PSEUDODIFFERENTIAL OPERATORS ON NON
QUASIANALYTIC CLASSES OF BEURLING TYPE
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ABSTRACT. In this paper we introduce pseudodifferential operators (of
infinite order) in the frame of non quasianalytic classes of Beurling type.

We prove that such an operator with (distributional) kernel in a given

Beurling class DEw) is pseudo-local and can be locally decomposed, mod-

ulo a smoothing operator, as the composition of a pseudodifferential
operator of finite order and an ultradifferential operator with constant

coefficients in the sense of Komatsu, both of them with kernel in the

same class Dzw). We also develop the corresponding symbolic calculus.

0. INTRODUCTION.

The theory of pseudodifferential operators grew out of the study of singu-
lar integral operators, and developed after 1965 with the systematic studies
of Kohn-Nirenberg [18], Hérmander [14] and others.

The study of several problems in classes of (non-quasianalytic) ultradif-
ferentiable functions has received also recently much attention. These are
intermediate classes between real analytic functions and the class of all
C>-functions. There are essentially two ways to introduce them, the the-
ory of Komatsu [16], in which one looks at the growth of the derivatives
on compact sets, and the theory developed by Bjork [2] in 1966, following
the ideas previously announced by Beurling, in which one pays attention to
the growth of the Fourier transforms. We will work with ultradifferentiable
functions as defined by Braun, Meise and Taylor [8]. Their point of view
permits a unified treatment of both theories, contains the most relevant
cases of Komatsu’s theory and it is strictly larger than Beurling-Bjork’s
one.

Pseudodifferential operators (of finite or infinite order) on Gevrey classes
have been extensively studied by many authors ([5], [6], [15], [20], [25] among
others). We refer to [23] for an excellent introduction to this topic. For
more general classes of ultradifferentiable functions, following the approach

of Komatsu, we refer to [21]. All of them deal with spaces of Roumieu type.
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These are spaces with a topological structure similar to that of the space of
real analytic functions.

The purpose of this paper is to introduce pseudodifferential operators
(p.d.o.) in the frame of ultradifferentiable functions of Beurling type, that
is, spaces whose topology looks like the one of C'*°. Our aim is to estab-
lish the basic theory in order to be able to face in the future topics like
for instance hypoellipticity, Fourier integral operators, etc. As in [9] the
pseudodifferential operators of (w)-class are defined as limits of operators
with kernel in &,)(£2 x ). With this point of view, it is immediate that
the class of pseudodifferential operators is closed under taking adjoints and
that every p.d.o. of (w)-class admits a continuous and linear extension
A& (Q) — D, (). We prove that such an operator shrinks (w)-singular
supports (theorem 2.18). Many operators are pseudodifferential operators
according to our definition. In particular, we mention the linear partial dif-
ferential operators with variable coefficients in a suitable class of functions,
the (w)-smoothing operators and the ultradifferential operators in the sense
of Komatsu. The convolution operator with an elementary solution of a
given elliptic ultradifferential operator with constant coefficients is also a
pseudodifferential operator. However not every convolution operator is a
p.d.o.

Since the class of p.d.o. has to be also closed under products of operators,
and we need to express this property in terms of the symbols, we develop
the symbolic calculus.

The class of pseudodifferential operators of (w)-class contains the (w)-
smoothing operators, operators of finite order and ultradifferential operators
of (w)-class, and, as a consequence of 2.14 and 3.13, every pseudodifferential
operator of (w)-class can be locally expressed, up to a (w)-smoothing op-
erator, as the composition of an ultradifferential operator of (w)-class with
constant coefficients and a p.d.o. of (w)-class and finite order. As far as we
know there is no similar result in the Gevrey (Roumieu) setting.

1. NOTATION AND PRELIMINARIES

In this section we introduce the classes of functions, the classes of ampli-

tudes/symbols and we establish some preliminary lemmata.

Definition 1.1. ([8]) A weight function is an increasing continuous func-
tion w : [0, co[— [0, co[ with the following properties:

(a) there exists L > 0 with w(2t) < L(w(t) + 1) for allt >0,

(B) [ <dt < oo,

(v) log(t) = o(w(t)) as t tends to oo,



(6) ¢t — w(e') is conver.

For z € C? we put w(z) := w(|z|), where |z| := sup |z|.

The Young conjugate ¢* : [0,00[— R of ¢ is given by ¢*(s) := sup{st —
©(t),t > 0}. Here ¢ is related to w via point (J) of Definition 1.1.

There is no loss of generality to assume that w vanishes on [0, 1]. Then ¢*
has only non-negative values, it is convex, ¢*(t)/t is increasing and tends
to oo as t — oo and ™ = . We refer to [8] for properties of p*. Moreover,
we assume that logt < w(t) for all ¢t > 0.

Definition 1.2. ([8]) Letw be a weight function. For an open set Q2 C RP we
let Ey(Q) == {f € C®°(Q) : |flka <00 for every X >0, and every

laf

K CQ compact}, where [ f|k \ == sup,ex SUPqen? ’f(a)(xﬂexp(—)\@(?))-

£ () carries the metric locally convex topology given by the sequence
of seminorms | f|g, »,, where (/) is any compact exhaustion of Q2 and (A,,)

is any increasing and unbounded sequence of positive numbers.

By D, (K), K C Q compact, we denote the collection of all those f €
Ew(Q)ND(K). For f € D, (K) we put |f|x := |f|x. Then D, () =
ind, D (K,), where (K,,) is any compact exhaustion of 2. The elements of
D, (£) are called ultradistributions of Beurling type.

The space Dy, ) (RP) is the set of all C*-functions f on RP such that
| f ll1.n< oo for each n € N, where

o

1 f hni= sup || f) (|, exp(=ng® (7))

aeNy n
The inclusions D) (RP) C Dy, ) (RP) C &) (RP) are continuous and
have dense range.

We start with some elementary, but useful, properties of ¢* that follow
from the convexity of ¢* and the fact that ¢*(0) = 0.

Lemma 1.3. (1) For every A, s,t > 0 we have
s+t S t s+t
2t (D) <2ty 1 ae (D) < (U

(2) Let L € N be such that w(et) < L(1+w(t)). Then
k
kt+ L") < @' () + ) L
j=1

forallt >0 and k € N.
Let L € N be such that w(et) < L(1+w(t)). Then |a|+nLgp*(%) <nL+

|a]

ngp*(%) Therefore, if gxn(f) := SUP,ex SUPaere e 1| f1@)(z) |exp(—np* (12))
then

axn(f) <|flxn < € qrnr(f)
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from where it follows that the topology of £, (£2) can also be described by
the system of seminorms {qx,}.

Lemma 1.4. For everyn,k € N and t > 1 we have
(1) th < ene (D enw(®)

(2) infjen, i ke () < e hw(t)Hlogt,

The following result permits us to split R into intervals in which the
infimum in 1.4 is attained in a finite set.

Lemma 1.5. Fiz k, N € N and assume —gp (%) < logt < N+1‘p (N 1)
Then

(1) mln[)SJSN t_jekw*(%) S e—kw(t)—‘rlogt;

(2) t_Ne2k‘P*(%) < e—kw(t)—&—logt.

N2

Proof: (1) Since @*t(t
%gp*(%) (and, consequently, t=7¢**"(£) > 1) for every j > N + 1. Now the
conclusion follows from lemma 1.4.

(2) We already know that t~M-Deke" (%) < e—kw®Flogt for some | =
0,1,...,N (1.4). Then, using that ¥¢*(1) < logt, we obtain
N2kt (B < = (N0l ohe (VD) ke (L)
< efkw( )+logt'

is an increasing function, we have that logt <

The definition of symbol in [13, 23, 25] motivates our next definition.
As we will check in 2.11, for the limit case w(t) = log(1 + t) we recover
the symbols in [13] whereas for the Gevrey weights w(t) = t4, 0 < d < 1,
our definition is what can be reasonably expected if one translates to the
Beurling setting the definition of symbol of Gevrey class (Roumieu setting)
which is in [23, 25]. The introduction of symbols of type (p,d) perhaps
makes 'uncomfortable’ the reading of the paper but it seems convenient for

the construction of parametrices of hypoelliptic operators. See proposition
2.12.

Definition 1.6. Let 2 be an open set im RP, 0 < d < p <1, d:=p—9
and let us assume that w(t) = o(t?) as t — oco. An amplitude in S)'s*(S2)
is a function a(x,y,&) in C(2 x Q x RP) such that for every compact set

Q C QxQ there are R > 1 and a sequence C,, > 0, n € N, with the property
’DQD"{Dﬁ (:U v, 5), < C e(p 8)np* (\a+ﬁ+~/\) mw(@(l + ‘€|>|a+7|6—|ﬂ|p (*)

for every n € N, (,) € Q, log((£) > (),
For |B] = 0 the estimate holds for every £ € RP.

In the case a(z,y,&) = p(x,§), the function p(x,&) is usually called a
symbol.
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Since ¢* is convex, we may take the estimate elp=0mer (122 +(o—0)ne™ (1)

instead of e(P=Ome" (5 iy (%) (see lemma 1.3).

Some examples will be given in 2.11.

Remark 1.7. We would like to make some comments on the requirement
w(t) = o(t?) in the definition of amplitude.

(1) If p =1 and ¢ = 0, this does not mean any restriction on the weight
function w. For other values of p and/or §, this extra assumption means
that £.,(£2) contains, as a continuously and densely embedded subspace,
the Gevrey class '@} (Q) and it ensures that j! = O(e(p_‘s)’“"*(%)) as j goes
to infinity for every n € N. As it is shown in [22], if w is a weight function
for which an extension of the classical Borel’s theorem holds, then &,(£2)
contains I'*}(Q2) for some s > 1.

(2) If w(t) = (log(1 +t))*, s > 1, for t big enough then w(t) = o(t9) for
every 0 < d < 1, whereas if w(t) = t(logt)™ (a > 1), then &, (€2) does not

contain any Gevrey class.

Lemma 1.8. Let a(,y,&) be an amplitude in S75°(Q). Then for every
compact set () C €2 x Q there exists a sequence C,, > 0, n € N, such that

oy < O p=0ne* (121 (p=8)ne* (1) ¢16la+r] mw(©)
|Dz Dja(z,y,£)| < Che e [§17 e
for every (z,y) € Q and |£| > 1.

Proof: We put B := (25)(5) and we take k € N with B < e* and L € N
such that w(et) < L(1 + w(t)) for all ¢ > 0. Finally we fix n € N and we
take ¢ := 2nLF. According to definition 1.6 there is C' > 0 such that, for all
(z,y) € Q and || > 1 we have

la47|

|D§D;a(:p, y, )| < Ce(p—é)éso*(T)(2|§|)6la+wlemw(£)_
An application of lemma 1.3 gives k|a + | + égp*(@) <A+ ngp*(%) +
ngo*(%) for some constant A > 0. Since 2010+ < eklp=dletl e conclude
that

|DEDYa(z, y, €)| < CeAe(H)mp*(%)e(pﬂs)n«p%%)| g |Blotlgma(e)
n
Proposition 1.9. Let a(z,y,§) be an amplitude in S5 (Q) and let f €

D(.)(2) be given. For every compact set K C § and n,\ € N there is a
constant C' > 0 such that

!/Dia(w,y,ﬁ)f(y)e‘iygdyl < Ce @ ene (5

for every x € K, £ € RP. Moreover, a similar estimate holds if we replace
the amplitude a(x,y,&) by the function b(x,y,§) = a(x,y, )e™s.



Proof: For every s,n € N there is C' > 0 such that
ayy < Celp=9)sne* (2) L (p=0)sne (L) | £ 6latr| ymuw(€)
|Dg Dja(z,y,§)| < Ce e ]

for every x € K, y € suppf and |£] > 1.

( ) is an increasing function we get (p—4)sne* (la‘) (p—5)ng0*(‘f‘b—|).

From 1.4 we deduce |£]lele=0me” (D) < endwt® , from where it follows

Since £

D2 Dla(x, y, &)| < Cerme (W) elo=9sme (50 ¢ dbl glmina)e(€)

for every x € K, y € suppf and [£] > 1.
We now fix € € RP, |£] > 1, and we take 1 < k < p with [£| = |&]|. For
every 7 € N we have, after integrating by parts,

/Dﬁa(%y,f)f( Wy = —/ a(z,y, &) f(y))e ¥ dy.

Hence, for every j, s € N, we have, for some constant C' which only depends

on n, s and on the Lebesgue measure of the support of f,
| [ Dga(a,y, ) f(y)e ¥ dy| <

Jj— l

C|f|5nepn¢*(%)e(m+n6)w(§) Jj (j) (p=8)sme* () gsme* (4

=0 ) T
Let us consider the natural number N such that
sn N €] sn N+1
—of(—) <1 < * )
N7 (sn) - Og(2l/(P—5 ) N + 17 ( sn )

sn *(

Then, for every [ < j < N, we have ei—1¥

sn) S eﬁv*(g) S
!

sng

. (] l s <js;> esnw*(%) p—
env o) < 1, which implies, since 0 < p—d < 1, — < :

lg[a -t
and

) et ()

e T P
(see lemma 1.3). We finally deduce

| [ D2a(z,y,&) f(y)e ¥ dy| <

elp=8)sne™ (35) gsne™ (17 ) (p—9)

. . sno* (L _
lflelor st (2 54y () (<52~

ntm)w laly f esne™ () \ (p—8)
< O f|snelrtme@en (U(m)
217(r=9)

for every j < N. It follows from lemma 1.5 that
| [ Dia(z,y,&)f(y)e * dy| <

O e h) g (1) (=81t ) ion )

Now it suffices to choose s large enough. The corresponding estimate for
the function b(x,y, &) can be deduced with a similar argument. =



2. PSEUDODIFFERENTIAL OPERATORS

In this section we define pseudodifferential operators on non-quasianalytic
classes of Beurling type. Our approach is as in [9], that is, pseudodifferen-
tial operators on D(,(€2) are obtained as limits of operators with kernels in
£y (2 x Q). We examine several examples showing that the class of pseudo-
differential operators contains enough elements and we show that they are
pseudolocal.

It is easy to see from the definition of amplitude that {a(.,.,&);|¢| < T}
is a bounded set in &,)(£2x 2) for every T' > 0, from where we easily deduce

the following

Lemma 2.1. Let a(x,y,§) be an amplitude in S)'°(Q) and let W € D, (RP)
be given. Then
GJK@w;af@ygwxww@mgwmwwswmxﬁx
(2) B:D)(Q) — Ew)(Q), B(f)(z) := [ K(z,y)[f(y)dy, is a continuous

and linear operator.

Let ¥ € D, (R?) be a test function such that V() = 1 for |{| < 1 and
V(&) =0 for [£] > 2. We put

(Asf)(x //“xyglxﬁﬂ><&mw¢

Theorem 2.2. Let a(z,y,§) be an amplitude in S5 (). Then
(1) For every f € D(2) there exists A(f) := Ewy(Q) — lims_oy As(f)
and
A Dyy)(R2) = Eu)(Q2)
18 a continuous and linear operator,

2) (Af)(x) = [ ([ alz,y, e f(y)dy)de.

Proof: (1) We fix a compact set K C © and n € N. We put

f@@yz/@@w@ﬁ@wmﬂmw
and we apply proposition 1.9 to get a constant C' > 0 such that
D3 (€)™ (5 < Cet®

for every z € K, o € Njj and ¢ € RP.
Then, for 0 < 2 < §; < 1 we can estimate

arn(As [ — As, f) < Ofl&lzﬁ e O|W(8:€) — W(02€)]dE

from where it follows that there exists the limit A(f) := &) (Q)—lims_o4 As(f).
An application of the uniform boundedness principle gives the continuity of
A Dy () = Ew) (),
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(2) We observe that

(Af)(x) = lm [ ( / alz, . €) f(y)e Vedy)

n—oo

§

n

)de.

Since for every k € N there is C' > 0 such that | [ a(z,y,&)f(y)e % dy| <
Ce & for every ¢ € RP, we can apply the Dominated Convergence The-
orem to conclude that (Af)(z) = [ ( [ a(z,y, e’ @ Ve f(y)dy)dE. =

Definition 2.3. The operator A : Dy,y(2) — Ew,)() introduced in the
theorem 2.2 is called pseudodifferential operator of (w)-class associated to

the amplitude a(zx,y,§).

In the case a(zx, y, &) = p(z, ) the pseudodifferential operator A is denoted
by P(z, D) and we have

P(z,D)f = / P, ) f(€)de

for every f € Dy (). It is clear that the expression above makes sense for

J € D)(RP), and even for a wider class of functions.

Proposition 2.4. The operator P(x, D) associated to a symbol p(x,&) in
S73°(Q) can be extended to Dy, () (RP) and the extension is linear and con-

tinuous taking values in Ey,)(£2).

Proof: Given f € Dy, )(R?) and k € N , its Fourier transform satisfies

sup [ £(£)]e* S < C || f llirsa
€ERP

for some constant C' depending only on the weight w (see [12, 1.1.23]).
Hence, the integral above is convergent also for f € Dp, ()(RP). Thus
P(x, D) can be extended to Dr, (,)(RP), and the extension is linear.

Given a compact subset K of Q and o € Nb,

5P DI < 30 () [ IDPHOIDE bl )l

BLa

As in 1.9, there is a sequence of constants (C),) such that
IDIp(a, €)| < Clpem®” (RD) elmtnd)w(©)

for every multi-index 7, each x € K and £ € RP. Moreover, we deduce from
the properties of ¢* that

5 1 n+m)w ne* 18
Suﬂg |Dﬁf(§)|€( () <C| D’Gf ||1,n+m+1§ clf ||1,2n+2m+2 e (),
c
Therefore,

Gicn(P(w, D) f) < CCy || f ll1anpamso /e—w@)dg,

for n large enough, which finishes the proof. =
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Theorem 2.5. The pseudodifferential operator A associated to an ampli-
tude a(z, y,§) in 575" (1) admits a continuous and linear extension &, (1) —
Dgw)(Q).

Proof: We consider b(z,y,§) = a(y,x,—§), which is an amplitude in
S75°(Q), and we denote by B : D(,)(Q2) — &)(€2) the associated pseu-
dodifferential operator. To conclude we only have to show that the trans-
posed operator B! of B is the desired extension of A. To do this, we put
(Bsf)(z) == [ [b(x,y,&)e @ f(y)U(6)dydE. Then it is easy to prove
that [ p(Bs®) = [(Ase)® and an application of Theorem 2.2(i) gives the

conclusion. =

Corollary 2.6. Let A : D, (2) — Ew)(Q) be the pseudodifferential op-
erator with amplitude a(z,y,§). Then A'lp () @ Dw)(Q) — Ew)(Q) is a
pseudodifferential operator with amplitude a(y, x,—¢§).

Theorem 2.7. The extension P(x, D) : Ew) (1) = D, () of the pseudo-

differential operator P(z, D) is given by
< Pla. D >= [ (€)( [ e*pla,v(w)ds)de.

Proof: Since < P(z,D)p, ¢ >= [ ¢(&)( [ e™*p(z, &)y (x)dx)dE for every
¢, € D,y(Q), we only have to prove that P(z, D) : Eby () — D, (Q)
is a well defined, continuous and linear operator. To do this we first fix
1€ &,(Q) and we let B be a bounded set in Dy, (€2). By the Paley-
Wiener theorem ([8, 7.4]) there are constants A > 0 and D > 0 such
that |f(€)] < De® for every £ € RP. Now we take k := A + 1 and we
apply (the proof of) Proposition 1.9 to find a constant C' > 0 such that
| [ ep(x, E)p(x)dx| < Ce ™ © for every ¢ € B. Then we have

() / € p(z, €)1 (x)d)| < CDe©),

from where it follows that P(x, D)u : D(,)(€2) — C is bounded on bounded

D /

sets and, consequently, P(x, D)y € D(w)(Q). Moreover the estimates just
obtained also show that P(x, D) : () — D, (2) transforms bounded
/

sets of &, (€2) into weakly bounded sets in D{,(£2) and we conclude that

P(z, D) is continuous. =

The correspondence between amplitudes and operators is not one-to-one,
that is, two different amplitudes may define the same operator (see example
2.11(4) below). The situation is much better for symbols.

Corollary 2.8. Let p(x,§) and q(x,§) be symbols in S)';*(RP) defining the
same pseudodifferential operator. Then p(z,§) = q(x, §).
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Proof: We put r(z,&) := p(z,§) —q(z,§) and we will show that r(z,§) =
0. By hypothesis R(z, D) is the null operator and hence < R(x, D)d,, 1 >=
0 for every y € RP and ¥ € D, (RP). For a fixed 1 € D,(2) we take
I1(¢) == [e"r(z,§)Y(x)dr and we deduce from Theorem 2.7 that the
Fourier transform of the continuous function I(§) vanishes, from where it
follows that [ e™r(x, &)y (x)dz = 0 for every ¢ € D, (RP) and r(z,£) =0

everywhere. =

In some cases it is possible to recover the symbol from the pseudodiffer-
ential operator it defines.

Proposition 2.9. Let p(z,§) a symbol in S5 (RP) and let us assume that
p(x, D) admits a continuous and linear extension A : E,)(RP) — &) (RP).

Then
P, €) = e T AEE) ().

(2m)P
Proof: Since A 10, (RP) = &) (RP) we deduce from 2.6 that Alp, @) :
D) (RP) — D,y (RP) is a pseudodifferential operator defined by b(z,y, &) :=
p(y, =&). Then, for every ¢ € Dy, (RP) we obtain

(A'g)(z) = / o / Dy, —E)ply)e¥Edy) .

We put 1(€) := [ p(y, —€)p(y)e *dy. Then I € L, and moreover [(—z) =
(A'p)(z) which implies, in particular, that I € D, (R?). Hence
< A8, p > = [e](—x)dx ‘
= (2m)PI1(=&) = 2n)? [ p(z, &) p(x)e™ dx
which finishes the proof. =

In most of the forthcoming results we will need stronger conditions on
the amplitude.

Definition 2.10. Let Q2 be an open set in RP, 0 < d<p<1,d:=p—9
and let us assume w(t) = o(t?) as t — oo. An amplitude in AS)%"(Q) is
a function a(z,y,&) in C®(Q x Q x RP) such that for every compact set
Q C QxS there are R> 1, B> 1 and a sequence C,, > 0, n € N, with the
property

\DeDYDLa(z, y,¢)| < C,B° Blele=Ome" (452 gma©) (1 4 |¢]lo+ld=18lo

for everyn € N, (z,y) € Q, log(f)) = f5e ().

An amplitude in AS]3”(Q) is said to be of finite order if it satisfies the

inequalities above with (1 + |€])™ instead of e™~©).

It follows from the Stirling formula and the condition w(t) = o(t9),
d := p — 4, that AST*(Q) C S)%5°(Q2). We observe that given two weight
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functions 0 = O(w) each amplitude of finite order with respect to w is also
an amplitude with respect to o, thus the corresponding pseudodifferential

operator admits a continuous linear extension to D(4(£2) which takes values

in S(U)(Q).
Now we give examples of amplitudes and of pseudodifferential operators.

Example 2.11. (1) w(t) := log(1 + ¢). This is a limit case that we are not
considering, since w does not satisfy property v in 1.1. Then £(Q2) =
C>*(Q) and ¢*(t) = +oo for every t > 1. It follows that a(x,y,§) is an
amplitude of (w)-class in S77;*(€2) according to definition 1.6 if, and only if,
for every compact set K C Q and for every a, 3,7 € Nj there is a constant
C > 0 such that

|D2 DY Dla(x,y, )] < C(1 + [¢])mtoletD=rld

for x,y € K. This means that a(z,y,£) is a symbol in the sense of Grigis
and Sjostrand [13].

(2) w(t) :=t%, 0 < d < 1. Then &¢,(f) is a Gevrey class of Beurling type.
In this case ng* (L) = Llog(-5) — £ and it follows from Stirling formula that
for every n € N there are positive constants A,, and B,, such that for every
a € Nj,

A (L) < o < B (e (2E),
Then, a(z,y,§) is an amplitude in AS}*(Q) if, and only if, for every com-
pact set K C () there are R > 1, B > 1 such that for every A > 0 there is

C > 0 satisfying
|D2D)DYa(z,y,€)] < CB°Bl(al)i(yl)aNetileme) (1 4 |¢|)~1d

for every (z,y) € K and [¢| > R(ﬁ)\)é.
This should be compared with the definition of amplitude of Gevrey class
(of Roumieu type) which can be viewed for instance in Rodino [23].

(3) Linear partial differential operators with coefficients in &, (€2) are
examples of pseudodifferential operators defined by symbols of finite order.

(4) Let K(z,y) € ) (Q2x Q) be given. The integral operator with kernel
K, (Ap)(z) = [ K(z,y)¢(y)dy, is a pseudodifferential operator. In fact,
given any x € D, (RP) with [x = 1, a(z,y,) := K(z,y)e @9y (€) is
an amplitude in AS%B” (€2). This can be easily deduced from the compactness
of the support of x and the fact that K € £¢,(£2 x ).

The operators T : Dy(2) — £ (€2) admitting a continuous and linear
extension 7" : () () = &) (Q) are called (w)-smoothing. These are exactly
the integral operators defined by kernels in &,)(£2 x ).

(5) Every ultradifferential operator in the sense of Komatsu [17, p. 42]
defines a pseudodifferential operator. We recall that an ultradifferential
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operator of (w)-class in the sense of Komatsu is an operator G(z, D) :=
ZaeNg aq(x)D* such that a, € £4,)(£2) and that satisfies the following con-
dition: there exists m € N such that for every compact set K C 2 and for
every n € N there is C,, > 0 with

sup |DPaq(z)| < Cpe® (2
zeK

(5hg=me (55

for every «, 3 € N§.
It is easy to prove that p(z,§) := @Za@% ao ()€™ is a symbol in

ASf”ff (92) for some k > m. Moreover, for every ¢ € D(,(§2) we have

Gz, D)g / eEcop(€)dg = Pz, D).

aeNp

Examples of ultradifferential operators in the sense of Komatsu are the
partial differential operators with coefficients in the class £ (2) as well as
the ultradifferential operators with constant coefficients ([7]). In this case
G(z) = ZaeNg a,z® is an entire function satisfying log|G(z)| = O(w(2)).
Therefore an application of the Paley-Wiener’s theorem ([8, 7.3]) gives the
existence of an element p € &, (R”) with support {0} such that G(D)p =
px @ for every ¢ € D) (RP).

(6) If f € Euy(Q) then a(z,y,§) = 2m) P f(x) € AS?:S’(Q). Thus the
operator ¢ — fy is a pseudodifferential operator.

(7) Let f € D,y(R) be a test function with suppf = [—1,1] and f(0) # 0.
We put ¢ := fX[0,+00] Which is an ultradistribution with compact support
and sing,) suppy = {0}. Then ¢(¢) is a symbol and the pseudodifferential
operator associated to it is the operator 1 — 27(¢ * 1). (See the comment
after Theorem 2.18.)

We first observe that, for every N € N we have
N

@(S)zzf.(k)(0>+ ! / 1 FNHD () e~ gt
0

L (1)1 T (ig)N+

This follows after integrating by parts N times in ¢(§) = fol f(t)e dt,
using the fact that f and all its derivatives vanish at point ¢ = 1.

Hence
. A N+k
SO(N)( §) Zk 0( )N 5)k(+2N( k )gLN

k —i
+£N N+1 Ek =0 ( )(N];; ) (— Ek'H fO —Zt N- kf(N+1)< )6 tgdt.
For every n € N we put C,, := |f|, and let us assume that log ] > %" ().

Then, for every k < N we have L/ 1’3}&0)\ < (), and

(k NN

k |§|N+1 ’

§
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Moreover, since |£[F! > ¢m¢"(2) > k! for some € > 0, there is D,, > 0 with

N—f—k} 1 1 . _ _ no* (NEL
|§£I (Vg [ (YOI < DY ),

We conclude that
$M(€)] < A BN[g[Neme )

for some A, >0, B > 0 and for every log |¢| > %¢* ().

Our next example is less obvious. It shows that the class of operators
under consideration contains not only ultradifferential operators but also

parametrices under some extra assumptions.

Proposition 2.12. Let w be a weight, w(t) = o(t?),d < 1, and let G(D)
be an (w)-ultradifferential operator with constant coefficients such that G(§)
does not vanish on RP. If one of the two following conditions is satisfied:

(1) G(D) is elliptic,

or

(2) G(D) : E)(RP) — E,)(RP) is surjective and it is {t}-hypoelliptic,
then, there exists a pseudodifferential operator of (w)-class P : D, (R?) —
Ewy(RP) such that G(D) o P gives the identity on D, (RP).

Proof: (1) We know from [11, Thms 3,4] and [3, 2.1] that there exists a
constant A > 0 such that the entire function G has no zeros in {z € C? :
Imz| < A|Rez|} and

G()] > Ae™ 5O ¢ e RP.

Applying the minimum-modulus theorem of Chou [10, I1.2.1] as in [3, 2.6,
2.8], we may find a new constant C' > 0 such that

|G(2)|_1 < CeCw(z)

for = € CP with |Imz| < |Rez|/C. Since 1/G is holomorphic in {z €

P |Imz| < |Rez|/C}, we conclude from the Cauchy inequalities that
((2m)PG)~" € AST§(RP), for some m. The pseudodifferential operator P
defined by this symbol is the convolution operator defined by a fundamental
solution of G(D), hence it satisfies G(D) o Py = ¢, for every ¢ € D, (RP).

To prove (2), we may proceed as before taking into account that there is
a constant A > 0 such that G(&) # 0 whenever [Imz| < A|Rez|? [3, 3.3]. In
this case, the operator P is defined by a symbol in AS7 " (RP). =

We recall that a continuous linear operator T' : D,)(2) — E)(Q) is
properly supported if the support of its kernel is a proper set in €2 x €). As
for C'*°, this implies that T' can be extended as a continuous linear map
from g(w)(Q) to 5(w)(Q).
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Remark 2.13. Observe that the solution operator P in 2.12 does not admit
a continuous and linear extension P Ew)(RP) — Dy (RP) ([4, Prop. 8]),
therefore it is not properly supported.

We already know that partial differential operators with coefficients in
£ () and ultradifferential operators are examples of pseudodifferential
operators. Next we see that in most cases pseudodifferential operators of
(w)-class can be expressed as the composition of an ultradifferential oper-
ator of (w)-class and a finite order pseudodifferential operator. The argu-
ment depends on the possibility of constructing ultradifferential operators
on Beurling spaces which are elliptic in a very strong sense. See for instance

7, 19).

Proposition 2.14. Let P(z, D) be the pseudodifferential operator associ-
ated to p(z,§) € AS)3°(Q). Then we may find an ultradifferential operator
G(D) of (w)-class and a symbol q(x,§) € AS]5*(2) of finite order such that
if Q(x, D) is the corresponding pseudodifferential operator, we have that
P(z,D) = Q(z,D) o G(D).

Proof: We take D > 0 such that Dw(g) > mw(€). Let G be an even
entire function satisfying log|G(z)| = O(w(z)) as |z| tends to infinity and
|G(2)] > eP*) whenever |[Imz| < |Rez|/D (the existence of such a function
follows from [19, Corollary 1.4]). Then, 1/G is a symbol as in 2.10. Indeed,
it is clear that |1/G(&)| < e P%(© for ¢ € RP, and since it is holomorphic in
{z € C? : |Imz| < |Rez|/D}, we conclude from the Cauchy integral formula

that, for some C' > 0 and & large enough

—Dw(€/2 —Dw(£/2
|(L)<ﬂ>| < C|ﬁ|5!ﬂ < C\mﬂ!e_(/).
G e = |15
We define ¢(z, &) = %. It is easy to see that ¢ is a symbol of finite order.

Moreover, for every ¢ € D(,,(€2) we have

—

(Qz, D) 0 G(D))(¢) = q(x,§)e™* G(D)()(€)dS
=/ a(z,§)e™G(§)P(§)dE =Pz, D)(p). =

Remark 2.15. The ultradifferential operator G(D) : D, (Q2) — D, ()
in the proposition above satisfies that G(D)f € &,)(Q) if, and only if,
[ € &) [3, 2.1]. Hence the decomposition given in Proposition 2.1}

could be useful in order to study hypoellipticity.

We observe that each ultradifferential operator of (w)-class acts continu-
ously from D(,)(£2) into &(§2) for any weight o > w, whereas each pseudo-
differential operator of (w)-class and finite order is also a pseudodifferential
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operator of (7)-class for 7 < w. However one cannot expect that pseu-
dodifferential operators of infinite order of (w)-class be pseudodifferential
operators of a different class. Roughly speaking, the p.d.o. (of infinite
order) of (w)-class are strongly tied to the Beurling space D, (€2).

Next, we analyze the behavior of the pseudodifferential operator when
it is defined by an amplitude which does not depend on the z-variable. A
combination of the next result and proposition 2.4 will be useful to study
the composition of p.d.o.’s in theorem 3.18.

Proposition 2.16. Let b(y,§) be an amplitude in S)5°(Q), and let B be
the pseudodifferential operator associated to it. Then Bf € Dy, .)(RP) for
every f € Dy() and B : Dy () — Dp, () (RP) is continuous.

Proof: Clearly (Bf)(z) = [ ([ b(y,&)e' @ ¢ f(y)dy)dé can be defined
for each z € RP and B : D(w)(Q) — &) (RP) is linear and continuous.

To show that Bf € Dr, (.)(RP) it is enough to check that Bf € L; and
that G(D)(Bf) is in L; for each ultradifferential operator of (w)-class (1,
2.11)).

We denote by I(€) = [b(y, &) f(y)e ¥ dy, so that (Bf)(z) = [ I(£)e'™dE.
Then for each o € Nb,

19 = [ F)DE 0 e ")y

hence, using Leibniz formula and 1.9 applied to the function 3°f(y), 3 < a
we find for every k£ > 0 and each multi-index o a constant C, j such that

|DEI(E)| < Cope™®.
Therefore D?I € L, and

1*(Bf)(z) = / 1(€)Dg (") de = (— 1) / DEI(E)c .

Consequently, z*(Bf) is bounded for each «, thus Bf is integrable. More-
over, from 1.9, D¥(e™¢(€)) = £*1(€)e™s € Ly, and hence, D¥(Bf)(x) =
[ € I(€)einede.

Let G(D) = ), ao D be an ultradifferential operator of (w)-class. There
exist m € N and C' > 0 such that |a,| < Ce=™¢" (%), From the estimates
above and lemma 1.4 we conclude that

G(D)(Bf)(x) = / ( / b(y, €)G(€)™ V% f(y)dy) de.

Since G(z) is an entire function and log|G(z)] = O(w(z)) we get that
b(y,£)G(E) is an amplitude in some Si’g’(ﬂ). Proceeding as before, we have
G(D)(Bf) € Li. The continuity of B : D,)(2) — Dy, () (RP) follows from
the closed graph theorem. =
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We close this section showing that pseudodifferential operators are pseu-
dolocal, that is, they shrink singular supports. We recall that the (w)-
singular support of an ultradistribution 7" € Déw)(Q) is the complement of
the largest open subset U with the property that 7' € &, (U).

Let a(z,y,€) be an amplitude in S7's*(€2) with associated pseudodifferen-
tial operator A : D, () — £ () and let K € D\ (2x ) be the kernel of
A. We consider a test function ¥ € Dy, (RP) such that V() =1for €] <1
and (&) = 0 for |¢| > 2 and we put K,(z,y) == [ a(z,y, )@ W (L )dE.
It follows from Lemma 2.1 and Theorem 2.2 that K, € &.)(©2 x Q) and
K =D, (2 x Q) — lim,,_0c Ky

Theorem 2.17. The (w)-singular support of the kernel K of a pseudodif-
ferential operator A is contained in A := {(x,y) € Q x Q;x = y}.

Proof: Given (z9,y0) € (2 x Q) \ A we take a relatively compact open
neighbourhood @ of (zo, yo), disjoint with A. We show that (K,) is a Cauchy
sequence in & (Q). Without loss of generality we may take 1 <1 < p and
co > 0 such that |x; — y| > ¢ for every (z,y) € Q. Let R > % and a
sequence of positive constants (C’k) such that

|DaDwDﬁ (m Y, §)| < Ckep 8)keo* (12l 1 (p—8) ko™ (% (1 + |€|)|a+’y|5 18lp grmuw(€)

for every k € N, (z,y) € @ and log('lgl) W'go (Iﬂl)
We fix k € N and we take k > k to be chosen later. For every N € N we
have, after integrating by parts N times,

DgD;(Kn<x>y) n+1 x y ZZ

BLa p<ry

N+u

—w/ei(zy)é/\N,a,ﬁ,fy,udé

” (v —y

where

AN = DE{EP D Dy a(x, y, ) (V(5r) — W(gir))} =

! — e a—
5 e G n DR (U(5) — W) Dg Dy Dy al, y, €),

and the last sum extends over all Ny, Ny, N3 such that Ny + Ny + N3 = N
and Ny < p; + ;. Here ¢; is the multi-index with 1 in the [-th position and
0 elsewhere.

The support of \11(2%) - \I/(2f+1) is contained in 2" < |€| < 2"*2 and this
inequality implies that |¢rHA—Nie| < |¢|lnthl=N < (i lasd

(271)N1
that [DN (U(£) — U(55))| < 2Wgehs ()

2n

. We also have

_1
(2m)N2

Let N € N be such that £¢* () < log(

and consequently, using that “’T(t)

=) Then log(§) > 3¢ ()
is increasing and lemma 1.4(1), we have
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|D§_5D3_“Dg3a(x, y, &) <

O elp=0ke" (P=5=E (0= k™ (52) (1 + |¢])laBtr—nld=Napgme(€) <

To A% ‘a—ﬁi"‘/_l“ kap*(&) 'y 7 n43
O =2 ()8 o)

Using N;! < Ekek“’*(%) we deduce
g

(460!
|/\Naﬂ’7/$’ < Z Nl'Ng'N3 (i +Bi—N1)IVy !

1 Ny * (N3 _
LB S (4

2n)N1 (277,) (2n)N3

kw*(“"ﬁ%f‘“‘) (2n+2) |utB] g (m+k)w(2"F3)

*(Ni
Since 1Og(2) > %SD*(E) we have %

o) > ,2) W < 1. On the
other hand ¢*(51) + ¢*(52) + ¢* (§ ) <y (%)

|
N! 3N7

D (8! < 9lu+s
N1+N2+N3=N N;!Na2!Ns!

ZN1<#1+51 (m+0B—N1)!IN1! —

and (2"3)lH8l < ¢ Fo@ ke (M2 Hence

_ s o | — n
ANagonl < QCkEk|\I/|k3N(%)( )elw (%)e(m+2k)w(2 +3)
- IN,a,'y
Since the support of Ay o 5+.,.(2,y,.) is contained in the set 2" < |¢] < 2"+2]
which has measure (2"71)P(4P — 1), we finally obtain
1
’D?;D; (Kn(xa y) - Kn+l(xa y)) ’ S 2\a+'y\(2n+l)p(4p - 1)_NIN,O¢,7-
€
We put R* := RY(#=9_ Then, using that - < R, we deduce

qQ,E(Kn - KnJrl) S

2E;,Cy| 0] (271 )P (4P — 1) (%)(P—‘s)e(mmﬁ)w(gws)

whenever log(%:) > £¢* (). Observe that the estimates just obtained also
hold if we replace N by 7 < N. Now, Selectmg k large enough, and taking
N such that £¢*(5) < log(%:) < *(AEL)
1.5 gives

~ ng an application of Lemma

QQ7E(Kn - Kn+1) < QCkEk|\IJ|k(2”+1)p(4p _ 1)€—w(2")

from where it easily follows that (/) is a Cauchy sequence in &£,(Q). Thus
(20, yo) does not belong to the (w)-singular support of K. =

As in [25] we can conclude that the pseudodifferential operators are pseu-
dolocal.
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Theorem 2.18. Let A : 5(’@(9) — Dgw)(Q) be the pseudodifferential oper-
ator associated to an amplitude a(z,y,§) in S (Q2). Then

sing,y supp(Ap) C sing, supp(u)
for every p € £, ().

If a convolution operator ¢ — ¢ * S, ¥ € D) (RP), S € D, (RF), is a
pseudodifferential operator, by 2.18 the (w)-singular support of S reduces
to {0}. Therefore, not every convolution operator is a pseudodifferential
operator.

3. SYMBOLIC CALCULUS

One of the problems one has to face is how to determine the class of
symbols in order that the theory for the operators can be converted into
an algebraic theory for the corresponding symbols. Moreover, the class of
operators should be closed under products of operators. This leads to the
necessity of developing in our setting the classical symbolic calculus. The
definitions below are motivated by [23, 25].

Definition 3.1. We denote by FAS];*(2) the set of all formal sums

> a(z,y,9),

J€No
such that aj(x,y, &) € C®(Qx QX RP) and for every compact set () C Qx
there are R>1, B > 1 and a sequence C,, > 0, n € N, with the property
|DaDvDﬂa]($ y, )| < C,BIA glele=0ne* (L) e O (14 [¢|) e+ 118-18lp—(p-)s

for every j € Ny, (x,y) € Q and log(%) S w(lﬁ\nﬂ‘)'

Let a € AS]3*(Q2) be given and we put ag := a, a; := 0 for j # 0. Then
we can identify a with the formal sum ) a;.

Example 3.2. Let a € A 73 (€2) be given, then the series ) ™ p;(w, ),
where pj(z,§) := >, =; ai DOy al@, ¥, §)y=s. is a formal sum in FAS]5(Q2).

Definition 3.3. Two formal sums ) a; and Y b; in FAS](Q) are said
to be equivalent if for every compact set () C 2 x € there are R>1, B>1
and two sequences Cp, > 0 and N,, (n € N) with the property

D2DyDE S yla; — b))l <

C,, BIA| Blelp=0)ne” (5155) gmaw(©) (1 - |¢|)latald=18lp—(p=0)N

H
7) Z e

for every (x,y) € Q, N > N, log( ‘BHN)

Remark 3.4. If a(x,y,&) = 0 for every x,y € Q and |{]| > M then a ~ 0.
In particular, every (w)-smoothing operator is associated to an amplitude
equivalent to zero.
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Proposition 3.5. Let A be the pseudodifferential operator defined by an
amplitude a € AS]5*(Q) which is equivalent to zero. Then A is an (w)-

smoothing operator.

Proof: We show that K(x,y) = [e@¥iq(x,y,£)d¢ is a function in
(2 x Q) and (Ap)(z) = [ K(z,y)e(y)dy for every ¢ € D(,)(2). We fix
a compact set () C € x Q, then

(\(1+’7\+N)

|DaD7 (z,,8)] < Cy epP=0)ne mw(5)|§’5|a+vl—(p—5)N

for every (z,y) € Q, N > N, and log(%) > 2L (X). We now fix ng € N
and we take 0 < € < 1 and n € N with w(%) > ew(t)— 1 and e(p—6)n > 2nq.

Then, for every N > Ng, and 22p*(£) < log(%) < 20" (55E) we have
that |D2 D7 (e e ¥q(z,y,8))| is not greater than
(1Y (p=)noe (B=EE=E) 8145 a— By —pl— (=) N maw(€) ,(p—8)ang* (2L
anZ(ﬂ)(u)e 0 "0 ’ g[1p+ul+ol Y= pl=(p=0)N gmw(€)  (p=0)4ne™ (37)
<a
e

Applying lemma 1.4, we have
’5‘5|0¢—5+’Y—M\e_5”0¢’ (w) < enow(€)

and

jg[18Hl < groe” (g grnow(©)

from where we conclude
| D2 DY (e a(x,y,€))| <
O, 2ol gnoe” (55

) e(m+2n0)w(€) o (p—8)4ne* (£5) )|¢| =N

An application of lemma 1.5(2) gives

’DgD; (ei(x—y)fa(l.’ v, 6)) | S Dn02|a+'y|€n0¢*(\a;;’y\)e(m_i_l_no)w(&)'

Selecting ng large enough we conclude that K € &, (€2 x ). To finish, it
is easy to see that A coincides with the operator with kernel K. u

Lemma 3.6. ([24, p. 241]) There is a sequence (Py)p>1 and constants
C,D > 0 such that ®; € Dy, (RP), [De(§)] < 1, $e(&) = 1 for [¢] < 2,
Oy(&) =0 for |€| > 3 and with the property that

2F(€)] < ()t
whenever |a] < £.

We now fix a positive constant R > 1 and we put

(&
V(6 =1 cbj(ReW(%)).
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Then ¥, (&) # 0 implies |{| > 2Re?¢*(%),_whereas if ¢ is in the support of
any derivative we also have |£| < 3Res* ) Tt follows that

Q)M flil+

) n _C

for any multi-index ¢ with |i| < j.

In order to construct an amplitude from a formal sum, the idea is the
following: For a fixed n, as in [25] we could find a C*°—function a” satisfying
the estimates in 2.10 only for this fixed n. Since each a™ is obtained as a
series involving the a;’s, we will take, for each n, a finite block of the series, in
such a way that when we put together these blocks we obtain an amplitude
which is equivalent to the formal sum. In some sense, this procedure reflects

the fact that our amplitudes are ’tied up’ to Fréchet spaces £¢,(€2).

Theorem 3.7. Let ) a; € FAS](U) be given and let Q2 be a relatively
compact open subset of U. Then there is an amplitude a € ASZ?&W(Q) such
that a ~ " a; on (.

Proof: We put

)

Re%w*(l)

where R will be determined later. Associated to R we put Ry := (2R)?~% and
we observe that ¥, (£) # 0 implies e(P=9)"( P < P (E ) whereas 1f§

is in the support of any derivative we also have (|§| )ate= 6)(3 )J < elp=0ne" (D),

Ujn(€) =1 —

According to definition 3.1, we can select R large enough so that > 2 eR]-]p <
1

oo and, for some sequence (C),),
D3 Dy DEaj(x, y,€)| <

C BIﬂl/@'e pP— 6 277»(,0 (‘O“F’Y‘) mw(f)|é"‘oé+'y‘6_‘ﬁ|p€(p_6)2n<p*(2in)|§|_(p_5)j

whenever (z,y) € Q, log(%) >

n_r(1252)
N, log(4) > 5¢*(2) and ¥,,(€) # 0.

We first assume (z,y) € Q, log( ¥

Then log(m) > max(lmgo ("Bl) = (1)) > wﬁjgp*(‘@%) Moreover from
DZ in(€) # 0 we deduce that lo g(gﬂ) < ?gp*(%) and consequently, |G| < j
since @*(t)/t is increasing. Since [£] > 1 and 0 < p < 1 then [¢|7F < |¢|7lile

and we can estimate

|D2D) DY (a(x,y,€)W;0(€)) e <

Zz<,@( )|D \IJ] n(g)DngD?_iaj(x,y){)lefmw(g)
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which is less than

CC, e (5| g |lotr1d=(e=0)igni©) . BEADIGI ¢\ —il—plf-il <

i<p

CC,, BIA Bler=92ne* (1570 ¢ |latr16-1816 o (p=8)2n6" () | ¢ |~ (p=0)3 e plijlit

il —

CC,, BIAI Blelp=8)12ne" (1571 | ¢ latr1d- 8l (L) jePir,

We proceed by induction to select a sequence (j,) of natural numbers in
such a way that j; := 0, J,, < Jna1, lim, % = +o00 and

00 jeD] n+2
s 3 G
J=Jnt1+1 1 J=J

Then

satisfies that Enﬂ < %. We now prove that

oo jnJrl

a(,y,€) = ao(w,y, )+ > > Vu(E)a(x,y,€)

n=1 j=jn+1

is an amplitude. Since j, < j and ¥, ,(§) # 0 implies

Py < Moy < 1og(

In n J n 2R
the condition lim,, . 3%90*(%) = +o0o0 permits to conclude that the sum

n

defining a is locally finite. Hence a is a well defined C* function. Let us
assume log( |§|) > 5 (\ﬁl) Then, for every n € N,

|DED) DS, S0 L Wk(€)ay(,y,€))| <

OB glelo=oime" (52 g latld-1Blogmert&) 5 T,

Since ag + Yy 7 Wikay is a finite sum of amplitudes we conclude

that a(r,y,§) € AS)5"(Q).

To finish we have to show that a ~ ) a; on Q. In order to do this, we
1Bl+N

assume that (x,y) € Q and log( \él) > GHRY *(#-=) and we estimate the

derivatives of

0o Jk+1 N-1
a — E aj = E E \I/Maj — E aj.
j<N k=1 j=jr+1 j=1

We will only consider the case N > nj,. For every j € N there is k € N
with jp < j < jgs1- Then k < n implies 7 < j,(< N) and log( \£|) >
R4 ( ) = ;‘P “(Jn) = 390 (£ ). On the other hand, & > n and N > j also

imply log(L5) > 2¢"(X) > Ep*(4) and ¥;(¢) = L.
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Consequently, a — >,y a; can be expressed as a sum of functions ¥; za;
with j > N and k > n.

It follows from the above estimates that
|D§D;D? (a;(z,y, )V, 4(8)) e

is less than

C'Dj BIF| Blelp=0)2ke" (5 ¢ lata16=18lp—=(p=8)N g (p=0)ke” (5575 | ¢ |~ (p=)i=N) <

(\a+'y|+N

CD;,BPl3lelp=0)2ke" )|g|letNo=IBlp=(p=O)N (_L)j=N

Ry
where the last inequality follows from the fact that U, ;(£) # 0 implies that
log(4%) > 5¢*(4) > Az ().
Finally we get
DEDyDE (a = ag)l <03 (DD DY (Ws4a)
J<N k>n j>N
which is dominated by

O B9 Bletp=me (528, ¢ latr|6=1Blp—(p=8)N gmus(©) 3 Ek(Z(i)j—N).

R
k>n j>n

We observe that any other choice of the sequence (j,) and the constant
R satisfying the estimates in the proof of the previous result would give
another amplitude defining the same pseudodifferential operator, modulus
an (w)-smoothing one. Hence, in what follows we can assume without loss
of generality that (j,) and R are as big as necessary.

Our next aim is to give the asymptotic expansion formula. From now
on, we will always assume that £, () contains a Gevrey class ['{*}(Q) for
some s > 1. Then, for o(t) := t'/*, we have that £,)(Q) is contained (and
it is dense) in &, () (see [8]).

We assume that "go*( ) > n for every j > j,. We put ¢; = ¥, if j, <
J < Jnt1, po(§) = 1.

As in the proof of 2.2 we have the following

Lemma 3.8. Let a € S)3°(Q2) and let A be the pseudodifferential operator
defined by a. Then, for every u € D, (Q2),

u) = > 4w

where Aj is the pseudodifferential operator with amplitude a;(z,y,§) =
((pj - (pj+1)(€>a(x7 Y, f)
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Lemma 3.9. Let Y% p;(w,£) be a formal sum in FAS(U), Q a rela-
tively compact open subset of U and (j,) as in the proof of 3.7 and satisfying
the additional assumption %" (% 1) > max(n,log C,) for j > j. , (Cy) being
the constants of definition 3 1 relatives to the closure of Q). We let

&) =2 ¢i(Opi(@,€)

which is a symbol in ASZL(;‘”(Q). Then, the corresponding pseudodifferential
operator P(x, D) is the limit in L(D(.,(2), D, (£2)) of the sequence of op-
erators Py : Dy (Q) — Eu)(2), where each Py is the pseudodifferential
operator with symbol Z;V:O(cpj — 1) ()( 7:0 m(x,§)).

Proof: We first observe that

N N N
> (5 = @il sz (z,€)) Z% Opi(x,6) — en1(§) Y pi(,€).
Jj=0 Jj= Jj=0

Let B be a bounded set in D(,(2) and let K be a compact set in . We

will prove

() J (20095 (E)ps(, )™ a(€)de — [(232 @ (E)p; (. €))er™Sa(€)dE

and

(b) [ en41(€) (X0 ps () e ) — 0
as IN goes to infinity, uniformly on = € K and u € B. By the Paley Wiener
theorem ([8, 3.4]) there is D > 0 with |a(&)] < De=(m+3%(©) for all u € B.
It follows from definition 3.1 that there is a sequence (C,,) with

elp=0)me* (L)
(1+|§!)p R

whenever x € K and log(lgl) ng*(%). Since ¢;(€) # 0 and j, < J < jnt1

_eme(€)

pi(2,6)] <

imply log(L) > 2" (4) we get
C,
( ) p=95)

for £ € suppyp;. For a fixed N one can

[ (E)pj(z, &)u(€)| < De 3,

We can assume e “©) < L < —
¢ 2o (h)

find [ such that j; < N < j;;1 and we have, using that %gp*(%) > log C,, for
every n € N and j, < 7 < Jni1,

S s 0Oy Qa€)lde. < DY, Yht | ol [0,

which proves (a). To prove (b), given N we take n with j,+1 < N+1 < j, 4
and we note that px1(£) # 0 implies log( ‘ﬂ) > e (FH). Then

N (=8¢ (L) mw
|90N+1<£)<2j:0pj<x7£))| < C Z] =0 |2|J(/f6> € ©
(p=0)3 muw
<C, ijo (2R) P=0)J ymus(€)
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Hence

[]=
3
—
\_H
i
N~—
N~—
>
—
a3
-
A\
Q
rb|
S
™
Cb\
(R
A}
*
e
i

lon+1(€)(

I
=)

J
from where it follows (b), since j,+1 < N+1 < j, 41 implies NLH¢*(M) >

n =
n. =

Lemma 3.10. For every n € N we have

lim =0.

N—oo 6%90*(%)

Proof: If this is not the case, we find 0 < € < 1 and an unbounded
sequence (Ny) of natural numbers such that

E_Nk(Nk)Nk > emp*(%).
An application of Stirling formula and [12, 2.1.2] gives a contradiction. =

Lemma 3.11. Let m > n and %e%“"*(%) <t< 59 R Then
£+ > () 2me* (55) =3

In particular
et (1) > p(n=Dw(t) 2ne" ()

for j large enough.

Proof: By lemma 1.4 (2) we know that

o(t) < log(t) + sup {klog(t) ~ ng" (7))

J

holds for ¢t > 1. Since 0 < t < e () and “O*t(t) is an increasing function

we deduce that nw(t) < log(t) + log(t) — ny*(L) for some 0 < I < j and
moe(L) > (L) Hence

z =t
m m

= tle—mp*(%)t]*lenso* L
t)—log(t J
> enw(t)—log( )(6 -

> enwlt)—log(t) gmi™ (41 +me* (5) o=
Z enw(t)_IOg(t)e_jGchp*(ﬁ)

the last inequality being a consequence of 1.4(1). The second statement in

the lemma follows as the above inequality with ¢ = ei? (W) a

Lemma 3.12. Leto(t) =t¢, 0 < d < 1, and let w be a weight function such
that w(t) = o(o(t)). Then there are A > 0 and a sequence (j,) of natural
numbers such that

for every j > j,.
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Proof: For every n € N there is A, > 0 with w(t) < A, + Lo(t) for all
t > 0. Hence ?QDZ(%) > —"Jﬁjt%go:(j). We take j,, satisfying ”jin < 1. Now
the conclusion follows from the fact that %cp:( j) =2log(Z). =

Theorem 3.13. Let w be a weight such that w(t) = o(t?), d < p—4, d < 1.
Let a € ASZ;“’(U ) with associated pseudodifferential operator A and let
be a relatively compact open subset of U. Then there are a pseudodifferential
operator P(x,D) : Dy,)(2) — &) (Q) and a (w)-smoothing operator R :
() = Ew)(Q) such that Ap = P(z, D)o + Ry for every ¢ € D, ().
Moreover

p.§) ~ D p.9)

where pj(% f) = Z\a|:j éD?aga(@ Y, £)|y:a:’

Proof: For p;(z,£) as above, we take p(x,&) as in lema 3.9 and P :=
P(x, D). According to the previous lemmata, the operator A—P : D, () —
Ew)(Q) can be represented as A — P = > %, Py, where Py(u)(z) =

[ Kn(z,y)u(y)dy and the series is convergent in L(D(,(), Dy, (€2)). Here

N
En(z,y) = /(QDN —one)(@)(al@,y, &) = Y pi(w, )" VdE
j=0

is a function in £ (2 x Q), as easily follows from the fact that ¢n — @n11
has compact support. Hence, each operator Py is (w)-smoothing and our
aim is to show that also > %_, Py is (w)-smoothing. To do this we need to
obtain a different representation for this series. There is no loss of generality
to assume that €2 is convex (in fact, in view of theorem 2.17 we only have
to show that every point z € {2 admits a neighborhood W such that the
kernel distribution of A — P is an ultradifferentiable function of (w)-class in
W x W.)

Proceeding as in [25, 2.25] we get, for N > 1, Ky = 2&:1 AN + Ry, where

A(z,y) = > 5;5), / Vg o g, €)dE

e l(a —
for
ON.ap(,€) = DL (pn(€) — on1(€)) D705 alx, 2, €)
and
RN(J:7 y) = Z Z ﬁ / ei(x_y)gTN,ozﬂ(xa Y, é)dg
la|=N+16<a ™" o )
for

™Nas(®,y,€) == D (on(€) — on+1(€)Dg P wal@,y, €).
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Here
1
nl,)i= (V+1) [ Oale, o+ ¢y — ). )1~ )V
0

On the other hand 37, era|:1 Ar =S I, — Wy, where

7=1
=Y Y s / VD30 (6) DL O alz, . €)de
lal=j 0#B<a

and
Z Z DN 1 (§)DE PO alw, x, §)dE.
la|= 107£ﬂ<aﬂ _ﬁ / : ¢

Hence Zjvzl K; = ijl I, + Zjv 1 Rj — Wy. To finish the proof of the
Theorem we will show that >, R;(z,y) and » 77, I;(z,y) converge in
Ewy (2 x Q) and that the sequence of operators defined by the kernels (Wy)
converges to the null operator as N goes to infinity.

(a) Let 5, < j < jn+1- Then [DEDYI(x,y)| is not greater than
> Y X gy [ I OIIDE (D 050t )
la|=j 0#£B<a y<p

We fix k£ € N and we take n > k and ¢ := 2n. If D?gpj(g) # 0 then
QRG?W(%) < ¢l < 3R€?w*(l)

and we have that |D§*7Da_’g0aa(:ﬂ, x,&)| is less than or equal to

ln— 7+aU

Cor(a — ) Bloa=Blelp=0)2te™(
Coe(a — B)IBla—Plelp=8) (ke (EE2) 467 () gmn(©) | €| Slu—1+161 - (0—0)5

emw(©)|¢|3(n=yl+laD=pla—bl <

by using 1.3(1) and k£ < £. We now use that \Dggpj( )| < C( )'mjw‘“and
2 < o0he©) | Moreover e~ (D@ (5R)ene" (1) > 62”“’ () (see
lemma 3.11) and || < eke” (5 +he(©) | thys |DEDyIi(x,y)| is less than

or equal to

|£|5|u vl e—0ke™(

*(M)

(j4n13j€k@ k
> (2R)(—5)3

laf=j

m l 3

0#B<a
Y<H

Given k we can select n large enough in order to ensure that the integral
above is less than 1. Then, for j, < j < j,+1, we obtain
|DEDYT (2, y)| < CC@JPHBJD—JPQQWHW*(W)'
(2R)l0=0)
Proceeding as in the proof of 3.7 we can select the sequence (j,) and the
constant R > 0 in order to guarantee the convergence of > I;(x,y) in
5(w)(Q X Q)
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(b) With a similar argument it is possible to prove that Z;’il R;(z,y)
converges in &,)(£2 x ) for a suitable choice of (j,) and R > 0. In fact, we
recall that

Res) = 3 3 gy [ masla. e
lo|=7+1 f<a
Hence
| DL Dy R;(x, )| <

Vol Zza Xrzn 2w () () ey [ 1617 1DE Dy 0(,y, €)1
Now, for a fixed k € N we take n > k and ¢ = 2n + 2. Then we have that
| DAY Dy 7j.0,5(2,y, €)] s less than or equal to the product of

1D (5 — i) +1)
by

1
S () [ Dy DDy D Pala + y — ), O
s<p—7y 0

The above integral is dominated by

o (0=6) (k™ (1m0l o (1)

mw(€)
[la—Bl—dlutvra—r—

Co B (o — B)!

Having in mind
| 5|6|u+u—r—w|e—6kso*(“””7;"”') < Ohw(©)

(lemma 1.4) and
|| Irrlepket (B o phuw(©) hepr (M)
(1.3 and 1.4) we conclude that
€D Dy (s, )
is less than or equal to the product of ]D?(goj —@it1)(&)| by

p(km+3k)w(€)

PUF1-1B)—6G+1)
€]

2l BIH1=IBlCy (o — B)I(j + 1)67%0*(“‘:"‘)e(pfé)&p*(%).

An application of the previous lemmata permits to conclude that, we can
select n in such a way that the above estimate is less than

e~ o

CDIBI(]' + 1)\5|C%W2|#—7|Bj+1—lﬁl(a — G+ 1)26k<p*( z

Hence
DR o it
|DEDYR; (2, )| < (eR[Hs YHL(f 4 )P0 22 ke (),

From where it follows that, after choosing (j,) and R in the proper way,

the series ) | R; converges in &, (2 x Q).
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(c) Let Ty : Dy (Q2) — Dj,(2) be the operator with kernel Wy. Since
> N0 Pn converges in L(Dy,)(Q), Dy, (£2)), we deduce from (a) and (b) that
(T'v) converges to an operator T : D, (€2) — D, () in L(D)(2), D, (£2)).
In order to show that 7' = 0 it is sufficient to prove that T" vanishes on the
dense subset D(,)(12), o(t) := . To do this, we fix N e N, j, < N+1<
jni1, and we put ay = ReN+1¥ "5 Then Dg on+1(§) # 0 implies that

2ay < [€] < 3ay. For every u € D(U)(Q) we have
Tn(u)(@)] < Zhmt Xogsca aagnl S Devnn (€D 05 alz, x,€)a(€)dé|

DBl (N+1 |B]+1 la—8lc, mw N
< Z\od 1207€ﬁ<a A ) (fR)@ (gla\ |€]>2an € (§)|U(f)|d§‘
Let A be given as in lema 3.12. Then Ao (ay) > N+1. For every u € D) ()
we have [a(€)] < e~ (T +1)7(&) for |¢| large enough. Since log(t) = o(a(t))

we obtain
eprzo'(ZaN) 1

mw(€) |5 de <
€ u < <
/|f>2¢lN | <§>| 5 (2@]\[)2 QQNQPQ(N‘H)

for N large enough.

On account of lemma 3.10, we can assume that

. 18]
Consequently, since -, Nzl,) < PN e get

N

1 BD (o N+1C, 1<~ pDB,;
@) < 50 3 Gps) 0 a0 < 5w 2 (s

jal=1 j=1

from where we deduce that Ty (u)(z) converges to 0 uniformly on xz € Q as
N goes to infinity. =
In order to compose pseudodifferential operators it is useful to consider

operations with formal sums.

Proposition 3.14. Let P(x,D) be the operator associated to p(x,§) €
ASZ;W(U) and let € be a relatively compact open subset of U. Then the
transposed operator (restricted to D(,)(2)) can be decomposed as P(x, D) =
Q(z, D)+ R, where R is (w)-smoothing and Q(x, D) is defined by a symbol
q(z,&) ~ >_q;, and we have q;(x,£) == >, S0 Dep(x, —€).

Proof: We already know that P(x,D)" is the operator associated to
p(y, —&). Then, it suffices to apply 3.13. =

Given ) p; € FAS];”(Q2), standard calculations ([25]) and the properties
of ¢* permit to prove that ) ¢;, where ¢;(x,&) := Zlathj é@g‘Dgph, is a
formal sum.

Analogously, if > p; € FAS]3¥(Q), 3_¢; € FAS];, one can prove that

py0

Yor; € FASZ?(;J””Q’W(Q), where 7;(2,€) = 37011k ine; 4 0¢pnDyq;, is a for-

mal sum.
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Definition 3.15. (1) For Y p; € FAS(Q) we define (3 p;)" as the
formal sum Zj q;, where g; is as before.
(2) For > p; € FAS)3°(Q), Y2 q; € FAS)S we define (3 p;) o (3_q;) =

> r;, where r; is as above.

The two following results are straightforward, therefore we omit their
proof ([25]).

Proposition 3.16. (1) (3. p;))" ~ > p;.
(2) If Yo pj ~ 205 and 32 q; ~ D¢, then (3o p;)o (D q;) ~ (32p;)o (X2 45)-

Lemma 3.17. Let Q C R? be an open bounded set, and let p(z,§),q(x, &) €
AS(Q). Assume that b(z,§) € AS)3(Q) satisfies b(z, &) ~ ¢'(z, =€) and
thatr(xz,§) € ASZTSW(Q) is equivalent to 37, 37\, é@?D;‘(p(x, E)b(Y,&))|y=z-
Then, r(z,§) ~ p(z,§) o q(z,§).

Theorem 3.18. Let p(z,§),q(x,§) € AS)*(U) be given and let Q be an
open set which is relatively compact set in U. Let us denote by P and Q) the
corresponding pseudodifferential operators and assume that either P or @)
is properly supported. Then, P o @Q : D) (Q) — Ew.)(Q) coincides, modulo
an (w)-smoothing operator, with the pseudodiferential operator associated to

(2m)P(p(z,§) 0 q(x,€)).

Proof: Let us assume that P is properly supported. We take €2y, rela-
tively compact and open in U containing Q.

We know that @ = (Q')" and that Q' is given by q(y, —¢). Therefore
Q' = Q'+T" on Qy, where T" is (w)-smoothing and @’ is given by a symbol ¢’
on 2, which is equivalent to ¢*. Since the class of (w)-smoothing operators is
closed by taking transposes on €2y, @ coincides, modulo some (w)-smoothing
operator, with the operator Q) associated to b(y, &) = ¢'(y, —&) ~ ¢'(y, —&).
As composing P with any (w)-smoothing operator is again (w)-smoothing,
Po(@ — PoQ@ is (w)-smoothing.

Given f € D, (2) we have that Qi f € Dr, ()(RP) (prop. 2.16), there-

—

fore P(Q1f)(z) :/f\p(x,é)Q f(&)d¢ (prop. 2.4). But, from 2.16, Q f(z) =
I(—x), therefore Q,f(£) = (2m)PI(€). That is, P o @y is the pseudodiffer-

ential operator associated to a(z,y,&) = (2m)Pp(x,&)b(y,&). We apply 3.13
and 3.17 to conclude. =
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