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Abstract

We show that different transitivity criteria for strongly continuous
semigroups of operators are equivalent. We also give new results con-
cerning the equivalence of transitivity criteria in the case of iterations
of a single operator. 1

Transitivity was a concept introduced by G.D. Birkhoff in the 20’s for
dynamical systems. This property is reflected in the most important notions
of topological chaos. We refer the reader to the survey of Kolyada and
Snoha [16] for a detailed discussion with many examples and related notions.
Our interest here is the transitivity for special dynamical systems: infinite
dimensional linear systems. We study discrete and continuous dynamical
systems and discuss different sufficient conditions for transitivity.

The first section is devoted to the discrete case. We recall some known
transitivity criteria, introduce a new one in terms of the existence of suitable
backward orbits, and show their equivalence with the property of weakly
mixing. We also characterize weakly mixing invertible operators with an
easy “computable” condition.

In the second section we introduce new transitivity criteria for semi-
groups (semiflows) of operators inspired by the corresponding discrete ver-
sions and show their equivalence with weakly mixing.

1 Transitivity for linear operators

Given a metric space X, a continuous map T : X → X, and x ∈ X, the
orbit of x under T is Orb(x, T ) := {x, Tx, T 2x, . . . }.
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T is said to be transitive if for every pair of non-empty open sets U, V ⊆
X there exists some n ∈ N such that Tn(U) ∩ V 6= ∅. In other words, there
is a point x ∈ U whose orbit intersects V .

If X is separable, Baire and perfect (that is, without isolated points),
then T is transitive if and only if T admits a dense orbit, i.e., there exists
x ∈ X such that Orb(x, T ) = X.

Our framework will be complete and metrizable topological vector spaces
(F-spaces) X, which are also separable, and linear and continuous maps
(operators) T : X → X. Within this context, T is hypercyclic if there exists
x ∈ X such that Orb(x, T ) = X . (Equivalently, T is transitive).

No finite dimensional X admits a hypercyclic operator [15], and every
hypercyclic operator has the so called “sensitive dependence on initial con-
ditions” [11].

The first example of a hypercyclic operator was given by Birkhoff [4] who
showed that the translation operator Ta : H(C) → H(C), f(z) 7→ f(z + a),
(a 6= 0) is hypercyclic on the F-space H(C) of entire functions endowed with
the compact-open topology.

In the study of the transitive dynamics of linear operators, there is a
couple of topological concepts which appear frequently.

Definition 1.1 T is said to be weakly mixing if T⊕T is transitive on X⊕X,
and T is mixing if for every pair of non-empty open sets U, V ⊆ X there
exists some n0 ∈ N such that Tn(U) ∩ V 6= ∅, for all n ≥ n0.

These notions are related to the concept of hereditarily hypercyclic.

Definition 1.2 T is said to be hereditarily hypercyclic with respect to a
strictly increasing sequence (nk) of natural numbers if, for any subsequence
(nkj

) of (nk), there is x ∈ X such that {Tnkj x , j ∈ N} is dense in X.

Proposition 1.3 (1) T is weakly mixing if and only if T is hereditarily
hypercyclic with respect to some sequence (nk).

(2) T is mixing if and only if T is hereditarily hypercyclic with respect
to the sequence of all natural numbers.

The equivalence (1) was proved in [3]. The mixing case (2) follows es-
sentially straightforward from the definition.

In the study of the dynamics of continuous functions on compact spaces,
there are rare examples on weakly mixing maps which are not mixing. In
our context the examples are easier.
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Remark 1.4 There are weakly mixing operators which are not mixing.

For instance, within the framework of weighted backward shift oper-
ators Bw(x1, x2, . . . ) := (w2x2, w3x3, . . . ) on the space l2 of 2-summable
sequences, we characterized in [3, Prop. 3.3] the property of being heredi-
tarily hypercyclic with respect to a fixed increasing sequence (nk) of natural
numbers. As a consequence, e.g., the weighted shift given by the sequence
of weights

w = (2, 1/2, 1/2, 2, 2, 2, 1/2, 1/2, 1/2, 1/2, 2, 2, 2, 2, 2, . . . )

is weakly mixing but not mixing. See also [5] for a complete study of mixing
weighted shifts.

We recall some usual transitivity criteria for linear operators and show
their equivalence. The first one was given by Kitai [15] in her unpublished
thesis, latter rediscovered by Gethner and Shapiro [10], who reformulated
it. The second one appeals to the concept of backward orbit. We say that
a sequence (xn) is a backward orbit of x under T if Tx1 = x, Txn+1 = xn.
Finally, the third one, constitutes what today is known as the Hypercyclicity
Criterion for operators. It is a reformulation of Grosse-Erdmann [13] of the
criterion given by Bès (see, e.g., [3]), in terms of what Grosse-Erdmann calls
“intertwining collapse with blow-up”. The following result improves known
equivalences of hypercyclicity criteria for linear operators, and clarifies the
weakly mixing property of operators with computable conditions.

Theorem 1.5 Let T be an operator on a separable F-space. The following
statements are equivalent:

(1) [Kitai/Gethner-Shapiro’s Criterion] There exist dense subspaces Y, Z ⊂
X, a strictly increasing sequence (nk) in N, and a linear map S : Z → Z
such that

(i) ∀y ∈ Y , limk Tnky = 0,
(ii) ∀z ∈ Z, limk Snkz = 0 and TSz = z.

(2) There exist dense subsets Y, Z ⊂ X, and a strictly increasing se-
quence (nk) in N such that

(i) ∀y ∈ Y , limk Tnky = 0,
(ii) ∀z ∈ Z, there exists a backward orbit (xn) of z: limk xnk

= 0.
(3) [Bès/Grosse-Erdmann’s Hypercyclicity Criterion] There exist dense

subsets Y, Z ⊂ X, and a strictly increasing sequence (nk) in N such that
(i) ∀y ∈ Y , limk Tnky = 0,
(ii) ∀z ∈ Z, ∃(xk) ⊂ X : limk xk = 0 and limk Tnkxk = z.

(4) T is weakly mixing.
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Proof.
In [3] it was shown that the Hypercyclicity Criterion (criterion (3)) is

equivalent to the property of weakly mixing. In [19], using a Mittag-Leffler
procedure, we showed the equivalence of a version of criterion (1) -with
weaker conditions- with the property of weakly mixing. More precisely, in
the hypothesis of [19, Thm. 1.1], Y, Z were just dense subsets and S was
only a map (not necessarily linear). A closer look at the proof of Theorem
2.3 in [19] gives the desired hypothesis in the present version. Indeed, if
T is weakly mixing, we proved in [19, Thm. 2.3] that there are z ∈ X, a
backward orbit (zn) of z, a dense subset Y ⊂ X, and a strictly increasing
sequence (nk) in N such that

B := {zn : n ≥ 1}

is dense in X, z is hypercyclic for T , limk zn+nk
= 0 for all n, and limk Tnky =

0 for all y ∈ Y . If we select the linear span of Y (call it Y again!), we get
condition (i) of criterion (1). We define now Z as the linear span of B. The
countable set B is (dense and) linearly independent. Otherwise we would
get the existence of m ∈ N and scalars αk, k = 1, . . . ,m, not all zero such
that

m∑
k=1

αkzk = 0.

By applying Tm to the above equality, we arrive at∑
k=1

αkT
m−kz = 0,

which is impossible since the orbit of any hypercyclic vector is linearly inde-
pendent. We can set Szn := zn+1 for each n, and extend the map by linearity
to Z. Condition limk zn+nk

= 0 for each n implies that limk Snkz = 0 for all
z ∈ Z. The definition of S clearly implies that TSz = z for each z ∈ Z.

Finally, it is easy to see that the hypothesis of the criterion (2) are weaker
than the ones of criterion (1), but stronger than the ones of criterion (3).
�

Other criteria given by Grosse-Erdmann [12] have been shown to be
equivalent to weakly mixing [2]. Chaotic operators constitute also an im-
portant class of hypercyclic operators. We recall that T is said to be chaotic
in the sense of Devaney if T is hypercyclic and X has a dense subset of
T -periodic points. In [3, Prop. 2.14] it was shown that chaotic operators
are weakly mixing.

4



It is worth mentioning that for invertible operators T (i.e., bijective with
continuous inverse), the backward orbit of each element is unique, and then
the criteria (1) and (2) acquire a nice formulation.

Corollary 1.6 An invertible operator T is weakly mixing if and only if there
exist dense subspaces Y, Z ⊂ X and a strictly increasing sequence (nk) ⊂ N,
such that limk Tnky = 0, and limk(T−1)nkz = 0 for each y ∈ Y and z ∈ Z.

There is still an (probably, the most) important open question about
hypercyclicity posed by Herrero [14]:

Open problem (Herrero, 1992):
If T hypercyclic, should be T necessarily weakly mixing?

Equivalently, due to the above mentioned equivalence with the Hypercyclic-
ity Criterion:

If T is hypercyclic, does T satisfy necessarily the Hypercyclicity Crite-
rion?

2 Transitivity criteria for semigroups of operators

A family {Tt : X → X , t ≥ 0} of operators is called a strongly continu-
ous semigroup (or C0-semigroup) if:

(a) T0 = I, the identity operator.
(b) Ts+t = TsTt for all t, s ≥ 0.
(c) The map t 7→ Ttx is continuous on R+ for each x ∈ X.

A C0-semigroup is transitive when, given any pair U, V ⊂ X of non-
empty open sets, there is t > 0 such that Tt(U) ∩ V 6= ∅. In our context,
transitivity is equivalent to hypercyclicity, i.e., to the existence of x ∈ X
such that its orbit {Ttx , t ≥ 0} is dense in X. The semigroup is weakly
mixing if {Tt ⊕ Tt , t ≥ 0} is transitive on X ⊕X.

Transitivity of strongly continuous semigroups has been studied by sev-
eral authors (see, e.g., [17, 20, 8, 9, 6, 1]). Transitivity criteria for semigroups
were given in [8] (see also [7] for the case of unbounded operators). Our
purpose in this section is to give some transitivity criteria, inspired by the
discrete case, and to characterize them via the property of weakly mixing.

Given x ∈ X and strongly continuous semigroup of operators {Tt , t ≥ 0}
on X, a backward orbit of x under {Tt , t ≥ 0} is a family {xt , t ≥
0} of vectors in X such that x0 = x and Ttxs = xs−t for all s ≥ t ≥
0. The criteria (1) and (2) in the following result involve the existence of
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suitable backward orbits. Inspired by Grosse-Erdmann’s formulation of the
hypercyclicity criterion for single operators, we can give a collapse/blow-up
criterion (3) for hypercyclicity of semigroups.

Theorem 2.1 Let {Tt , t ≥ 0} be a strongly continuous semigroup of op-
erators on a separable F-space X. The following are equivalent:

(1) There exist (tk) ⊂ R+ strictly increasing and tending to infinity,
dense subspaces Y, Z ⊂ X, and a family {St : Z → X , t ≥ 0} of linear
maps satisfying

(i) ∀y ∈ Y , limk Ttky = 0,
(ii) ∀z ∈ Z, limk Stkz = 0 and TtStz = z, for each t ≥ 0.

(2) There exist (tk) ⊂ R+ strictly increasing and tending to infinity, and
dense subsets Y, Z ⊂ X, satisfying

(i) ∀y ∈ Y , limk Ttky = 0,
(ii) every z ∈ Z admits a backward orbit {zt , t ≥ 0} such that

limk ztk = 0.
(3) There exist (tk) ⊂ R+ strictly increasing and tending to infinity, and

dense subsets Y, Z ⊂ X, satisfying
(i) ∀y ∈ Y , limk Ttky = 0,
(ii) for each z ∈ Z there is a sequence (zk) in X with limk zk = 0 and

limk Ttkzk = z.
(4) {Tt , t ≥ 0} is weakly mixing.

Proof.
(1) ⇒ (2) ⇒ (3) is trivial.
(3) ⇒ (4): The hypercyclicity criterion easily passes to the direct sum

semigroup {Tt ⊕ Tt , t ≥ 0} on X ⊕ X. The equivalence (4) is now a
consequence of [12, Thm. 2] or [3, 2.6(3)].

(4) ⇒ (1): If the semigroup {Tt ⊕ Tt , t ≥ 0} is transitive then, by a
result of Oxtoby and Ulam [18, Thm. 6, Sect. 11], there is t0 > 0 (in fact,
there is a dense Gδ-subset of R+ of such indexes t0) so that the operator
Tt0⊕Tt0 : X⊕X → X⊕X is transitive. Then, by [3, Thm. 2.3], the operator
Tt0 satisfies the hypercyclicity criterion. Therefore, due to [19, Thm. 2.3],
we find Y0, Z0 ⊂ X dense subsets, (nk) ⊂ N strictly increasing, and a map
S : Z0 → Z0 such that

(i)’ limk Tnkt0y = limk Tnk
t0

y = 0 for each y ∈ Y0,
(ii)’ limk Snkz = 0 for each z ∈ Z0, and
(iii)’ Tt0Sz = z, for each z ∈ Z0.

Moreover, as we saw in the proof of Theorem 1.5, the set Z0 can be chosen
to be a countable linearly independent set of the form Z0 = {wm ,m ∈ N},
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where Swm = wm+1, ∀m ∈ N, and z := Tt0w1 is a hypercyclic vector for Tt0 .
We then set Y and Z as the linear spans of Y0 and Z0, respectively. If we
define z0 := z, znt0 := wn, and zt := Tnt0−tznt0 for (n−1)t0 < t < nt0, n ∈ N,
then the family {zt , t ≥ 0} is a backward orbit of z under {Tt , t ≥ 0}.

We then set Stznt0 := zt+nt0 , n ∈ N, and extend it by linearity to Z, for
each t ≥ 0. Thus

TtStznt0 = Ttzt+nt0 = znt0 , n ∈ N, t ≥ 0,

which implies that TtStz
′ = z′ for every z′ ∈ Z.

Finally, by setting tk := nkt0, k ∈ N, we get condition (i) of (1) and also

lim
k

Stkznt0 = lim
k

znkt0+nt0 = lim
k

Snkwn = 0, n ∈ N,

which concludes condition (ii) in (1). �

Remark 2.2 We should compare the hypothesis of criterion (1) in Theo-
rem 2.1 with those of its discrete version in Theorem 1.5: The domain and
the range of the linear maps St do not coincide in the criterion for semi-
groups. When trying to get coincidence of domain and range of these maps,
one essentially faces the problem of whether the orbit {Ttz , t ≥ 0} of a
vector z hypercyclic under {Tt , t ≥ 0} is linearly independent. We do not
know if this is true in general.
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