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Gromov hyperbolic spaces

Definition: Let X be a geodesic metric space and x1, x2, x3 ∈ X , a
geodesic triangle T = {x1, x2, x3} is the union of the three
geodesics [x1x2], [x2x3] and [x3x1] in X .

T is δ-thin, if any side of T is
contained in a δ-neighborhood of
the union of the two other sides.

d(p, [xi xj ]∪[xjxk ]) ≤ δ ∀p ∈ [xi xk ]

The space X is δ-hyperbolic (in the Gromov sense), if every
geodesic triangle T in X is δ-thin.



Examples of hyperbolic spaces
• Rn with Euclidean metric is hyperbolic if and only if n = 1.
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• Every R-tree (a tree with edges of arbitrary lengths) is 0-hyperbolic.
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Examples of hyperbolic spaces II

• Every bounded metric space X is (diam X )/2-hyperbolic.

• Every simply connected complete Riemannian manifold with
sectional curvature verifying K ≤ −c2, for some positive
constant c, is hyperbolic.

• The open unit disk D with its Poincaré metric is
log

(
1 +
√

2
)
-hyperbolic.



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 1.
We have to consider an arbitrary geodesic triangle T
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Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 2. for every P ∈ T, calculate dist(P,A) with A the union of
the other two sides of the triangle to which P does not belong to.

x

y

w



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 2. for every P ∈ T, calculate dist(P,A) with A the union of
the other two sides of the triangle to which P does not belong to.

x

y

w

P



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 2. for every P ∈ T, calculate dist(P,A) with A the union of
the other two sides of the triangle to which P does not belong to.

x

y

w

P

P



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 2. for every P ∈ T, calculate dist(P,A) with A the union of
the other two sides of the triangle to which P does not belong to.

x

y

w

P

P

P



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Step 2. for every P ∈ T, calculate dist(P,A) with A the union of
the other two sides of the triangle to which P does not belong to.

x

y

w

P

P

P

P

P



Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Paso 3. We have to take δT := máx
P

(dist(P,A)).
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Open Problem: When do we have a Gromov space?

Let X be any geodesic metric space. It is hyperbolic?

Repeat the steps over all the possible choices for T

δX := sup
T

δT

.



Why are hyperbolic spaces important
(from a mathematical point of view)?

• They are a good tool in order to understand the connections
between graphs and Riemannian manifolds.

• They are useful in the study of Partial Differential Equations
on Riemannian manifolds.

• They are useful in Group Theory.
• It is possible to consider angles in metric spaces!
• The hyperbolicity constant of a geodesic metric space can be

viewed as a measure of how “tree-like” the space is.
• Geodesic stability: any geodesic and quasigeodesic with the

same endpoints are (uniformly) close.
The geodesic stability is equivalent to the hyperbolicity (M.
Bonk).
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Why are hyperbolic spaces important
in applications?

Ideas related to hyperbolicity have been applied in numerous
networks applications:

• Secure transmission of information on the internet.

• Spread of viruses through the network.

• Distance estimation.

• Sensor networks.

• Traffic flow and congestion.

• Large-scale data visualization.



Why are hyperbolic spaces important
in applications?

• It has been shown empirically that the internet topology
embeds with better accuracy into a hyperbolic space than into
a Euclidean space of comparable dimension.

• Hyperbolic groups are strongly geodesically automatic (there
is an automatic structure on the group, where the language
accepted by the word acceptor is the set of all geodesic
words).

• The hyperbolicity is also useful in the study of DNA data.
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Why is important the hyperbolicity of graphs?

The study of hyperbolic graphs is an interesting topic since the
hyperbolicity of a geodesic metric space is equivalent to the
hyperbolicity of a graph related to it.

Besides, many negatively curved surfaces are quasi-isometric to a
very simple graph [Touŕıs, J. Math. Anal. Appl., 2011].
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Three main problems on Gromov hyperbolic graphs

I. To characterize the hyperbolicity for some class of graphs.

II. To obtain inequalities relating the hyperbolicity constant and
other parameters of graphs.

III. To study the invariance of the hyperbolicity of graphs under
appropriate transformations.
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In these papers, some unit operations have been studied.

• Relationship of hyperbolicity between a graph and its
complement.
Bermudo, S., Rodŕıguez, J. M., Sigarreta, J. M. and Touŕıs,
E., Hyperbolicity and complement of graphs. Appl. Math.
Letters 24 (2011), 1882-1887.

• The distortion of hyperbolicity by removing an edge in a
graph, and several consequences.
Carballosa, W., Rodŕıguez J. M., Rosario, O. and Sigarreta, J.
M., Gromov hyperbolicity of minor graphs. Submitted.



Let G = (V (G),E (G)) be a graph, we may define two other sets
that we use frequently:

• EE (G) := {{e, e′} : e, e′ ∈ E (G), e 6= e′, |V (e) ∩ V (e′)| = 1}.
• EV (G) := {{e, v} : e ∈ E (G), v ∈ V (e)}.



Let G be a graph, the subdivision graph, denoted by S(G), is the
graph obtained from G by replacing each of its edge by a path of
length two, or equivalently, by inserting an additional vertex into
each edge of G .

S(G) := (V (G) ∪ E (G),EV (G)).



Let G be a graph, the line graph, denoted by L(G), is the graph
whose vertices correspond to the edges of G with two vertices
being adjacent if and only if the corresponding edges in G have a
vertex in common.

L(G) := (E (G),EE (G)).



Let G be a graph, the total graph, denoted by T (G), has as its
vertices the edges and vertices of G . Adjacency in T (G) is defined
as adjacency or incidence for the corresponding elements of G .

T (G) := (V (G) ∪ E (G),E (G) ∪ EV (G) ∪ EE (G)).



Let G be a graph, the graph R(G) is obtained from G by adding a
new vertex corresponding to each edge of G , then joining each new
vertex to the end vertices of the corresponding edge. Another way
to describe R(G) is to replace each edge of G by a triangle.

R(G) := (V (G) ∪ E (G),E (G) ∪ EV (G)).



Let G be a graph, the graph Q(G) is the graph obtained from G
by inserting a new vertex into each edge of G and by joining edges
those pairs of these new vertices which lie on adjacent edges of G .

Q(G) := (V (G) ∪ E (G),EV (G) ∪ EE (G)).



Hyperbolicity of the graph line

• Coudert, D. and Ducoffe, G., On the hyperbolicity of bipartite
graphs and intersection graphs, Discr. Appl. Math., 214
(2016), 187-195.

• Carballosa, W., Rodŕıguez, J. M. and Sigarreta, J. M., New
inequalities on the hyperbolicity constant of line graphs, Ars
Combin. 129 (2014), 367-386.

• Carballosa, W., Rodŕıguez, J. M., Sigarreta, J. M. and Villeta,
M., On the hyperbolicity constant of Line Graphs, Electr. J.
Combin. 18 (2011), P210.



Let G be a graph, we define the Gromov product of x , y ∈ G with
base point w ∈ G by

(x , y)w := 1
2

(
d(x ,w) + d(y ,w)− d(x , y)

)
.

If G is a Gromov hyperbolic space, it holds

(x , z)w ≥ ḿın
{

(x , y)w , (y , z)w
}
− δ (1)

for every x , y , z ,w ∈ G and some constant δ ≥ 0. Let us denote by
δ∗(G) the sharp constant for this inequality, i.e.,

δ∗(G) := sup
{

ḿın
{

(x , y)w , (y , z)w
}
− (x , z)w : x , y , z ,w ∈ G

}
.



We denote by δ∗v (G) the constant of hyperbolicity of the Gromov
product restricted to the vertices of G , i.e.,

δ∗v (G) := sup
{

ḿın
{

(x , y)w , (y , z)w
}
−(x , z)w : x , y , z ,w ∈ V (G)

}
.



Some relationships between graphs G and S(G).

Proposition: Let G be a graph. Then
• δ(S(G)) = 2δ(G).
• δ∗(S(G)) = 2δ∗(G).
• 2δ∗v (G) ≤ δ∗v (S(G)) ≤ 2δ∗v (G) + 2.



A subgraph Γ of G is said to be isometric if dΓ(x , y) = dG(x , y) for
every x , y ∈ G . Note that this condition is equivalent to
dΓ(u, v) = dG(u, v) for all vertices u, v ∈ V (G).

Lemma: If Γ is an isometric subgraph of G , then δ(Γ) ≤ δ(G),
δ∗(Γ) ≤ δ∗(G) and δ∗v (Γ) ≤ δ∗v (G).



Corollary: For any graph G , we have

δ(G) ≤ δ(T (G)), δ∗(G) ≤ δ∗(T (G)), δ∗
v (G) ≤ δ∗

v (T (G)),
δ(G) ≤ δ(R(G)), δ∗(G) ≤ δ∗(R(G)), δ∗

v (G) ≤ δ∗
v (R(G)),

δ(L(G)) ≤ δ(T (G)), δ∗(L(G)) ≤ δ∗(T (G)), δ∗
v (L(G)) ≤ δ∗

v (T (G)),
δ(L(G)) ≤ δ(Q(G)), δ∗(L(G)) ≤ δ∗(Q(G)), δ∗

v (L(G)) ≤ δ∗
v (Q(G)).



Some relationships between graphs G and Q(G).

Corollary: Let G be a graph. Then
• δ(G) ≤ δ(Q(G)).
• d∗v (G) ≤ δ∗v (Q(G)) + 1.
• δ∗(G) ≤ δ∗(Q(G)) + 4.



Theorem: Let G be a graph. Then

δ∗(L(G)) ≤ δ∗(Q(G)) ≤ δ∗v (L(G)) + 6 ≤ δ∗(L(G)) + 6,
δ∗v (L(G)) ≤ δ∗v (Q(G)) ≤ δ∗v (L(G)) + 6,
δ∗(L(G)) ≤ δ∗(T (G)) ≤ δ∗v (L(G)) + 9 ≤ δ∗(L(G)) + 9,
δ∗v (L(G)) ≤ δ∗v (T (G)) ≤ δ∗v (L(G)) + 6,

δ∗(G) ≤ δ∗(R(G)) ≤ δ∗v (G) + 6 ≤ δ∗(G) + 6,
δ∗v (G) ≤ δ∗v (R(G)) ≤ δ∗v (G) + 6,
δ∗(G) ≤ δ∗(T (G)) ≤ δ∗v (G) + 9 ≤ δ∗(G) + 9,
δ∗v (G) ≤ δ∗v (T (G)) ≤ δ∗v (G) + 6.



Theorem: Let G be a graph. If G is not a path graph, then

δ(L(G)) ≤ δ(Q(G)) ≤ δ(L(G)) + 1/2.























Thanks for your attention.

Rosaĺıo Reyes


