SUPERPOSITION IN CLASSES OF
ULTRADIFFERENTIABLE FUNCTIONS

CARMEN FERNANDEZ* AND ANTONIO GALBIS**

ABSTRACT. We present a complete characterization of the classes of ul-
tradifferentiable functions that are holomorphically closed. Moreover,
we show that any class holomorphically closed is also closed under com-
position (now without restrictions on the number of variables). In this
case, we also discuss continuity and differentiability properties of the
non-linear superposition operator g — f o g.

0. INTRODUCTION.

It is a well-known fact that the composition of two C* (respectively ana-
lytic) functions is again C* (resp. analytic). Mainly motivated by the study
of (the regularity of) elementary solutions of linear partial differential op-
erators with constant coefficients, several intermediate classes of functions
between real analytic and C*> functions have been introduced and studied
during the last century, and hence it is natural to investigate whether these
new classes of functions, known as classes of ultradifferentiable functions,
are closed by composition. The first result in this direction seems to be due
to M. Gevrey, who introduced a scale of intermediate spaces, the so-called
Gevrey classes, and showed that the composition of two functions in a given
class remains in the same class.

A class F of real or complex valued functions is said to be inverse closed
if 1/ f remains in the class whenever f is in the class and it does not vanish,
and it is said to be holomorpically closed if F o f € F for every f € F and
for each function F' which is holomorphic on a complex neighborhood of the
range of f.

The problem of characterizing the Denjoy-Carleman classes which were

inverse closed, or equivalently holomorphically closed, was posed by P.
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2 SUPERPOSITION OPERATORS

Malliavin [19]. In the non-quasianalytic setting and for 27-periodic func-
tions the problem was solved by W. Rudin [27], and later extended to general
Denjoy-Carleman classes on R by Boman and Hérmander [6].

Similar results were obtained by Roumieu [26], who studied conditions
on a sequence (N, )pen in order to guarantee that f o g € &£,y provided
that f € &y, 9 € En,y and Eqn,y C Eqag,y With continuous inclusion. In
particular, taking N, = p!, he showed that fog € &,y if f € Epr,y and
g is real-analytic. Then, he was able to define N —dimensional manifolds of

class (IN,)pen and also functions of class (M),),en on these manifolds.

More recently Siddiqui and Ider [29] studied the inverse closed spaces
of ultradifferentiable function of Roumieu type (with uniform bounds on
R and without requiring logarithmic convexity for the defining sequence),
and Bruna [9] considered the same problem for some classes of Beurling
type. Using almost analytic extensions, Petzsche and Vogt [25] showed
that the classes of ultradifferentiable functions considered by Bjorck [3] are
holomorphically closed. Almost analytic extensions were the main tool used
by Dynkin [11] to show that several classes of smooth functions were closed
by composition. We also refer to [1, 2], where some results concerning the
continuity of the non-linear superposition operator are included.

We will present a complete characterization of the classes of ultradiffer-
entiable functions on the real line that are holomorphically closed. Our
approach to the classes of ultradifferentiable functions is the one of Braun,
Meise and Taylor [8]. In particular, our result applies to the most relevant
cases considered by Komatsu [16]. As follows from our results, the behaviour
of a given non-quasianalytic class of Beurling type with respect to the prob-
lem of being holomorphically closed is similar to that of the corresponding
class of Roumieu type. Moreover, we show that any class holomorphically
closed is also closed under composition (now without restrictions on the
number of variables). In this case, we also discuss differentiability proper-

ties of the non-linear superposition operator ¢ — f o g.

1. PRELIMINARIES

First we introduce the spaces of functions and most of the notation that
will be used in the sequel. All definitions are taken from [8].

Definition 1.1. Let w : [0, 00[— [0, 00[ be a continuous function which is
increasing and satisfies w(0) = 0 and w(1) > 0. Then w is called a weight
function if it satisfies the following conditions:

(o) w(et) < L(1+ w(t)) for some L > 1 and for all t > 0.
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(8) /100 #dt < 00.
(v) log(t) = o(w(t)) as t tends to oo.

(6) ¢t — w(e') is conver.

A weight w is equivalent to a sub-additive weight if, and only if, w has
property
(Oéo) 4 dtg >0VA> 1Vt >ty

w(At) < ACiw(t).

The above condition should be compared with [25, page 19] and [23, lemma
1]. The Young conjugate of ¢ is defined by ¢*(x) = sup,-o{zy — ©(y)}.

Definition 1.2. Let w be a weight function and let € be an open set in RY.
We define,

Ew( Q) :={f )| fllgr< o0, for every K CCQ, and everyA > 0},

and
() :={f € C=(Q) : for every K CC Q, there exists \ > 0 such that

| f lxa< oo},

where o
.|
I £ = sup sup | £(z) | exp(-Ap"(H),
zeK aeNy

£ (2) is endowed with its natural Fréchet topology, while £,}(Q) is a
projective limit of (LB) spaces.

The elements of () (resp. £,}(£2)) are called w-ultradifferentiable
functions of Beurling (resp. Roumieu) type. We write &,(2), where x can

be either (w) or {w}.We put
D.(K)={f € £.(Q) :suppf C K}

and
D.(2) :=ind D.(Kj)

j—
where (K;),en denotes a fundamental sequence of compact sets of €2.

We mention that w(t) := [t|'/¢ (d > 1) are weight functions satisfying
property (ap) and that the corresponding Roumieu class is the Gevrey class
with exponent d.

From now on, the elements in &,(€2) will be, in general, real valued and we
will write £.(£2; C) for complex valued functions. We will denote by H(U)
the space of holomorphic functions on an open subset U C C and by A(R)
the space of real analytic functions.
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2. THE ONE VARIABLE CASE.

The aim of this section is to characterize, in terms of the weight function
w, the classes of ultradifferentiable functions on the real line which are
holomorphically closed. For some spaces of ultradifferentiable functions of
Beurling type, this was done by Bruna [9]. Petzsche and Vogt [25] showed
that this is the case for both the Beurling and the Roumieu case if the weight
function is (equivalent to a) sub-additive, using almost analytic extensions.

Our next proposition is an easy application of the Faa di Bruno formula.

Proposition 2.1. Let us assume that w satisfies (o) and let f,g € E.(R)
be given. Then f o g € E.(R). Moreover,

(1) In the case x = {w}: For every A > 0 and Cy; > 0 there exist
w >0 and Cy > 0 such that the condition || g ||k22< Cy implies
Ifogllxun< Coll fllguon -

(2) In the case x = (w): For every m € N and Cy > 0 there exist
¢ € N and Cy > 0 such that the condition || g ||xkm< Ci implies

| fogllam<Coll fllg).e -

Proof: We fix a compact subset K C R and we take A\ > 0 and C; > 0
such that

sup [g¥) (z)] < Cy exp(2X¢ (ﬁ)% j=0,1,....
reK

We apply the Faa di Bruno formula (see e.g. [17, 1.3.1]) to get
| / k1 (n) kn
M) = S ) g'(z) 9" (x)
(o0 ) =3 i Mt (A7) (2

where the sum is extended over all (ky, . .., k,,) such that k1 +2ks+. . .4nk, =
nand k:=Fk +...+ k,.

From the convexity of ¢* one easily gets that

exp(2Ap* (2]—)\)) < D, eXPM@W%))

ki 2" (35) | xet (351 \ P
(& 2\ e Py
_<1 ]! > 00" | Gy

Since w satisfies condition (cg) we can assume, without loss of general-
ity, that w is sub-additive ([25, 1.1]). In this case, the sequence a; :=
% exp(Ap* (1)) satisfies

and hence

g9 (x)
;!

a;ar < ajig (2.1)
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(see [13, Lemma 3.3]). Consequently

G) () |5 g (U228
'9_(56) g(chA)kje *

7! ((G =Dk
Since Z;-L:l(j — 1)k; = n — k we have, after applying 2.1 once again and
taking By := C1 D,

b o (258)
< (B») R

g9 (z)
;!

n

7j=1

for all z € K.
(a) The Roumieu case * = {w}.
We can assume A small enough so that

C :” f ||g(K),)\< +00.
Then

* n—k
Qe (nxh)

n! *(k
[(fog)™(z)] <CY kll...'knlew (A)(Bx)kw

n

<C(B)" ). kll.l?.!knle)w*(X)

— CB;\leNO*(@Qn*l,
using the fact that Y = = 2"" and " (%5%) + ¢*(§) < ¢*(%). We now
consider s € N such that (2B,)" < €™ and we take L > 1 as in («). Then,
for 1 := AL™° we obtain [14, 1.1.18]

W ) ~
A (5) + s < g (;)+NZLJ-
j=1

Hence
(fog)™(x)] < CyCe? )

for some Cy > 0 and for all x € K, n € N and we conclude that fog €
g{w}(R)'
(b) The Beurling case * = (w).
We fix m € N and we find ¢ € N and D,, such that
k -
Egp*(z) + klog B, < Dy, +me*(—)
for all k. Let us denote D :=|| f |, - Since |f®)(g(x))] < De%" (D) for
all z € K, k € Ny, we have (taking A = m in the estimates above)

k
m

n n! *(k e *(ank)
(fog)™ (@) <X 5t De D (Bn) 5

—k
k emap*("T)

B ! ok
< DePrm 37 e () !

< DCyem¢" Gt
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for all z € K, n € Ny (and for some Cy > 0 depending on m). Hence
foge g(w)(R). L]

The use of almost analytic extensions as in [25], gives a different proof
of the above Proposition in the Roumieu setting. With the same argument

we recover [25, 3.6].

Proposition 2.2. For a weight with the property (ay), the conditions f €
H(C) and g € E(R;C) imply fog e E(R;C).

Now we analyze the necessity of condition (ag). According to a theorem
of Mitiagin, Zelazko and Rolewicz [20] (see also [12]), a Fréchet algebra A
(over the field K of real or complex numbers) is locally m-convex if, and
only if, for every a € A and for every entire function ¢(z) = Y 7 c,2"
(with coefficients ¢, € K), the series >~ ¢,a™ converges in A. The next
argument is taken from [9].

Let us assume that the Fréchet algebra £)(R;C) is holomorphically
closed. Then, by [20], £.)(R;C) is a locally m-convex algebra. Therefore
we find a continuous multiplicative seminorm ¢, positive constants C, B, a
and k € N such that for each f € &£,)(R;C) and each m € N,

™l < Ca(f™) < Clg(N))™ < OB fli-a.ar)™

in particular, for f;(x) := €® the inequalities above imply that
exp(w(tm) —log(tm)) < CB™ exp(mkw(t)).

It easily follows that w satisfies («ay).

In order to get a similar result for the Roumieu classes we need a different
argument since, as shown in [31], there are (non metrizable) commutative
algebras in which all entire functions operate but which are not locally

multiplicative convex.

We observe that the Beurling class £, (RR; C) is contained in the Roumieu
class £(,3(R; C). Hence, the next proposition implies that the condition (o)
is necessary in order that the conditions h € H(C) and f € &.(R;C) imply
ho f € &(R;C), * being (w) or {w}.

For a test function ¢ € D,y (R) we put

Pk((p) .= Sup sup ’W(J)(t)’efkﬂ"*(%)
teR jENg

Proposition 2.3. Let w be a weight function and let us assume that, for
any h € H(Q) and f € E)(R;C), the condition f(R) C Q implies ho f €
Ery(R; C). Then, w satisfies condition (o).
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Proof: We fix an increasing sequence (t;), 0 < t; < tj41 < 1, and, for
each j € N we select 1; € D(y[t;,tj41], 0 < 1p; < 1, a test function which
is constant equal to 1 on a neighborhood of b; := $(t; + t;41).

Let us assume that w does not satisfy property (ag). Then, there are two
increasing sequences (k,) C N and (&,) C R such that

w(kngn) > n2

knw(&n) —
and &, is large enough so that > > e () < 1 and

Ze‘w(f")Pn(@bn) < +00.
n=1
We consider a,, := e ™) define f,(t) := a,e’~") n € N, and prove

that f := > ", fuths € D(y[0,1]. In fact, for any m € N there are C' > 0
and k£ € N such that

Since

Pu(fo) = |an| sup &, e " (B) < e~ (n=k)w(en)
Jj€Np
then

Z Po(futty) <C Z e~ (R E P (4

n=k+1 n=k+1

C’Z e “En P (1) < +o0.

n=k+1
This shows that the series >, f,1, converges to a function f € Dy, [0, 1]

and f(R) Cc D
By hypothesis,

Tf . H(D) — g{w}(R;C), h — h [©] f
is a well-defined continuous and linear map (by the closed graph theorem [15,
5.4.1]). Since B := {z*} is a bounded set in H(D) then T}(B) = {f* : k € N}
is a bounded set in £g,;3(R;C). Since f = f, in a neighborhood of b, we
have, for some p > 0,

supsupsup ()9 (by)le @ < 400,
neN keN jeN

which implies,

sup sup sup a” |, k| e” #() < 4oo.
neN keN jeN

As bokn&n) < supje (7108 kuél - w*@)) - we deduce

—nk,w(&,) + w( kn&n) <
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for some constant C' > 0 and for all n € N. This contradicts the selection

of (k,) and (&,). =

3. FROM ONE TO SEVERAL VARIABLES

In the previous section we have obtained a complete characterization of
those non-quasianalytic classes of ultradifferentiable functions which are
holomorphically closed in terms of the weight function, and have shown
that these classes are closed by composition. Now, we want to extend
this result for higher dimensions. One could try to compute the partial
derivatives of a composition of two functions. An explicit expression of the
partial derivatives of f o g for several variables, that is a multivariate Faa
di Bruno formula is given in [10]. However it seems too cumbersome. In
this section we provide a one-dimensional characterization of the classes
of ultradifferentiable functions of N variables, which should be compared
with [11, Theorem 1] and [21]. This permits us (in combination with tensor
product techniques) to analyze a composition f o (g1,...,gx), where f €
E.(R¥) and gy, ..., gr € E.(RY). Let us recall that, as shown independently
by Bochnak [4] and Siciak [28], a C* function that is real analytic on every
line must be real analytic.

We start with the following result which can be found in [30, p. 226].

Lemma 3.1. Let P(t) = Zajtj be a polynomial of degree less than or
=0
equal to n. Then,
nJ
‘Clj| < — max ’P(t)‘
gl —1<t<1

An induction argument gives

Lemma 3.2. Let P(z) = Z anx®, x € RN, be a homogeneous polynomial

la|=k
of degree k. Then

lao| < e max |P(x)].
llz|loo=1

Proof: We proceed by induction on the dimension N. For N = 1 this is
obvious. Let us assume that the lemma is true for homogeneous polynomials
on RN=1 N > 2.

Now we put = = (y,t) € RN "1 x R, a = (3, ), and
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We denote M := max,..—1 |P(z)| and we fix y € RV~! with ||y||e = 1.
For every —1 <t <1 we have

k

Y apyy )| <M,

J=018l=k—j

and we can apply Lemma 3.1 to get

> ey’ < Me*,

max
lylloc=1 .
|Bl=k—j

and the estimate holds for each 0 < j < k. Since szkﬁ. a(@j)yﬂ is a
homogeneous polynomial of degree k — j in N — 1 variables, we obtain by
hypothesis

lags )| < eFDNUAfER < Mt

and the proof is finished. =

In the next result f,,(t) ;== f(a +tv),t € R, and ||[v]|; := Z;VZI ;.

Proposition 3.3. Let f € D(RY) and B := {f,,: a € RN, ||v]|; = 1} be
given. Then f € D, (RY) (resp. f € Dy (RY)) if and only if

sup ||A|]—1,0 < +00 (3.2)
heB
for every A > 0 (resp. for some X > 0).

Proof: Let us assume f € D,(RY) and |f|x < oo, where

7l = sup sup |/ (@)} (5.
z€RN aeN}Y

We fix a € RY, [|v||; = 1 and we take ¢ := f,,. Then

N
(p(k) (t> = Z Uiy = 'vikDilmikf(a + tv)'

i yeoin=1
Hence
N
(& *(k w(k
™ ()] < | fla Z (g, - - 03, [ R = |y ) [Jol]F = [f]n D),
i1y =1
and

x(k
sup sup | (t)|e ) <[]
[t|<1 k€Ng

for every a € RY and v € RY with ||v]|; = 1.

Conversely, let us assume that B satisfies the condition (3.2). Given v =
(v1,...,v,) and @ = (g, ..., q,) we put v* := v{° - - v2". By assumption,
in the Beurling case, for each A there is M > 0 (there are A\, M in the
Roumieu case) such that
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sup Z 'UZl 0, Dy i fla+tv) e R < M
—1<t<1

.....

for all a € RY and v E RN with ||v||1 = 1. This means

sup | Z v —f (a+tv)| < M (%)
i< S

whenever a € RY and v € RY with ||v||; = 1 in particular, taking ¢ = 0,

sup | Zv —f(a )| < MM (3,
||U||1 1 ‘ | k

Since P(v) := 37, —4 V" E f®(a) is a homogeneous polynomial of degree k
in RV, an application of the Lemma 3.2 yields

9 (@)] < Y NE L D)
for a € RY and |a| = k. We put A = uL?N for the constant L > 1 as in
(). As in the proof of 2.1 , it follows that [14, 1.1.18]

Lo
sup sup |f @ (x)le " G < oo.m
z€RN aeNYY

Corollary 3.4. Let us assume that w satisfies () and let be given real-
valued functions f € E.(R) and g € EL(RYN). Then fog e E(RY).

Proof: We fix x € D,(RY) and we consider f o (yg) — f(0) € D(RY).

The proposition above implies that {(xg)aw : @ € RN, |||, = 1} is
a bounded set in &,(R) and then, the proof of Proposition 2.1 gives that
{(foxg)aw: a € RV, |Jv||; = 1} is a bounded set in &,(R). Applying again
the previous proposition we conclude that f o (xg) — f(0) € D.(RY). Since
x is arbitrary we deduce that fog € £, (RY). u

Proposition 3.5. Let w be a weight function satisfying (ap), let f € E.(RF)

and real valued functions gy, . .., gr € E«(RY) be given. Then fo(gy,...,gr) €
E.(RM).

Proof: For every 1 < j < k we consider the linear and continuous
operator
Cj: E(R) = E(RY), ¢ — pogy;.
Let B denote the k—linear and continuous map
B:ERY) x - x E(RY) — ERY), B(thr, ..., ) =1+,
and A : E(RY) @, -+ @, EL(RY) — E,(RY) the induced map. Then,

S:=Ao(C;®--+®Cy) is a continuous and linear map

S:EMR) @y - Rr E(R) — E(RY).
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Moreover, for f = p; ® -+ - ® ¢ we have

S(f)(@) =A(C1p1 @ -+ @ Crgpr) (x)
= ©1(g1(x)) - - - pr(gr(2))
= f((g1(2), ..., gu(x)).

Since &,(R)®;. . M ®,&,(R) is a topological vector dense subspace of &, (R¥),
8, 8.1] we may extend S as a continuous and linear map S : &£,(RF) —

E.(RYN), and since each f € &,(R¥) can be approximated by elements in
E(R)®y ... @, E(R), we have that S(f) = fo (g1,...,9x). In particular
O

/ (91,---,gk) € £,(RY), as desired. =

Corollary 3.6. Let w be a weight function satisfying (cg). Let Q@ C RY
be open. Let qr,..., g € E.(Q) be real valued functions such that g =
(g1,-..,9%) satisfies g(Q) C U and U C R¥ is open. Then fo(gi,...,qx) €
E.(Q) for each f € E.(U).

Proof: Fix zy € Q and take ¢ € D,(Q2) identically 1 on a neighborhood
of zy. Let x € D,(U) be identically 1 on a neighborhood of g(x¢). As we have
seen, h = (x)o(1g) € E.(RY). Since h and fog coincide on a neighborhood

of xg, the conclusion follows. =

Corollary 3.7. Letw and o be two weights such that/ w(it) dt =0O(o(s))
1

as s — oc. If f € Ey(RF) (resp. Ey(RY)) and g1, ..., gp € E(RY) (resp.
Eioy(RY)) then fo(gi,. .., gr) € Ew(RY) (resp. Ey(RY)).

Proof: We put

7(s) == /100 w(tjt>dt = s/:o %dt.

Then, 7 is a sub-additive weight function and w < 7 = O(0). The conclusion

follows. m

Summarizing all the previous results we obtain

Theorem 3.8. Let w be a weight function. The following conditions are

equivalent:

(1) w satisfies condition ().

(2) For each g = (g1,-..,9x) : Q@ CRY — R* such that g; € E.(Q) and
g(Q) C U C R* and for each f € E.(U), one has f o g € E.(Q).

(3) For every g € E(R) and f € H(2), @ C C open, the condition
g(R) C Q implies f o g € E.(R).
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4. THE NON-LINEAR SUPERPOSITION OPERATOR

In this section we will show that whenever composition is defined (in the

frame of ultradifferentiable functions) the non-linear superposition operator
E«— &, g—fog

is continuous. Some differentiability properties are also studied. From now
on we will assume that w satisfies («ay).

The next Lemma follows easily from the estimates in the previous sec-
tions. Here (K,,) denotes a fundamental sequence of compact sets in RY,
pn =1 - || k,n, which is a fundamental sequence of seminorms in &,y (R")

and (g,) is a fixed fundamental sequence of seminorms in &£¢,)(RR).

Lemma 4.1. For all k there is m such that for each C there exists £ so that
if f € Ew(R) and g € S(W)(]RN) satisfies pm(g) < Cy, then pr(fog) < qu(f).

Proposition 4.2. The map
5(w)(Rk) X (5(w)(RN))k — g(w)(RN)
(fvgla"'7gk> - fo(g177"'7gk)
18 continuous.

Proof: Without loss of generality we assume that f is real valued. Fix
a compact convex subset K in &) (RY). By the continuity of the product
in £)(RY), given L € N we find r such that

pL<h1 te hk) < pr(hl) o pr(hk)

For this r we take m as in Lemma 4.1 and C} := maxpecpm(h). Applying
again the Lemma 4.1 we find ¢ with

pr(foh) <p(f), Vh e K.

Let g :== (g1,...,9%) € K¥ and fi,... fx € Ew)(R) be given and put f =
fi®--®fi e S(W)(]Rk). Then fog=(fiog) - (frogr) hence

pr(fog) <p(fiog) - p(fuogr) < alfi) - q(fr)

Define C : £y (R) @M - - £y (R) — Ey(RY) by Cy(f) = fog. Cyis a
linear map and by the estimates above, it is continuous. In fact, the family
{C, : g € KF} is equicontinuous. Since &) (R) @ --- &, (R) is a dense
subspace of &, (R¥), we conclude that {C, : g € KF} is also equicontinuous
as a family of operators from &) (R¥) to &) (RY), that is, if (ry), is a
fundamental sequence of seminorms in &, (R*) for each m there is ¢ so
that

pm(fog) <relf)
for each g € K.
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We take g := (g1,...,9k), h:= (h1,..., hx) € K, then

Flo(@) — Fha) = S (g5(x) — hy(a)) - / (D f o ) (a)dt

Jj=1

where a;(z) = h(x) + t(g(x) — h(x)) € K* for each 0 < t < 1. We easily
deduce that for each L there is m:

pr(fog—foh) <3N pulgi(x) — hi(@)) - [} pm(D;f 0 cr)dt

< Y5 (D )pm(gs — hy).

Therefore, for a fix compact £ in & (R¥) there is M so that fi, fo € £ and
g, h € KF implies

pr(fiog—faoh) <pr(fiog—fioh)+p((fi — fo)oh) <

M Y5 pmlg; = hy) +re(fr = fo)-

The proof is complete since £ (R¥) x () (RY))" is metrizable.

Next we analyze the Roumieu case.

Lemma 4.3. Let B be a bounded set in Eg,y(RY). For each continuous
seminorm p in Egy(RY) there is a continuous seminorm q in gy (R) such
that p(f o g) < q(f) for every f € Ey(R) and each g € B.

Proof. For a fix L cC RY define L :== {a+v :a € L,|| v |= 1}.
Since B is bounded in &,y (RY) there is a compact set K in R such that
U{g(L) : g € B} € K. The set C == {gan : g € Bya € L, || v |1= 1} is a
bounded set in £y (R). We define Cy () := sup{|| A ||[-1,1,21: h € C} which
is finite if A is small enough (0 < A < \g). Using Proposition 2.1 we find
C2(X) and p(A) such that

| fohli—1.00= CoA) || f llnqeripa< Co(N) || f |lxox

for all h € C; that is, for every g € B, every a € L and || v ||= 1 we have

(o 9ap 1000 CoA) || F Ik -
Therefore, it follows from (the proof of) Proposition 2.3 that there are r(\)
and C5(\) satisfying
| (fog) llLron< Cs(N)supaer joj=1 | (f © 9aw =100 C) || f s

(0 < A < Ng) where C'(A) = C1(N)C2(A), and the inequality holds for
arbitrary f € &3(R) and g € B. Moreover the map A — 7()) is an
increasing bijection from |0, oo[ onto itself.
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Now, given a continuous seminorm in E{W}(RN ) there exists a compact set
L in R¥ such that p is a continuous seminorm in E1wy (L) and consequently,

p < inf, M, || ||2,(1/n) for some sequence (M,),. It suffices to take
q = inf, M,C'(1/n) || | x1/n

to conclude.

Theorem 4.4. For each [ € S{W}(R’“) the non-linear superposition operator

Tf : (5{w}(RN))k —>8{W}(RN>7 (gla"‘agk) - fo(glw"'7gk>

18 continuous.

Proof. Using Lemma 4.3 we may show as in the proof of Proposition 4.2
that Ty maps bounded sets into bounded sets. On the other hand, it is easy
to see that Ty is continuous if and only if Ty : (D (RV))* — &y (RY) is
continuous. Since Dy,y(RY) is an LN— space with compact linking maps
(also called Silva space), by [24, 8.5.28] it is enough to see that T restricted
to (D} (RY))F is sequentially continuous. This follows from the fact that
bounded sets are compact and that the non-linear operator is continuous in
the C*-setting.m

Once we have seen that the composition operator is continuous whenever
it is well defined, we would like to study differentiability properties of the
operator. Unfortunately, it seems that a satisfactory differential calculus
stops at the level of Banach spaces. For instance, as it is stated in [18] ”if
one looks for infinitely often differentiable mappings, then one ends up with
6 inequivalent notions..” We will consider smooth mappings, that is

Definition 4.5. ([18]) Let E be a locally convex space. A curve ¢:R — E
is called differentiable if the derivative (t) := lim, o L(c(t + s) — c(t)) at
t exists for all t. A curve ¢ : R — E s called smooth if all the iterated
derwatives exist. If F' is another locally convex space, a map f: E — F is

called smooth if it maps smooth curves in E to smooth curves in F.

As Boman [5] showed, the smooth mappings on RY in the previous sense

are exactly the usual smooth mappings.

Proposition 4.6. Let f € E,(R) be given. The map
Ty ERY) = ERY), g— foyg
18 smooth.

Proof: We put E := £,(RY) and we fix a € C*(R, E). We will proceed
by induction on n to show that 7y o a € C"™(R, E) and
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! )\ ™ ™)\

() () _ n: (k) o'(t) o' (1)

(Ty o a) (t)_Z—kl!mkn!(f oa(t))( 1 S .
(4.3)

Let us assume n = 1 and let 5(t) = foa(t). Given s,t € R (s # t) we note

that, Propositions 4.2 and 4.4, £ — f o ((a(t) + (1 —&)a(s)) is a continuous

function from [0, 1] to E. Consider the vector valued integral

uy = / f'o (alt) + (1 — E)als))de € E.
Since A(t)(x) — B(s)(x) = Fla(t)(@)) — F(a(s)(@)) = (a(t)(z) — als)(x)) -

us(z) then
pt) = B(s) _ alt) —als)

= - Ug.
t—s t—s

Since for each continuous seminorm p in E,

plus = froa(t)) < /0 P(f o (Sa(t) + (1 = a(s)) — fla(t))de,
goes to zero as s — t, we conclude

tim PO =) _ o ey,

s—t t—s
with convergence in the topology of E. Hence the statement is proved for
n = 1. Let us now assume that 4.3 holds for derivatives of order less than
or equal to n. After replacing f by f*), we have already proved that the
function R — E, t — f® oa(t) has derivative (f**Yoa(t))a/(t). It follows
from 4.3 that ® : ¢t — (T} o )™ (¢) is derivable. In order to evaluate the
derivative we fix r € RY and we put v : R — R, v(¢) := (0., a(t)) = a(t)(z).
We now observe that

(5. 2(0)) = ¥ e /O G0) (20) " (250"

= (fom)™(t).

Finally, an application of Faa di Bruno formula gives 4.3 for n + 1. =

If the composition operator is defined by a real analytic function we may
expect a better behavior.

Definition 4.7. ([18]) Let E be a locally convex space. A curve a: R — E
1s called weakly real analytic or simply real analytic if uwo« is a real analytic
function for every u € E', and we write o € AR, E).

A curve a : R — FE s called topologically real analytic, and we write
a € AR, E), if for every t € R there are ¢ > 0 and a; € E such that

a(s) = > 2 gaj(s —t)! for |s —t| < e and the series converges in E.
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If F is another locally convex space, a map f : E — F is called (topo-
logically) real analytic if it maps (topologically) real analytic curves in E to

(topologically) real analytic curves in F.

In the next lemma we do not assume that the class £,(R) is closed by

composition.

Lemma 4.8. Let f € A(R) (resp. f € H(C)) be given and we consider
¢ : R — E(R) gwen by ¢(t) := f(-+1t). Then ¢ € AR, E(R))(resp. ¢ €
A:(R, E.(R))).

Proof: Fix p € E.(R) and denote K := suppu. For some € > 0 the
function f admits an holomorphic extension to the open set €. := {z €
C | d(z,K) < €. We fix 0 < 6 < §. Then, for every |z| < §, f(- +
z) € H>™(Qs) and the series Y~ %z" converges to f(-+ z) in H> ().
Consequently, U := Qs N R satisfies K C U and ! (:;)!(')t” converges to
f(-+1) in E)(U) for every [t| < 4. From where it follows

= (u, f™)
n!

(n,o(t)) = 3 YTy

n=0

for |t|] < 6. The same argument shows that p o ¢(t) is real-analytic in a
neighborhood of any point.

If f is an entire function, we already know that ¢ is weakly analytic, and
from the Cauchy inequalities it is easy to see that for every compact interval

I'in R and every continuous seminorm ¢ in & (R) and each m € N we have

) (¢
sup sup M < 00,
tel jeN JlmJ
and we use [7, Prop. 10] to conclude. In the Roumieu case, we have that
Ew)(R) — &y (R) continuously and continuous linear operators are topo-

logically real analytic . m

Proposition 4.9. Let f € A(R) be given and assume that E.(R) is closed
by composition. Then, the map
Ty E(RY) = E(RY) , g— foyg

is real-analytic. If f is an entire function, then Ty is topologically real

analytic.

Proof: Put £ := &,)(RY) and fix a € A(R, E). We have to show that
B :=Troa € AR, E). We already proved that § € C*(R, E) and for every
continuous seminorm p in F) there is a continuous seminorm ¢ in F such
that

n! o M o) i
p(BI0) <) kl!..'. kn!q(f(k) °alt) (Q( 1!@)) <q< n!(t))) '
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We denote v,,(j) := W and we fix a compact interval I C R. We apply [7,
Prop. 10] to find m € N (which depends on ¢ in the weakly analytic case
and which does not depend on ¢ if a topologically real analytic) with the
property
supsup 2@ @)
tel jeN J!
Since {a(t) : t € I} is a bounded set in E, by Lemmas 4.1 or 4.3 there is a

continuous seminorm 7 on E such that

g(fM oa(t)) <r(f*)

for all k € N and ¢t € I. We apply Lemma 4.8 (since ¢ (0) = f™) and [7,
Prop. 10] to find m large enough so that

sup r(f®)
ken k!

v (j) < C < +00.

(k) < D < 400.
Here m is independent of r if f is entire. Hence, for every t € I, we have

p(B™(t)) < Z T Dmkk')(C'm)k1 o (Cmm)kn

n! k
— 1k,
_Dzkll...kn!m pCTm

Here we used that k1 + ...+ k, =k and k; + ... + nk, = n. Consequently
(n) !
(B (t))vm(n) <DY kll...'kn!(mc)k

n!

< D(2mC)".
We finally take £ € N, £ > 2m?C and we obtain

() (¢
Sup sup Mve(n) < D,
tel neN n!

where ¢ depends on the seminorm if o € A(R, F) and f is real-analytic,
whereas £ is independent on the seminorm in case « € Ay(R, E) anf f is an
entire function. We apply again [7, Prop. 10] to finish the proof. a
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