem 4.2 we deduce that K, (1) = 0.

Let us assume now that Kro(p) = 0.

For each 1 < j < k, there exist points bj =a< bj R biﬂq < bfnj = [ such that w; is comparable

to a monotonous function in [b7, b/ +1) for each 1 <@ < m7. Splitting in two subintervals some intervals if
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it is necessary, without loss of generality we can assume also that in each interval [bz , bg 41, we have either
wj =0 a.e. or w; >0 a.e.

We consider the points a1 = a < a2 < +++ < an—1 < a, = (B, which are the ordered points in the set
{b{}lSKW, 1<j<k- Consequently, for any fixed 1 <7 <mn and 1 < j <k, w; is comparable to a monotonous
function in [a;, a;4+1] and we have either w; = 0 a.e. or w; > 0 a.e. in [a;, Gi41].

By Lemma 4.2, we just need to show that there exists a positive constant ¢ such that

||f(j_1)||Lp([ai,ai+l]7wj) =c ”fHWk’p(N) ’

forevery 1<i<n,1<j<kand f € ka(;p(u).
Letusfix 1 <i<n.
If w; =0 a.e. in [a;,a;41] for some 1 < j <k, then we have

P9 N o fas sty = 0 < ellfllwrrg

for every positive constant c.
Fix 1 <j < k with w; comparable to a non-decreasing function in [a;, a;4+1] and w; > 0 a.e. in [a;, Gi41].
Without loss of generality we can assume that w; is a non-decreasing function in [a;, @;+1]. Then, we have
wy; > 0 in (ai,ai+1].
Let us notice that, applying Minkowski’s integral inequality, if 1 < p < oo,

At ) ait1 ait1 " )

H /{L’ f ‘ LP([az,a1+1],w_,') - (/al /ai X[g_»,ai+1] (t) f (t) dt’ w](.’lf) dl’)
ait1 ait1 A U

U sy

1/p

;i 1 " t
:/ ’ ,f(j)(t)|(/ wj(x)dx)l/pdt

i1 .
g/ | FD ()| w; ()P (¢ — a;)'/? dt

i

< (/aﬂ | FD () [Pw; () dt)l/p(/ai+l(t— a;)'/ P~ dt) e

i

p
Since F(z) = 2 < 1 for every z € (0, 1], we obtain

[

If p =1, with a similar argument, we also obtain
a;
H / o fu)‘
x

Then, for any 1 < p < oo,
Hf(j_l)(ai;l) - f(j_l)HLP([a,;, ) < (@iv1 — @) Hf(j)|‘LP([aZ,aZ+1],w_7') )
€1 ||'}“(J71)||L1‘7([ai7 Hf(J)HLP([ai,aiJrl],wj) + ‘f(Jil)(ai_+1)| °

Since w; is a non-decreasing function in [a;,a;4+1] and w; > 0 in (a;, a;4+1], we have that w; > ¢ > 0 in
[aj,1,a:41] for any fixed aj ; € (as,a:41), and consequently w; € By([aj,,,a;11]) for any aj,; € (a;, aiq1).

p—1\(@-1/p ,
= ( ) (ai+1 - ai) Hf(])||Lp([ai,ai+1],wj) ’

s (@)
L7 ([as,ai+1],w;) < (@1 — i) Hf ’ HL”([“maHl]vw;‘) ’

< [0 w0 ¢ - a)a

S (ai+1 - ai) Hf(j)HLl([ai,aiJrl],wj) .

L ([ai,ait1],wy)

ai+1]ij

IN

ait1],w;)



A SIMPLE CHARACTERIZATION OF WEIGHTED SOBOLEV SPACES WITH BOUNDED MULTIPLICATION OPERATORs

Hence, a;,; € Q(j — 1). Since Kyo(1t) = 0, Theorem 2.1 gives

|f(j_1)(a;+1)| <co HfHW’C»P(/L) ’
and we conclude .
PN oy < €8 1 gy

If we fix 0 < j < k with w; comparable to a non-increasing function in [a;, a;+1] and w; > 0 a.e. in [a;, a;41],
we obtain a similar inequality. Consequently,

Hf(j_l) HLP([ai,aiH],w]‘) s HfHW’“’p(M) ’

forevery 1 <i<n,1<j<kand fe€ kao’p(u).
Hence, Lemma 4.2 finishes this implication. U

Remarks.

1. The conclusion of Theorem 4.3 also holds without the hypothesis suppug C [, []; we just need
suppp; C [a, 3] for 1 < j < k (as shows the proof of Theorem 4.3).

2. Let us notice that the equivalence of (B), (C) and (D), and (A) implies (B) holds even if we remove
the hypotheses on p (as shows the proof of Theorem 4.3).

3. If we remove the hypotheses on pu, (B) does not imply (A), as the example after Theorem 4.2 shows.

5. EXAMPLES.
We present in this section some examples which show the scope of application of Theorem 4.3.

1. Let us choose any finite measure pg with compact support. For each 1 < j < k, let us consider

Q2 Qjn

"X, ()

with aj1 < ajo <+ < ajn,;, a1, A2, ... ayp; > =1, J;5a finite union of compact intervals (we allows Jj =2,

and then w; := 0), and u;, u;l € L*°(J;). Then, p = (o, - .., i) verifies the hypothesis of Theorem 4.3.
In order to apply Theorem 4.3, let us notice that aj; € Q; if and only if a;; belongs to the interior of J;

and |z — aj;| =% € LY®Y([a;; — €,a;; + €]) for some & > 0. The latter condition is equivalent either to

—1<aj<p—1(fp>1)orto—-1<ay; <0 (ifp=1).

wj(x) = uj(@)]e — ajn |V o —agp|™ - o — ajn, |

2. The last example can be widely generalized. Let us consider the functions defined inductively by
li(x) :==log(1/x), l,(z) :==log(l,—1(x)), and L, (x) := max{1l, i,(x)}.

We can substitute each |x —aj;| =% by |x —aj;|~®* multiplied or divided by any finite number of factors
€ — aji|)ﬁji7n .

Njim (
3. We can consider the first example with & = 1, i.e., yg has compact support,
g a2 [e7%)
wi(z) == u(@)|r —ar|" o —ax|™ |l —an| T x, (@),
with a; < ay < -++ < an, a1,as,...qa, > —1, J a finite union of compact intervals, and u,u=! € L*(J).
We know that a; € ; if and only if a; belongs to the interior of J and we have either to -1 < a; <p—1
(iftp>1)orto—1<a; <0 (ifp=1).
Then the multiplication operator M is bounded in Wkl(’)p (p) if and only if pp(A) > 0 for every connected
component A of 2.
4. Finally, let us consider the case of Jacobi weights for the derivatives: Let us choose any finite measure
o with compact support. For each 1 < j < k, let us consider
wj () = Cj(l + ) (1 - I)ﬁj X(=1,1) (z),

with a;, 8; > —1, and ¢; verifies either ¢; =1 or ¢; = 0.



16

JOSE M. RODRIGUEZ®

Then the multiplication operator M is bounded in W: 2P () if and only if
gsupp(pol(—1,17) = min{l <j <k:¢; =1}.
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