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Abstract

We investigate the splitting of short exact sequences of the form
0—X —Y —FE—0,

where E is the dual of a Fréchet Schwartz space and X, Y are PLS-spaces, like the spaces
of distributions or real analytic functions or their subspaces. In particular, we characterize
pairs (E, X) as above such that Ext'(E, X) = 0 in the category of PLS-spaces and apply
this characterization to many natural spaces X and F. We discover an extension of Vogt and
Wagner’s (DN) — () splitting theorem. These results are applied to parameter dependence
of linear partial differential operators and surjectivity on spaces of vector valued distributions.

1 Introduction

The aim of this paper is to study the splitting of short exact sequences of PLS-spaces and
its applications to parameter dependence of solutions of linear partial differential equations on
spaces of distributions (see Section 5, Theorem 5.5). We study the functor Ext! for subspaces
of 2'(Q2) and duals of Fréchet Schwartz spaces. This is considered in the framework of the so-
called PLS-spaces (i.e., the smallest class of locally convex spaces containing all duals of Fréchet
Schwartz spaces and closed with respect of taking countable products and closed subspaces). It
contains important spaces appearing in analytic applications of linear functional analysis, like
spaces of distributions, spaces of real analytic or quasi analytic functions, spaces of holomorphic
or smooth functions; we refer the reader to the survey paper [9]. The crucial result of the
present paper (Theorem 3.1) is a characterization of the pairs (F,X), X a PLS-space, F' a
Fréchet nuclear space, such that every short topologically exact sequence of PLS-spaces

(1) 0 — X I .y L, 9

splits (i.e., ¢ has a linear continuous right inverse) or equivalently, such that Exth; o(F', X) = 0.
Topological exactness of (1) means that j is a topological embedding onto the kernel of the
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continuous and open surjection q. The characterization is given in terms of some inequality.
The proof is technical, complicated and based on the method of the functor Proj' for spectra of
LB-spaces. The case when both X and F’ are substituted by Fréchet spaces was characterized
long ago under assumptions that one space is nuclear or one space is a suitable sequence space.
In fact, necessity in that case is due to Vogt [38]; he also introduced a useful sufficient condition.
Sufficiency for both spaces being sequence spaces is due to Krone and Vogt [19]. Sufficiency
in other cases was an open problem for some time. A breakthrough was made by Frerick [13]
who proved the case of all nuclear Fréchet spaces and, finally, Frerick and Wengenroth proved
sufficiency in all cases for Fréchet spaces in [15]. The condition they all used was slightly different
from ours - a characterization even more similar to ours is given in [43, 5.2.5]. There have been
very few splitting results for PLS-spaces so far, see [11], [42], [20], [10, Theorem 2.3], [41], [4],
comp. [14] and [43, Sec. 5.3]. However, this is considered as an important problem in the
modern theory of locally convex spaces and their analytic applications; see [41].

In [4] we investigated the vanishing of Exth, ¢(F, X) for a nuclear Fréchet space F, while
in the present paper we attack the same question for the dual F’. This is a different, much
more difficult problem. For instance, the reduction to the vanishing of the derived functor
Proj! for spectra of LB-spaces was standard in [4], but now it requires several new ideas and
ingredients, among them a key observation due to Vogt in [41], see Lemma 3.3, proof of Theorem
3.4 (ii)<(iii). To avoid problems with local splitting we have to dualize the considered short
exact sequences and to study sequences of LFS-spaces (see the proof of Theorem 3.4).

Although our condition looks complicated it turns out to be evaluable. Indeed, we charac-
terize (Theorem 4.4, Cor. 4.5) PLS-spaces X such that Ext};¢(A(a)’, X) = 0, where A, (a)
is a stable power series space (like H(D?)) or even C*®(U) =~ [[A,()). The characterizing
condition is of () type and is called (PA) . On the other hand, it turns out that if X has
(PA) and a nuclear Fréchet space F has (Q) then Exth; o(F’, X) = 0 (Theorem 4.1), this is the
proper extension of the (DN) -(2) splitting theorem [25, 30.1]. That is why the discovery of
(PA) as a suitable generalization of the condition (£2) seems to be one of the main achievements
of the paper. It is even more striking if one looks at Proposition 5.4 and compare it with earlier
results on the property (£2) of kernels of hypoelliptic operators (comp. [30], [35], [44, 2.2.6]).

The parameter dependence problem considers whether, for every linear partial differential
operator with constant coefficients P(D) : 2'(Q) — 2'(Q), @ C R convex open, and every
family of distributions (f))xey € 2'(Q) depending smoothly C'*° (or holomorphically etc.) on
the parameter A running through an arbitrary C'°°-manifold U (or Stein manifold U etc.), there
is an analogous family (u)) ey with the same type of dependence on A € U such that

(2) P(D)u/\:fA Vel

Let us recall that (fy) depends holomorphically (smoothly) on A € U if for every test function
©, A — (fx, ) is holomorphic (C*°-smooth). This problem has been extensively studied, even
in a much more general setting (for instance, if P(D) depends on A as well); see [21], [22], [33],
[3], [2], comp. introduction of [4]. Using tensor product techniques the parameter dependence
is equivalent to the problem of surjectivity of P(D) on the spaces of vector valued distributions
2'(Q, F), where, e.g., F = C®°(U) (for smooth dependence) or F' = H(U) (for holomorphic
dependence). Our splitting results implies a positive solution for any Fréchet space F' with
property (2) (Theorem 5.5), for instance, F' ~ H(U),C*(U), A;(a),C®[0,1], etc., see [25,
29.11]. Our method is potentially applicable to arbitrary surjective linear continuous operators
T:2'(Q) — 2'(Q) and even to more general spaces than 2.

In this applications of splitting results, the crucial point is whether ker P(D) has (PA) ,
which we prove by some trick (see Proposition 5.4 and Theorem 5.1). For more applications of



our splitting result for spaces of real analytic functions and Roumieu quasianalytic classes of
ultradifferentiable functions see the forthcoming paper [5].

The paper is organized as follows. Section 2 contains preliminaries and notation. In Section 3
we prove the main splitting theorem. In Section 4 we apply it for some natural spaces, especially,
sequence spaces, we introduce conditions (PA) and (PA) and give examples and applications.
In Section 5 we apply our theory to the parameter dependence problem.

The authors are very indebted to V. Palamodov for deep remarks on Theorem 5.1.

2 Preliminaries

In the present section we collect some basic notation which is very similar to the one used in [4].

By an operator we mean a linear continuous map. By L(Z,Y) we denote the set of all
operators T': Z — Y. If AC Z and BCY, then W(A,B) :={T € L(Z,Y): T(A) C B}.

A locally convex space X is a PLS-space if it is a projective limit of a sequence of strong
duals of Fréchet -Schwartz spaces (i.e., LS-spaces), see survey paper [9]. If we take strong
duals of nuclear Fréchet spaces instead (i.e., LN-spaces) then X is called a PLN-space. Every
closed subspace and every Hausdorff quotient of a PLS-space is a PLS-space, [11, 1.2 and 1.3].
Every PLS-space is automatically complete and Schwartz, PLN-spaces are even nuclear. Every
Fréchet-Schwartz space is a PLS-space and every strongly nuclear Fréchet space is a PLN-space.

Every PLS-space X satisfies X = projyey indpen Xnpn, Xnn are Banach spaces, Xy :=
ind,eny Xn, denotes the locally convex inductive limit with compact linking maps, and
projyeny Xn denotes the topological projective limit of a sequence (X xn)nen. The linking maps
will be denoted by zﬁ : X — Xy and iy : X — Xy. If iy X = Xy for each N sufficiently
big then we call the spectrum (Xpy) reduced. We denote the closed unit ball of Xy, by By
and its polar in X}, by Un,. In E = ind,en E, we always denote by B, the unit ball of the
Banach space (Ep,||.||n), by U, its polar in E/, and by j : E, — E,, the injective compact
linking map. Without loss of generality we assume that for every M > N, m > n

iN(Byrn) € BNy, By € BNms  Bn € B

This notation will be kept throughout the paper. We will use in the category of PLS-spaces the
notions of pull-back and push-out as described, for instance, in [43, Def. 5.1.2], comp. [11].
Let A= (ann(j)) be a matrix of non negative elements satisfying the following conditions:

() anns1() < ann(i) < ansin(i); () V5 3N Y nann(G) > 0 (iii) limj oo 22 — g,
We define the Kéthe type PLS-sequence spaces AP(A) for 1 < p < oo,

AP(A) ={z=(z(j): VNeNdIneN: |z|n,<oo},

1/
where ||z||n, = <Z] |a:(j)]paN,n(j)> ", The definition for p = oo is analogous. Clearly,

AP(A) = projyey indpen lp(an,,), where Ip(an,,) denotes the weighted [,-space equipped with
the norm || - ||n,,. The condition (iii) implies that AP(A) is a PLS-space. Every PLS-sequence

space AP(A) is isomorphic to a countable product of spaces for a matrix with strictly positive

elements. AP(A) is even a PLN-space if instead of (iii), we assume (iv) >_, ‘12[;7*(1]()]) < 0.

If ayn(j) := exp(rva; — spf;) where a;,5; > 0 such that a; +3; = coand ry /7, s, s
then we call the corresponding Kéthe type space A(A) to be PLS-type power series space and
denote by A, s(cv, 3). It suffices to consider only 7, s = 0,00, comp. [39]. For A,(a) see [25].

For further information from functional analysis see [25] ((DN) - (€2) invariants are explained
there) and [18], for the theory of PDE see [16]. For the modern theory of locally convex inductive
limits see [1]. More details about notation can be seen in [4].



3 Splitting of short exact sequences

We will consider pairs (F, X) satisfying one of the following standard assumptions:
(a) X is a PLN-space;
(b) X is a Kothe type PLS-space, X = A>(A);

(c) E is an LN-space;

(d) E is a Kothe coechelon LS-space of order 1, X = k;(v).

Now, we formulate the main theorem (known for E, X both DFS-spaces see [43, 5.2.5]):

Theorem 3.1 Let X be an ultrabornological PLS-space, a reduced projective limit

X = projyeny Xn of LS-spaces Xy = indpeny Xnn. Let E = ind ,E, be an LS-space (an
injective inductive limit). Assume that the pair (E, X) satisfies assumptions (b) or (c) or (d)
above, then the following assertions are equivalent:

(1) Extprg(E,X) = 0;
(2) the pair (E, X) satisfies the condition (G), i.e.,

VNv IM>N,u>v VK>Mk>p dnVm>n 3k>m,S
VyeXy,z€B,: |lyoil limllinel, < S (Il

2l + lly o in i wllinzll) ;
(3) the pair (E,X) satisfies the condition (G:), i.e.,

VNv IM>N,puy>v VK>M,k>p dnVm>ne>03k>m,S
VyeXn,x€E,: |yoix lhmlilll, < ellyl

K .
Nallzll + Slly o ix 5 llizllx;
Ultrabornologicity of X follows from (G). We conjecture that 3.1 holds also in case (a).
We recall tools from the homological theory of locally convex spaces; a nice presentation of
the theory is contained in lecture notes [43], comp. [4]. If (Xy,4%) is a projective spectrum of
locally convex spaces, the so-called fundamental resolution is defined as an exact sequence:

0 X [Tnen Xn —— Tlyen Xn,

N+1

where X is the projective limit of the spectrum and o((zn)) = (i n+1 — 2n). We define

Proj! (Xy) := H Xy/im o.
NeN

The value of Proj' does not depend on the choice of a reduced spectrum of LS-spaces representing
X. Moreover, for PLS-spaces the following conditions are equivalent: (i) Proj' X = 0; (ii) X is
ultrabornological; (iii) X is barreled; (iv) X is reflexive (see [43, 3.3.10]).

We apply the functor Proj' to various spectra of spaces of operators. For example, if
X = projyen Xn, then in the spectrum L(F, X y) linking maps are defined as I]IV( : L(F, Xk) —
L(F, XN), IR(T)=i8 oT and Iy : L(F,X) — L(F, Xy), In(T) := in o T. For other cases the
linking maps are defined analogously.

Lemma 3.2 If X is a PLS-space, Proj' X =0 and Z is a Banach space, then



(1) Proj* L(Z, Xn) =0 if X = A®(A);

(2) Proj' L(X},Z) =0 if X = A®(A);

(3) Proj' L(XN,Z) =0 if Z =l

(4) Proj' L(X),Z) =0 if X is a PLN-space.

Proof: Since A*°(A) is isomorphic to a countable product of spaces of the same type for a
strictly positive matrix, we may assume that all the elements in A are strictly positive.
(1): By [43, 3.2.18], Proj! X = 0 implies:

VNIM>NVYEK>M3nVYm>ne>03k>m,8 Vi:
anm(t) > min (5_1(11\/7”(@'), S_laK,k(i)) .

Since X is a coechelon Kothe sequence space koo(v), we may treat elements of L(Z, Xy) as
sequences of functionals (f;) C Z’ and after that identification

W(B,Bnn) ={(fi) : sup [ fillann (i) <1},
where B and By, denote as usual the unit balls in Z and Xy, respectively. We will show that
W (B, Byrm) C eW (B, Byn) + SW(B, Bi ).
Let (f;) € W(B, Bym). We take g; := f; if S‘laKk(i) > e_laN,n(z') and 0 otherwise. Then

gillann(? .
lgillann® _oilansm() < 1.

Therefore (g;) € eW (B, By ) and analogously (f; —g;) € SW(B, Bk ). Apply [43, 3.2.14].
(2): The proof is analogous to that of (1).
(3): L(X),Z) = lso(Xn) and the result follows from [43, 3.3.11 and 3.3.16].
(4): This is [2, Lemma 3.5]. O

Lemma 3.3 (see [41, Lemma 3.1]) Let X be a PLS-space and E be an LS-space satisfying one
of the assumptions (a) — (d). If H=FE' and

(3) 0 — > H 2, Fr 9. g —0

18 a short exact sequence of Fréchet spaces, then we have the following exact sequence:

0 — L(X'H)— L(X',F) — L(X',G) —
— Proj' L(X}y, Hy) — Proj' L(XY, Fx) — Proj' L(X},Gxn) — 0.

Proof: This is [43, 3.1.5] applied to spectrum of short exact sequences

0 —— L(X]/V,HN) — L(X]IV,FN) —_ L(X]/V,GN) — 0.

Now, we are ready to reduce the splitting problem to the vanishing of Proj' .

Theorem 3.4 Let X be a PLS-space with Proj' X =0 and let E be an LS-space satisfying one
of the conditions (a) — (d) then the following assertions are equivalent:



(i) Extprg(E, X) = 0;
(ii) Proj' L(X', Ey) = 0;
(iii) Proj' L(Xy, Ely) = 0.

Proof: (i)=(ii): Note, that X is ultrabornological, X’ a complete LFS-space. For any
operator T': X' — [ E},, we get twice the pull-back of the fundamental resolution of E’:

0 E [Ey —=— [IEy —— 0
}d T TT

(4) 0 E .y 1. x 0
fa ] [

0 E N vy S X —— 0.

We will show in few steps that Y is a complete LFS-space. Completeness, metrizability and
to be a Schwartz space are the three space properties (see[8, Th. 2.3.3], [32, Th. 3.7]), thus
Y is complete and Yy is a Fréchet Schwartz space. Since X' = [J X} also Y = Yy and,
by Grothendieck factorization theorem, every bounded set in X’ (in Y) is bounded in some
X% (Y, resp.). Since E’ is a Fréchet Schwartz space, it is quasinormable. By [25, 26.17], gn
lifts bounded sets and, consequently, also ¢ lifts bounded sets. We have proved that LFS-space
Y* = indyen Yy is the ultrabornological space associated to Y. Then

0 — B —3 ,yu 2, x/

is topologically exact since E’ and X’ are ultrabornological. By Roelcke’s lemma [31], Y = Y*
topologically, so Y is reflexive by [25, 24.19]. By duality and Exth; o(F, X) = 0, we get splitting
of the middle row in (4) and lifting of 7. Thus Proj' L(X’, E}) = 0.

(ii)=-(i): Let us consider the following short topologically exact sequence of PLS-spaces:

(5) 0 —— X 2,y 2. F 0.

Since Proj! X = 0 and Proj* E = 0, then [43, 3.1.5] implies that Proj' ¥ =0 and X, Y, E are
reflexive. By [11, Lemma 1.5], ¢ lifts bounded sets, thus we get by duality and the push-out the
following diagram with topologically exact rows (E’, Y', X' are LFS-spaces):

0 —— EYy z % x 0
(6) Tzﬁv T Tid
0o —— g Loy T x 0.

If the upper rows splits then ¢y extends to Y’ and we obtain the following commutative diagram:

0 E' [TEy —2— [IEy —— 0
Tid T TT
0 T, y I x

By Proj' L(X’, Ely) = 0, T lifts. The lower row splits [11, 1.7], and, by duality, also (5) splits.



We prove that the upper row in (6) splits. This is evident for (a), (c) or (d). In case (b)
X' is a direct sum of Kothe type LFS-spaces with l1-type “norms”. By [40, Prop. 5.1], every
summand is a projective limit of /; Banach spaces and splitting of the upper row in (6) follows.

(ii)<(iii): The proof follows the idea of Vogt [41, Proposition 4.1]. We apply Lemma 3.3 to
the canonical resolution of H = E’:

i

0 H HnENHn — HnENHn — 0,

where o((zn)nen) == (i @11 — Tp)neny and it H, 1 — H,, are linking maps. We define

neN NeN neN NeN
ot [ 2xh I He) — ] LGN [T He)s
NeN n<N NeN n<N
Y1((Tnn)Newnen) = (Tnt1n 0 IN+1 — TNn) NeNnen,
So((Tm)Nenn<n) = (Tnt1n 0 IN41 — TNn) NeNn<n -

Here I} 41+ Xy — X}y, are the natural embeddings. Clearly the following diagram commutes:

)
HNeNL(XJ/VaHnSN H,) — HNeNL(Xﬁv,HngNHn)

a] a2

>
HneN HNGN L(Xf\h H,) — HneN HNGN L(Xf\h H,),

where the vertical arrows are the natural projections. Let us observe that A; and Ay are
surjective, thus As(im 1) = im Yo. Therefore As induces a surjective map

Ay (H 11 L(XjV,Hn)> /im Sy — | [] L(XN, [ H) | /im Zo.
neN NeN NeN n<N

Hence Proj' L(Xy, [Ten Hn) = (HNeN L(Xn, [Ten Hn)) /im ¥y is a surjective image of
(ITyen [Tven L(X N, Hy)) /im q. Moreover, im X is a product of images of maps:

I 2(xXN Hy) — J] (XN Ha),  (Twa)wen = (Thiin © Inpi — Tvn) Nen,

NeN NeN
thus

(H I1 L(XjV,Hn)> /im 5y = [ Proj' L(X}, Hy).
neEN NeN neN

By Lemma 3.2, Proj! L(X), H,) = 0 and thus Proj' L(Xy, [I<n Hn) = 0. Therefore, by
Lemma 3.3, we have the following exact sequence where ¥o((Ty)nen) = (i" 1T 11 — Ty )nen:

0 —— L(X',H) —— [y LX' Hy) —2— [,en L(X', Hy) ——
—— Proj! L(X},Hy) —— 0,

Thus
Proj' L(X', Hy) ~ [] L(X', Xy)/ im S ~ Proj' L(Xy, Hy) O
neN
The proof of the next lemma follows from duality and [4, Lemma 4.5].



Lemma 3.5 (a) Let E be an arbitrary LS-space, E = ind,en Ey,. Suppose that a,c >0, b >0,
n<m<kand

(7) VeeE,  aljpellm <bllzln + clljielx

then
a(™) (BS,) C 3bBS + 2¢(j7) (BR).
(b) Let X be an arbitrary PLS-space, X = projyen indpen Xy, with a reduced spectrum.
Suppose that N < M < K, n<m <k, a,b,c>0 and
(8) VyeXy  alyoil|irm < blyllv. +clly o il

then
ai¥ (Barm) C 2By + 2¢i% (Bgc ).

Proof of Theorem 3.1 (1)=(2): Let us observe that L(X), EY\) = indyen L(X)y,,, EN)
algebraically thus it has a natural LB-space topology. Then, by Theorem 3.4 and [43, 3.2.18, 1.
implies 3.] (the needed implication does not require LS-topology), we get
(9) VN,v AM>N,uy>v VK>M,k>p dnVm>n3dk>m,S

INAW (Ungms Up) € SURSW (Uk s U) + W (Ui, Un)),

where [%;j" =) ofo (XY, U, = By
Fix y € Xy and = € E,, x # 0. Since jj; is injective, ||j}z|[, > 0. There is ¢ € Uy:
(10) pGue) > (1/2) 72 -

Take an arbitrary element § € By, € X and define
£@ € W(lim U) CL(Xh B, (€@ 9)(u) = (ubp forue X}y,
By (9),
(11) Iy (€® @) = SIySP + SQ,
where P € W(Ug i, Us),Q € W(Uny,U,). For y chosen before we have
vy (E©e)w) = [ 0 €@e) o (W) (1) = () (E@e)yoid)) =uiNE)(eody)
SINGP(y) =S [(JK) e Po(iN)](y) = SP(yoin)o .
Evaluating both sides of (11) at fixed y € X}, and applying it to fixed = € E, we obtain
y(iN )¢ (jpx) = SP(y o in)(jrz) + SQ(y) ().
Since P € W(Ugk ,U,) and Q € W(Un,n,U,), by (10), we have:

(1/2) 15 llaly (N )] S(IP(y o i) (k)| +1Q(y)(2)]) <
S(IP(y o i) Ixllivzlle + 1QW) I3 llx ) <
S(ly o in i kllikelle + Iyl llll)-

ININ A

Taking supremum over all { € By, we get the conclusion for 25 instead of S.



(2)=(3): Since F is a reflexive LS-space and F’ is quasinormable, we get from [24, Th. 7],

(12) Vi 3u>iVRp>03D() YaeE ol < pllels + Do)l

Moreover, since Proj! X = 0 and X is a PLS-space, we can apply [43, 3.2.18] to get

VNIM>NVYK3IaVm>nay>03kCVyeXy
1y o in 7 < Clly o inlle z +V0llva-
Then, by (G) we get:

(14)
VM,V HMZM,,MZV VK>M,k>pdnVm>nIdk>m,S

VyeXg VaeB,: lyoiflimliel, < S (Il lall + ly o ifs i llizelx)

We choose quantifiers as follows. For every v find v > & according to (12). Then for arbitrary
N find M > N from (13), apply (14) and find M > M, p > v. Take arbitrary K, x, then find n
by (14) and n > n by (13). Take arbitrary m > n and find k, S according to (14). Then choose
e > 0 arbitrary and ~ so small that Sy < /2. Using (13) find k& > k and C. Choose p so small
that SCp < /2 and Sp < e. Now, we prove (G.). For a given y € X, we consider two cases:
D) lyoillllg, < lyoilillcr (2 ) otherwise.

Case (1). By (14) applied to y o zN € X\ ¢ € Ey, using (12) we get:

alle) <

Slly o i [y, (ellzllz + D(p)ll7xlle) + Slly o iyl pllicells <
Kk .
< ellyllivnllzlls + SO+ D(p)lly o inlly pllikells-

lyo i lirmliialn < S (lyo il el

IN

Case (2). Again, by (14), using first (13) and then (12), we obtain:

ly o i s mllipelle < Sly o i 5 el + lly o il klliklle) <
< Slylinalall, +SClly o in I glllly + Slly o in Ik llinll <
< Slylinalell, + SColly o i Il pllzllz + SCD()ly o i |y, g ikl +

x|

Since v > #, M 2 N, i = n, we have ||zll, < |lz]5, ly o iN I . < Iyl < llylliz and

ly o X 3 mllbell < ellyllxzlizlls + (SCD(p) + )y o il g pllinzl .

(3)=(1): By Theorem 3.4, it suffices to show that Proj’ L(X%, Ey) = 0. By [43, 3.2.14], it
suffices to show that
VN IAM>NVK>M dnVm>ne>03k>m,S

(15) M K
INW(Unm, Unm) € SUNW (Uk i, Uk)) +eW(Unn, Un),

where I} f := j]]\‘;f)/ o fo(i¥F)'. We will show it separately for the assumptions (b), (c) and (d).
Case (b): X =A*(A) a Kothe type PLS-space. We assume first that aq () > 0 for each n.



Let ¢; be the unit vector in X', then |le;[|};,, = 1/an,(i). Thus, by (G:), for N=v, K =&

and M, u chosen as the maximum of those two and denoted by M and for z € Ey, y = €;:

VN IM>NVYK>M3dnVm>n,e>03k>m,SVieNVzekEy

litrallar __llally , gliRelx
angm(1) an, () ar k(1)
By Lemma 3.5,
1 3e 25
16 '>N/BOC ,BO—F ,'N/BO.
(16) anm(Z) (Fn) (By) < aN,n(Z) N aK,k(Z) (Jr) (Bk)

Now, we identify W (Uns,m,Un) € L(X},, E}y) a space of vector valued sequences:
L(Xy, Ey) = {u=(u(d))ien € Ejyr o I m sup angm (i) [lui)|[3; < oo}
K3

In particular, u = (u(i) i
By (16), taking some v(i) € (an (i) Uy and w(i) € (ax (7)) Uk we have

() (u(i)) = 3ev(i) + 2S(j%) (w(i)) for each i € N.
Define v € W(Un,,Un) € L(X}y, Ely) and w € W(Ug i, Uk) € L(X ), E%), by
v(z) = (v(i)x)ien, w(z):= (w(i)z)ien for z € X,z € X

Obviously, I8 u = 3ev + 25T w which implies (15) with slightly changed S and e.

Jien € W(Unsm, Unr) if and only if u(i) € (apm(i)) " 1Un for every i.

In the general case, X = A°°(A) is a countable product of spaces for which we have proved

Exth;g(E, Xg) = 0. This implies (1).
Case (c): E is an LN-space, i.e., a nuclear LS-space.

We assume that F, is Hilbert and j,,, : £, — E, 11 is nuclear for every v € N. By Lemma

3.5 and (G¢) applied for v =N +2, k = K +2 > v and M = p we get:

VN IAM>NYVYK>M AnVm>n,e>03k>m,S Vae Enys

H]N+2 N+2

(17) ‘
|| aiN Barm C ezl nroBnn + S|lig f5 ] k128 Bk

Let us choose orthonormal systems (¢;);en € En+1 and (f;)ien € Ex41 such that

]%ﬂm = Zai<xa€i>N+1f1‘ VaoeEng.

Let us fix ¢ € W(Unm, Um) € L(X), E)y). For arbitrary w € Upsm, @ € N we have
lei o (in ™) 0 p(u)| = lo(u) (g3 ()] < llanr™ (ea)llas
We have proved that i]\N/[(ei (]]\]\gﬂ) op) € ||]N+2(]%12161)”M’LNBMm By (17),

(18) iN (ei0 (GNTYY 0 ) = xi + i 4y,

where xi € elljyiyeillvt2Byn,  ¢i € SligisiniseillkreBrr = Sligiseil k2B

define two maps: first,
Z Xz .7N+1 )
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for u € X}, where €} (z) := (z,e;)N+1, © € Eny1, second,
= > a7 (o) G4 (),
i

where the sum runs over all 7 such that a; # 0, v € X} and f}(z) := (z, fi) k41 for x € B ;.
We will show that x is a well-defined element of a multiple of W(Un,,Un). Fix z € By
and u € Un,,. Then, by Schwartz inequality,

Ix(u)(z)] < Z\Xz WGNzs el e lliNTaeillvval N1, e) vl
Z
N+1 N+1
< (JNIZ)”]NJrleN-H < 50(]1\712)

where o denotes the Hilbert-Schmidt norm of operators. The above estimates imply that the
series in the definition of y is convergent and

(19) X € €o(jnia)W(Unm, Un).

Fix v € Uk, and z € Bg. Similarly as above we get

[P()(2)] < Z(an*l\wz( OGEs12 fid | < SZ (@) R faeill el (ka2 fi) k| <

IN

SZ ik ts fillkval Gz fid k] < SU(J?I%)

This implies that
(20) ¥ € So(jR i)W ( Uk k, Uk).-

By (19) and (20), in order to prove (15) it suffices to show that I3 ¢ = x + I{. This follows
from an easy consequence of (18):

(IM o) (u)(z) = x(u)(z) + (I¢)(u)(z) for every u € X and z € Ey.
Case (d): E = ki(v) is a Kothe coechelon space, where ||z|, := >, v, (¢)|2;| and v, (i) > 0
for each v,7 € N. Evaluating (G.) for z = ¢; € En, where N = v, K = k and M = p we obtain:

VNIM>NYK>M3InVm>ne>03kSVye Xy VieN:
ly © 4N I Agmoat (1) < ellyllinon (@) + Sliy o il svx (3).

By Lemma 3.5 changing € and S suitably we get:
(21) var (i )ZNBMmCé‘UN( )BNn—i-SUK( )ZNBKk

Let f € W(Unm,Unm). Observe E}, = lo(1/var), then f(z) = (fi(2))ien € Un for every
2z € Upm and |fi(2)] < var(é). Thus f; € var(2)Barm for every ¢ € N. By (21), we get for i € N:
z%ffl = eun(i)gi + Svk (i )zNhZ, where g; € By, and h; € B . Clearly IMf =eg+ SIKh for

9: XN = Ey =lo(1/vn), 9(y) = (on(9)gi(y))ien,
h: Xy — By =loo(1/vK), h(y) == (vk (1)hi(y))ien-
Finally, g € W(Unn,Un), h € W(Ugk x, Ux) which completes the proof by (15). a
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4 Splitting results for special spaces

In the present section we obtain a more natural splitting result and apply it to sequence spaces.
Let us define the condition (PA) for a PLS-space X as follows:

VNIMVYEK InVYm30€0,1] IkC Vye X

(22> . * . « (1-9) * 1-6 x* 0
Iy i¥llirm < Cmax (ly o iflies "l ™) Iyl

or, equivalently (see the proof of [4, Lemma 5.1}),

VNIMVYK 3InVm3In>03kCro>0Vr<ryVyecXy;

(23> M % LK% 1 *
0 % It < € (o Klics + 1 Ioliva )

Changing the quantifier for 6, n to be V0 €]0, 1[ (resp. Vn > 0) one gets the condition (PA)
These conditions are PLS-versions of conditions (A) and (A) (see [34]) which are dual to
(DN) and (DN) respectively [25, Sec. 29]. It is worth noting that (PA) and (PQ) differs only

by inequality r < rg and r > rg, respectively. The same analogy holds between (PA) and (PQ)
We present now an analogue of the famous (DN) — () splitting theorem [25, 30.1].

Theorem 4.1 Let E be an LS-space, X a PLS-space satisfying (b), (c) or (d), then
Exth;g(E, X) = 0 whenever E' has () and X has (PA) or E' has (Q) and X has (PA) .

Proof: By Theorem 3.1, it suffices to show that (E, X) €(G). Recall that E’ E(ﬁ) means

VN3IM>NVK>M0€0,13DVazeE |a|um <Dy’

Fix N and find M which is good for (PA) and (£2) . Then fix K, find n from (PA) and fix

m. Finally, fix k and n from (PA) . Take x € Ex and r := ‘l‘lff||||x' By (), 0:= #,

n
o= (lelar)” < plials,
2l ) = el

We substitute 7 into (23) to get

E4I0
[l ae

B2
2]l 2

M K
Hyomw&mﬁ£C<D ly o il + 12l

*
Nmn | -

This completes the proof. The case E' €(€2) and X €(PA) is analogous. 0
The following proposition summarize elementary facts concerning (PA) and (PA) .

Proposition 4.2 Fvery Fréchet Schwartz space has (PA) and (PA). An LS-space has (PA) or
(PA) if and only if it has (A) or (A) respectively. The conditions (PA) and (PA) are inherited
by complete quotients and countable products and (PA)=(PA)= Proj! X = 0.

The proof is so similar to the proof of [4, Cor. 5.2, Prop. 5.3 and Prop. 5.4] that we omit it.
Observe that duals of power series spaces have always (A) and they have (A) only for infinite
type spaces [25, Sec. 29]. Thus products of such spaces have correspondingly (PA) and (PA) .

12



Theorem 4.3 (a) The Kdithe type PLS-space AP(A) for 1 < p < oo has (PA) if and only if

VNIMVK 3InVmbelo,1] 3k C VieN

apsm(i) > C'min <aK7k(i)(1_9), aN,n(i)ﬂ—@)) an (i)’

The same condition holds for (PA) with a suitable change of quantifiers.

(b) The PLS-type power series space Ay s(c, ) €(PA) iff either s = oo or it is isomorphic to
a product of an LS-space and a Fréchet space (equivalently, Proj* Ay s(a, ) =0).

(¢) The PLS-type power series space Ay s(cv, B) satisfies condition (PA) iff either s = oo or
the space is isomorphic to a Fréchet space.

It is worth noting that spaces of Beurling (ultra-)distributions 9(’w) € (PA) are isomorphic
to Kothe type PLS-spaces [37], see [7] for the definitions. The role of these new invariants and
applications of our splitting result for spaces of real analytic functions and Roumieu (quasian-
alytic) classes of ultradifferentiable functions will be explained in [5]. The kernels of surjective
convolution operators on @(’w) (R), &y (R) or &y (] — 1,1]) give examples of PLS-type power
series spaces (see [12, Th. 2.10], [27, 2.11], [26, Satz 3.2, 3.18], [23], comp. [4, Th. 2.2]), in the
first case they have (PA) in the other two (PA) .

Proof of 4.3: (a): Necessity follows by taking y as unit vectors. For the proof of sufficiency,
translate the condition as in the definition of (PA) into the condition with the parameter 7:

VN IMVEK 3InVmn>03k,Cirg>0Vr<rygVieN:such that an;(i) # 0 for all [

1 <C’max<r77 1 L )

aM7m(i) - G,K,k(i)’ ;aNm(z')

Then prove that this condition holds for all vectors in X instead of the unit vectors only.

(b): By Proposition 4.2, (PA) implies Proj' = 0, apply [39, 4.3]. Sufficiency for s < oo
follows from Prop. 4.2, since the LS-space factor must be a dual to a Fréchet power series space
and it has (A4) (see [25, Sec. 29]). Sufficiency for s = oo follows from (c) below.

(c): Since LS-factor is A{(7), necessity for s < oo follows from (b)(see [25, Sec.29]). Suffi-
ciency for s < oo follows from Prop. 4.2.

Assume that s = co. Let us take arbitrary IV, choose M := N + 1 and take arbitrary K.
Fix n = 1, take arbitrary m and 6 €]0, 1[. We choose k so big that

g<k"m g IETIN Sk T Sn
Sk — Sn '™ — TN Sm — Sn
Let us observe that if 7X="M < § then
K—TN
(24) exp(—rpa; + smfBi) < exp((—rra; + 518:)(1 = 0)) - exp((—rno + 5,0:)0)

and
0 —0
leillhrm < (leillnn)’ (leill i) =7

Now, assume that [[e;||3,,, > llei[[3,, then

S — 8 S — S
—rMQG + SmBi > —rna; + 8y and o < 3 < <n> Bi.
T™™ — TN 'k — TN

13



Observe that f(6) := —rga;(1 —0) + spBi(1 — 0) — rya;f + s,3;0 has negative derivative
> (T‘K — TN)@‘ + (Sn — Sk)ﬂl =0.

Therefore, if the inequality (24) holds for big 6§ < 1 then it holds for all 8 €]0, 1] and either

F'(0) = (rx —rn)as + (sp — sk)Bi < <Sk_‘9”

'K —TN

0 —0
leilligm < leillin or lleilligm < (leillnn) (leilli ) =

We conclude by the same method as in (a). O

Theorem 4.4 If « is stable, X is an ultrabornological PLS-space, then Exth; (AP (), X) =
0 if and only if X has (PA) .

Remark. Clearly the same holds for [ ],y A,(a™), for instance, C=(U) ~ [1en Aco(log )
for any smooth non-compact manifold U.

Proof: Sufficiency follows from Theorem 4.1 since A,(«) has (Q2) .

Necessity. We may assume that ap = 0 and that o; < doj_; for some d > 1 and every j € N.
We apply (G) for z = e;. We fix N and find M > N from (G), then we fix K. We choose ng
such that [E=7AL > nod. There is n such that for every m there is k(m) such that

Wn)

< M |% ; *
Iy o i ll3rm < S (ex0 ((rar = 7)) Iy © 8 [ gy + 050 (rar = 7)) [
Let us take r < exp ((ry — rar)ap) = 1. There is j such that
(rv —rm)oy <logr < (ry —ru)og—1.

Now, exp ((rar — rnv)oy) <exp (d(rm — rv)oj—1) < Tid. Clearly, for n < ny we have

exp ((r = riay) < exp (= ran) =T, ) < o

We have proved that
VNIM>NVYK>M 3In In Vm Ik(m),S Vn<n Vrelo,l]:
190 8 < S (1710 Eliuiny + + 1ol ) -
Then
ly o i][\g”;(,k(m) <llyo Z%”}ka(m) < Sk(m) <7"77HZ/ © i%”;{,k(k(m)) + ?];HyH*Nn> :
Combining the two inequalities above we get

. ) 1
10 st <SSy + 1) (10 By + 3 Iolivn )

since =1 < 1/r. Repeating this procedure inductively we get
1
- M K
19 & it < Spm (710 Hlicz+ 310l )

where /;(p) =koko---ok(m), p-times composition, p € N. This completes the proof. |
Kunkle [20, Th.5. 14] proved Ext})LS(Aéo?s(oz,ﬂ),Agfoo(’y, 9)) =0 for any p and s. We get:

Corollary 4.5 If either s = 0o or A 5(3,7) is a Fréchet space then

Extprg((AX(@)), Ars(8,7)) = 0.

Proof: The case s = oo follows from Theorem 4.3 (d), Theorem 4.1 and the propert (£2) of
A (). The other case follows from [29, Th. 9.1]. O
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5 Parameter dependence of solutions of differential equations

As explained in the introduction, the parameter dependence problem for linear PDO with con-
stant coefficients is equivalent to the question if the partial differential operator

(25) P(D): 9'(Q, F) — 2'(Q, F)

is surjective for suitably chosen Fréchet spaces F'. We prove that this is the case for {2 convex and
any nuclear Fréchet space F' with property (2) (for instance, F' ~ H(U),C*(U), A, («), C*[0, 1],
etc., see [25, 29.11]). Our approach should be compared with [4, Section 3].

The positive solution for the holomorphic dependence was probably known to some specialists
- Palamodov showed the authors the full proof without using splitting of short exact sequences.
For the sake of completeness we give a full proof based on Palamodov’s theory of systems of
linear PDE and (DN) — (€2) splitting result of Vogt and Wagner (see [25, 30.1]).

Theorem 5.1 Let Q@ C R? and U be any Stein manifold. For every linear partial differential
operator with constant coefficients P(D) the following map is surjective

P(D): 2'(Q, H(U)) — 2'(Q, H{U)).

Proof: First, assume that U C C¢ is a convex. To simplify notation we take d = 1.
We have the following differential complex obtained as in [28]:

o _ 1
~ ¢ Pla)) ~
0 — ker ( P(aD) ) —  7'(QxU) 2/ Q@ x V)] ——
m @’(Q X U) _ 0

where P(D) acts on 2 and 9 acts on U C C = R?. This is a particular case of [28, VII, 7.2, Ex.
4]. Since Q x U is convex the complex is exact by [28, VII, 8.1, Th. 1].

If fe2'(QxU),df =0, then ( 2 > € ker (P(D), 8) C [2'(Q x U)]?, thus by exactness

of the complex, there is g € 2'(Q x U) such that —dg = 0, P(D)g = f. We have proved that
P(D) : ker 0 — ker 0 is surjective. By the very definition 2(Q, H(U)) = L(2(Q), H(U)). Let
us prove that

(feZ'(QxU):df =0} = L(2(Q), H{U)).

Define a map Sy : 2(Q) — 2'(U), (Sp(p),¥) = (f,py) for ¥ € P(U). Since (0Sf(p),v) =
—(f, o) = —(f,0vp) = 0, we have Sf( (Q)) C ( ). On the other hand, for ¢ € 2(Q),
e PU), it S: 2(Q) — H(U) then we define fs € 2'(Q2 x U), (fs, ) := (S(¢), ). Clearly

(0fs, o) = —(fs,000) = —(S(),00) = (0S(¢),v) =0, and dfs = 0.

Let U be an arbitrary Stein manifold. By [17, 5.3.9], U embeds properly into C? for suitable
d as a submanifold. Clearly, we have the following short exact sequence of Fréchet spaces:

0 —— I(U) —— H(CY —— HU) — 0,

where I(U) = {f € H(CY) : fly = 0}. By [38] remark on page 195, I(U) has () . Let
f € H(U,2'(R2)) then it can be extended to g € H(C? 2'(Q)). Indeed,

H(U,2'(Q) ~ HU)eZ'(Q) ~ L(2(Q),H(U))
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and extendability is equivalent to the fact that every operator 7' : Z(Q2) — H(U) lifts with
respect to ¢. Since Z(Q) ~ @y s and s has (DN) the lifting follows from the (DN) — ()
splitting theorem [25, 30.1]. We get the conclusion combining extendability with surjectivity of

P(D): 2'(Q,H(CY) — 2'(Q, H(CY)) ~ H(CY, 2'(Q). O

For the smooth dependence we cannot use the idea from the first part of the proof above
but we can use the splitting theory as the following observation shows:

Proposition 5.2 Let F' be a Fréchet-Schwartz space, letY = [],. Y be a product of LS-spaces
and let T :Y —Y be a surjective operator.

(a) If Exth; o(F',ker T) =0, then the map T ®id : YeF — YeF is surjective.

(b) If Exth; o(F',Y;) = 0 for every t and T ® id : YeF — YeF is surjective, then
Exth; g(F' ker T) = 0.

(c) If either Y; ~ AL_(B;) and F has (Q) or Yy ~ Ay(3) and F has (Q) , then

T®id : YeF — YeF
is surjective if and only if Ext}gLS(F’, ker T') = 0.

Proof: Use [4, Prop. 3.3, 3.4] and the fact that if F' has (Q2) or F has (ﬁ) then
Exth,g(F', AL (Bt) = 0 or Exth, o(F', Aj(B:)) = 0 respectively (see [38]). O
Since for non-quasianalytic w, .@(’w)(ﬂ) ~ [A_(3)]" and [37], we have:

Corollary 5.3 Let F' be Fréchet Schwartz with (Q) and let T : @Ew) Q) — .@(’w)(ﬂ) be surjective,
then T ®id : @’w)(Q, F)— @(’w)(ﬂ, F) is surjective if and only if Exth; o(F', ker T) = 0.

The following result is crucial for the application of our splitting results from Sec. 3 and 4.
Proposition 5.4 Let Q C R? be a convex open set, P(D) : 2'(Q) — 2'(Q) a linear partial
differential operator with constant coefficients. Then ker P(D) has the property (PA) .

Proof: By Theorem 5.1, P(D): 2'(Q, HD)) — 2'(Q, H(D)) is surjective. By Cor. 5.3,

Ext}h;g(H'(D), ker P(D)) = 0.
This completes the proof by Theorem 4.4. Observe that P(D) : 2'(Q) — 2'(Q) is surjective
and thus Proj! ker P(D) = 0 while H(D) ~ Ag(a) has (Q) . O

Theorem 5.5 Let  C R? be a conver open set, P(D) : 2'(Q) — 2'(Q) a linear partial
differential operator with constant coefficients, then for every Fréchet nuclear space F' or Kithe
sequence Fréchet-Schwartz space F' = Ao (A) the map P(D) : 2'(, F) — 2'(Q, F) is surjective
whenever F €(Q) . In particular, it holds for F = C*(U), U an arbitrary smooth manifold.

Proof: Apply Corollary 5.3, Proposition 5.4 and Theorem 4.1. O

The property (£2) is not a necessary condition in Theorem 5.5. This follows from the example
in [36, p. 190] and the following result, which is a consequence of [2, Th. 36]. Recall that the
condition LB is very restrictive see [36].

Proposition 5.6 Let F' = [[ycn Fiv, Fn Fréchet spaces with property LBy and T : .@(’w)(Q) —
.@(’w)(Q) is surjective then the following map is surjective as well
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Theorem 5.7 If the convolution operator T), : 9(’(0) (R) — 9("0) (R) is surjective, then
Ty DR, F) = Z, (R, F)

is surjective for any Fréchet nuclear space F with property (1) or any Kdéthe sequence Fréchet-
Schwartz space F = \oo(A) with property (€2) .

Proof: By [12, Th. 2.10], ker T}, ~ A oo(a, 3). By Theorem 4.3, ker T}, has (PA) . The
result follows from Theorem 4.1 and Corollary 5.3. a

Similar results hold for 7), : &} (R) — &1 (R) or Ty, @ oy (] — 1,1]) — &y (] — 1,1]) and
F with property (Q) (use [27, 2.11], [26, Satz 3.2, 3.18], [23] instead of [12]).

It is worth noting that for hypoelliptic operators one can drop the assumption of condition

(Q) in Theorem 5.5. Indeed, ker P(D) is Fréchet, by [29, Th. 9.1], Exth; o(F’, ker P(D)) = 0.
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