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High-order well-balanced finite volume schemes



Introduction

® We consider 1d systems of balance laws of the form
Ui(x, t) + f(U(x, t))x = S(U(x, t))Hx(x), x€R,t>0, (1)

where U(x, t) takes values in Q c RV, f : Q@ — RV is the flux function;
S:Q — RY; and H is a known function from R — R (possibly the identity
function H(x) = x), which is supposed to be a continuous function.

* We suppose that system (1) is strictly hyperbolic, that is Dy(U) = a—f(U)

ou
has N real different eigenvalues.

¢ Stationary solutions:
f(U)x = S(U)Hy.

Main objective

To design high-order finite volume methods that solve exactly or with
enhanced accuracy all the stationary solutions of the system (1) or, at least, a
relevant family of them: Well-balanced high-order finite volume schemes.



Well-balanced high-order finite volume scheme

® We consider high-order finite volume numerical methods of the form:

WAk (a0 FL0) s

where
® U(t) is the approximation given by the numerical method of the average of the
exact solution at the ith cell, [; = [X;_1 /2, X1 /2] at time t;

X 1
S~ / "3 S(P!(x))Hy(x) d.

Xi_ 1

® P!(x) is the approximation of the solution at the ith cell given by a reconstruction
operator of order p from the sequence of cell averages {U;(t)};

_ t, t+
=F(U U
® Fis a consistent first order numerical flux;

t, t, .
* Uitje = Pilisis2)s Uil jp = Pl (Xigrj2);



Well-balanced high-order finite volume scheme

® We consider high-order finite volume numerical methods of the form:

au; _ 1 1 '
d = ax (Fey (0= Fy0) + 35S @)

® Given a continuous stationary solution U* of (1), the following notation will be used:

. 1 Xiv1j2 " N .
Uf = H/Xi—vz U (X)dX, Ui+1/2: U (Xi+1/2)7 Vi.

The numerical method (2) is said to be exactly well-balanced for a stationary solution U*
of (1) if the sequence of its cell-averages {U;} is an equilibrium of the ODE system (2).

Definition
The numerical method (2) is said to be well-balanced for a stationary solution U* of (1) if
there exists an equilibrium {U3, ;} of (2) such that

X,
Ur = Uz, + 0(8X9), Vi, ®3)
for some g > p.

® The equilibria {UZ } of (2) will be also called discrete stationary solutions.

X, i



Well-balanced high-order finite volume scheme

® We consider high-order finite volume numerical methods of the form:

W L (Fy (- Fy () + oS (2)

dt ~  Ax

Definition
A numerical method is said to be fully exactly well-balanced (resp. fully
well-balanced) if it is exactly well-balaced (resp. well-balanced) for every
stationary solution U*.

Remark

A numerical method that is exactly well-balanced for a stationary solution is
well-balanced for that solution: it is enough to take

Uavi = U, Vi



Well-balanced high-order finite volume scheme

® We consider high-order finite volume numerical methods of the form:
au; 1 1

a = ax (Fus® = Fy®) + .S @

Definition

Given a stationary solution U* of (1), the reconstruction operator is said to be
well-balanced for U* if

Pi(x) = U"(x), Vxe [xl.f%,x,#%], Vi,
where P; is the approximation of U* obtained by applying the reconstruction
operator to the vector {U;"} of cell-averages of U*.

Theorem

If the reconstruction operator is well-balanced for U*, then the numerical
method (2) with

S = / (P! (x)) My (x) dix,

i1
=3

is exactly well-balanced for U*.



Well-balanced high order reconstruction operator

But, a standard reconstruction operator is not expected in general to be
well-balanced.

Reconstruction procedure: known stationary solutions and exact integration

Given a family of cell values {U;}, at every cell [X;_1 2, Xi11/2]:
@ Look for the stationary solution U;"(x) such that

1 Xi+1/2

~ U7 (x) dx = Ui 3)

Xi—1/2

® Apply the reconstruction operator to the cell values { V;};cs, given by

1 Xj+1/2
Vi=U-2; s U (x) dx,
G—1/2
to obtain
Qi(x) = Qi(x; {Vi}jes))-
® Define

Pi(x) = Ui (x) + Qi(x). (4)



Well-balanced high order reconstruction operator

But, a standard reconstruction operator is not expected in general to be
well-balanced.

® The reconstruction operator P; in (4) is well-balanced for every stationary
solution provided that the reconstruction operator Q; is exact for the null
function. Moreover, if Q; is conservative, then P; is conservative, that is,

L/X’*% Pi(x) dx = Uy, Vi
AX . i - Iy )

2

and P; is of the same order of accuracy p of Q; provided that the
stationary solutions are smooth.



Well-balanced high-order finite volume scheme: quadrature formula

® The well-balanced property of the method can be lost if a quadrature
formula is used to compute the integral appearing at the right-hand side of

(@).

* To avoid this problem the source term is written in the equivalent form:

[ s o = £(UF 0, ) - (U0 y)

i—

N

—l—/XXH% ((S(P,t(x)) _ S(U,.”*(X))) Hx(x) ax.

-3

where U,."* is the stationary solution found at the first step of the
reconstruction procedure at the ith cell and time ¢.



Well-balanced high-order finite volume scheme: quadrature formula

* Now, a high-order quadrature formula could be used to approximate the
source term integral:

S; :f(U-"*( 1)) —f(U‘*( ,_1))
+szbm( M) = S(U (1)) He(x).

where x", bm, m=1,..., M are respectively the points and the weight of
the quadrature formula chosen in the cell /;, whose order of accuracy s is
bigger or equal than p.

e [f the quadrature formula is used to compute cell averages, i.e.

G = 3 6n0r ),

m=1

22

the numerical method is still well-balanced provided that the
reconstruction operator is computed as follows:



Well-balanced high-order finite volume scheme: quadrature formula

Reconstruction procedure: known stationary solutions, numerical integration

Given a family of cell values {U;}, at every cell /;:
© Look for the stationary solution U (x) such that:

M
> bl (") = U 3)

m=1

® Apply the reconstruction operator to the cell values {V;};cs, given by

U/ me Xj ) jES/}

to obtain:
Qi(x) = Qi(x; {Vi}jes,)-
® Define
Pi(x) = U (x) + Qi(x).



Well-balanced high order reconstruction operator: first step

® The first step of the reconstruction procedure is equivalent to find the
solution of the ODE system

f(U)x = S(U) Hy, (4)

with prescribed average in the integration domain.

e Sometimes the first step has to be computed numerically: we need a
numerical solver with order of accuracy at least p for the following local
problems:

Local problems

(LP) Given an index i and a state W € Q find, if it is possible, approximations

U;;Tm, m=1,....M, j€S;; Uifi:t1/2;

of the values )
Ur(x™), m=1,... .M, j€ Sji Ui (Xx1/2);
where U7 is the stationary solution that satisfies

M
> bmUr(x") = W. (5)

m=1



Well-balanced high order recon tion operator: first step

Reconstruction procedure: unknown stationary solutions, numerical
integration.

Given a family of cell values {U;}, at every cell /;:
© Apply the local solver at the ith cell with W = U; to obtain

U m=1,....M, j€Si; Ufiz1)o.

i

® Apply the reconstruction operator to the cell values {V;};cs, given by

i

M
Vi=U-> balUj", jeS,
m=1

to obtain:
Qi(x) = Qi(x; { Vi}jes,)-
® Define
PM = U,-’f;m +Q(x"), m=1,....M,
U,-+_1/2 =Ui—1/2 + Qi(Xi—1/2),
;1/2 = Uiﬁ:i+1/2 aF Qi(Xf+1/2)-



Well-balanced high order reconstruction operator: first step

Definition
The last reconstruction operator is said to be well balanced for a sequence
{Uax.i} if, for every i

M
> bnlU" =Unx), J€Si
m=1

% %
Uf,r'+1/2 = U/+1,i+1/27

where U,’f/f’", Ufi11/» is the output given by the solver of local problems for

W = Ua,, at the ith cell.

Theorem

Let U* be a stationary solution of (1). If there exists a sequence {UZX, i} such
that o

U’ = Upx,i+ O(AXT), Vi,
for some q > p, and the reconstruction operator is well-balanced, then the
numerical method is well-balanced for U*.



Construct well-balanced approximations of a stationary solution

Definition
Let us consider a numerical solver of order g > p that, given

Df(U)Ux = S(U)H)m
{ U(Xi0—1/2) = Uo. “)

provides approximations
Uy m=1,....M;  Uiyit1y2, Vi,
of the values of the solution U* at the quadrature points and the intercells
U (x", m=1,....M; U"(Xiz1,2), Vi.

The solver is said to be consistent with t~he local solver if, at every cell /;, the
solution of the local problem with W = U,, ;, is given by

us"=U", m=1,....M, jeS;

o= Yaxp

sk *
Ui,i:l:1/2 = UAX,/':H/Z'



Construct well-balanced approximations of a stationary solution

If there exists a numerical solver for Cauchy problems (5) consistent with the
local solver, then the numerical method is fully well-balanced.

¢ |n the recent paper [GBCP20] a fully well-balanced method has been
presented following these lines:
® The Cauchy problems’ solver was the standard RK4 method.
® The local solver was based on the solution of control problems. Newton’s
method was used to solve these control problems and the RK4 method was
used to solve both the state and the adjoint equations.



Outline

Collocation methods



Collocation methods: double interpretation

® Let us consider a Cauchy problem

U = G(x, U),
{ U(X()) = U(), (4)

First interpretation: standard RK methods based on a Butcher tableau

C1 a N
Co | a1 ... s
Cs 3571 000 as’s
| br ... bs.
When these methods are applied to (4) in an uniform mesh of nodes
X; = Xo + iAx, i =0,1,..., the numerical solutions are updated as follows:

Ui = U,‘-‘rAX(DAX(U,'), i=0,1,...



Collocation methods: double interpretation

® Here
S
Oax(U) =D bK.
j=1

® K!,..., K’ solve the nonlinear system

S
K,f':G(x{,U,-+AxZa,-,,K,-’>, j=1,...s,

1=1

where .
Xl =xi+cAx, j=1,...,s



Collocation methods: double interpretation

Second interpretation

U1 = Pi(Xis1),
where P; is the only polynomial of degree s that satisfies:
P(x)=U,
Pi(xl) = G(x/,P(x)), j=1,...,s.
¢ We will consider here Gauss-Legendre methods, in which x;, ..., x5 and
b1, ..., bs are respectively the quadrature points and the weights of the

Gauss quadrature formula in the interval [x;, Xi1].
® The order of accuracy of these methods is 2s.

® That Gauss methods are symmetric or reversible in the following sense
(see [HLWO06]):

daxod_ax = Id, orequivalently dax=d "%, (4)



Collocation methods: local problems

® Let us suppose that the stencils are
Si={i—1...;i+r}.

® For simplicity, let us describe how the local problem is solved for i = 0.

Local problem at f

Given a state W, we have to find approximations at the intercells of [y and at
the quadrature points of /;, j = —/, ..., r of the stationary solution U* that
satisfies

S
> bnlU(xg) = W.
m=1

® | et us use the following notation to design the extremes of the intervals:

=0 ], =~



Collocation methods: local problems

Local problem

We look for r + [+ 1 polynomials P;, j = —I, ..., r, of degree s (with vector
coefficients) such that:

s
> baPo(xf) = W,
m=1

Di(P(X")PI(X™) = S(R(MH(X™), j=—]....r, m=1,...5,
POCA) = Prr (O%a)s J= .oyt — 1.

¢ This system has (r + / + 1)(s + 1) vector unknowns (the coefficients of
the polynomials) and (r + / + 1)(s + 1) equations.

e |f this nonlinear system can be solved, the solution to the local problem
will be given by:

Urm=P(x"), m=1,....s, j=—l,...,r; Uy 2 = Po(x3), Ui/2 = Po(x7).



Collocation methods: local problems

Local problem: equivalent form

Find U3, K, j = —1,...,r,m=1,..., ssuch that

S
> bmlg =W,
m=1

Df(ljjm)’(jm:S(lem)HX(ij)v j:_lv"'7r7 m:17"'7s7

where

S

Ui = U +Ax> baK", j=0,...,r—1,
m=1
S

Wiy = U =DxY bnK ey, j=0,...,1—1,
m=1
S

ur = U,-0+AXZam,kKjk, j=—1....,r, m=1,...,s.

k=1



Collocation methods: local problems

® The system has s(/+ r + 1) + 1 vector unknowns and s(/ +r + 1) + 1
equations.

¢ A fixed-point algorithm will be used to solve the nonlinear system.

Numerical solver for the local problems (LP) using collocation RK methods.

* Choose initial guesses: Ug®, K™, j= —I,...,r,m=1,...,s.
®* Forn=0,1...
® Compute:
)
0,n . 0,n m,n P
ug =y +Abeij , j=0,...,r—1,
m=1
0,n q
Uiy = u> —AbemK (s d= 0=,

umn = LI/Q*"-&-AxZam,kKjk'”, j=—L....,r, m=1,...,s.
k=1



Collocation methods: local problems

Numerical solver for the local problems (LP) using collocation RK methods.

®* Forn=0,1...
® Compute Kj’"’"+1 J=—1,...,r,m=1,... sby solving the linear systems:

Df(ijm’n)I(jm,n-P] = S(ijm,n)HX(X/mL j: _/7"'7r7 m= 1)"'73' (5)

* Compute U™ such that

& &
> bm (Ué”"“ +> am,kKé’"“) =W ®)

m=1 k=1

® At every stage of the fixed-point algorithm, s(/ + r + 1) linear systems
have to be solved.

e [f the Jacobian is singular, these systems may have no solution or to have
infinitely many.

e |f the algorithm is stopped at the n-th iteration the numerical solutions of
the problem are:

Um=Ur" m=1,....s, j=—l...r; Up=U0" Uip=U"



Collocation methods: local problems

® Observe that a sensible initial guess is given by:

0
uw = w,
K™ = K, i=—l...,r, m=1,..s,

where K is the solution of the linear system:
Df(W)K = S( W)HX(X0)7

where xo represents the mid-point of the cell k.



Collocation methods: Cauchy problems’ solver

® Let us consider the Cauchy problem

{ Di(U)Ux = S(U)Hx, 5)
U(X,'O_1/2) = Uo.

® The approximations of the solution of (5) at the intercells will be obtained
by applying the adapted collocation method using the mesh whose points
are {x;;1/2} and the approximations at the quadrature points will be given
by the stages of the RK method.

® |t can be easily proved that the solvers of both the Cauchy problems and
the local problems are consistent. Then, the high-order numerical
methods are fully well-balanced.



Third-order methods

® We will use the third-order CWENO reconstruction operator which uses
3-cell centered stencils, so that / = r = 1.

® |n order to solve both the local and global problems, we apply the
fourth-order 2-stage Gauss-Legendre method corresponding to the

choices
1 1 V3
ann a2 | _ 4 4 6
{321 322}_ 1 V3 1 ’
416 4
1T V3 1. V3 1
=5 - ®=ztgr b=bk=3



First and second order schemes

e Although the general algorithm can be used in particular to design
well-balanced method with order of accuracy one or two, the local
problems to solve are easier if, instead of a Gauss quadrature formula, the
second order mid-point formula is used to compute averages.

® |n both cases, the local problems and the Cauchy problems are solved by
applying the described fixed-point algorithm in the mesh of step Ax/2
whose points are the extremes and the midpoints of the cells.



Resonant problems

® In the described algorithms, we have to solve linear systems of the form
Di(U")K = S(U")Hx(x™)

¢ |f one of the eigenvalues of D;(U*) vanishes the problem is resonant:

° |f S(U*)HX(XB does not belong to the image of the linear application defined
by the matrix D¢(U*), the system has no solution. This situation can arise:

® Solving a local problem: the standard reconstruction will be used then.
® Solving a Cauchy problem: it will be assumed that it has not a solution defined in
the whole computational domain.

® Otherwise, the system has infinitely many solutions
K*+aR, a€R,

where K* is a particular solution and R is an eigenvector associated to the
null eigenvalue. Some extra information is needed to select the adequate
solution. For instance, the limit

Jim_Dr(U) ™" S(U)Hx 6)

can be formally computed knowing that lim U(x) = U*. The value of (6) will
X—Xx*
be then selected as the solution of the linear system.
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Numerical experiments

The numerical methods are based on the Rusanov flux. The following
symbols will be used to denote the different numerical methods of order i
considered:

e SMi, i = 1,2,3: based on the standard reconstruction operators.

e WBMi/, i = 1,2, 3: based on the well-balanced reconstruction operator
where the local problems are exactly solved and numerical integration is
used.

e DWBMi/, i = 1,2, 3: based on the well-balanced reconstruction operator
in which the Cauchy problems are solved using the standard RK4
method and the local problems are solved using control techniques: see
[GBCP20].

e CDWBM;/, i = 1,2, 3: based on the well-balanced reconstruction
operator in which Cauchy and local problems are solved by using the
2-stage Gauss-Legendre collocation method.



Problem 1: Burgers equation with a nonlinear source term

® Let us consider the Burgers equation with a non-linear source term

2
u(x,0) = up(x).

U2
ur+ (—) =S(U)Hy, x€R,t>0

S(u) = u?

e Let us consider S(u) = u?.
® Stationary solutions are given by

u*(x) = Coe"™).

® We consider x € [—1,1], t € (0,5], H(x) = x and Up(x) = e* as the initial
condition.



Problem 1: Burgers equation with a nonlinear source term

* Errors:

Cells | SM1: Error Order | SM2: Error Order | SM3: Error  Order
100 7.53E-2 - 2.44E-3 - 7.66E-6 -
200 3.78E-2 0.995 8.09E-4 1.591 9.62E-7 2.993
400 1.89E-2 1.002 2.16E-4 1.905 1.21E-7 2.995
800 9.43E-3 1.000 5.54E-5 1.963 1.51E-8 2.998

Table: Problem 1.1. Errors in L' norm and convergence rates for SMi, i = 1,2, 3.

Cells Order 1: Error Order 2: Error Order 3: Error

WBM DWBM CDWBM WBM DWBM CDWBM WBM DWBM CDWBM
100 4.21E-15 3.55E-15 1.53E-15 8.87E-16 3.63E-16 2.66E-16 3.20E-16 1.43E-14 4.54E-14
200 2.90E-15 5.54E-13 8.09E-16 4.42E-16 1.23E-15 2.46E-16 2.54E-16 2.43E-14 1.21E-14
400 1.84E-14 2.05E-14 3.44E-13 1.82E-15 3.64E-16 4.15E-13 7.40E-14 4.47E-14 5.02E-14
800 4.45E-16 2.67E-15 2.33E-15 1.83E-16 2.03E-16 6.13E-15 2.61E-15 9.48E-14 5.45E-13

Table: Problem 1.1. Errors in L' norm for WBMi, DWBMi, CDWBMi, i = 1,2, 3.



Problem 1: Burgers equation with a nonlinear source term

e Computational time:

Cells | Order (/) | SMi | WBM/ | DWBM/ | CDWBM;/
1 20 30 70 60
100 2 30 60 140 130
3 40 190 240 230
1 20 60 230 160
200 2 40 190 330 320
3 110 480 530 540
1 50 180 520 410
400 2 100 530 1150 1250
3 350 1680 1980 1990
1 140 570 2020 1280
800 2 270 2040 3580 4170
3 1080 | 5540 6600 5960

Table: Problem 1.1. Computational times (milliseconds).



Problem 1: Burgers equation with a nonlinear source term

S(u) = sin(u(x))

® | et us consider S(u) = sin(u(x)).
e Stationary solutions are given by the ODE
du . sin(u(x))
& = Ty
® We consider x € [-1,1], t € (0,5], H(x) = x.
e |nitial condition: solution of the ODE
au _sin(u(x))
ax = "y
u(—-1) =2



Problem 1: Burgers equation with a nonlinear source term

® Errors:

Cells | Error (i=1) Order | Error (i=2) Order | Error (i =3)  Order
100 2.72E-3 - 1.43E-4 - 2.53E-5 -
200 1.34E-3 1.021 2.43E-6 5.879 1.74E-8 10.503
400 6.58E-4 1.026 8.19E-7 1.569 1.14E-10 7.250
800 3.24E-4 1.022 2.34E-7 1.806 1.41E-11 3.016
Table: Problem 1.2. Errors in L' norm and convergence rates for SMi, i = 1,2, 3.
Cells Order 1: Error Order 2: Error Order 3: Error

DWBM CDWBM DWBM CDWBM DWBM CDWBM
100 | 9.71E-14 2.78E-15 | 1.76E-13 4.00E-16 | 1.99E-13 1.22E-14
200 | 7.56E-15 3.49E-15 | 3.46E-15 8.55E-14 | 2.97E-14 2.52E-14
400 4.00E-15 3.26E-15 | 7.53E-16 1.23E-15 | 3.31E-14 1.39E-13
800 | 5.97E-15 4.30E-15 | 8.54E-16 2.04E-15 | 6.63E-14 1.01E-13

Table: Problem 1.2. Errors in L' norm for DWBMi and CDWBM;, i = 1,2, 3




Problem 1: Burgers equation with a nonlinear source term

e Computational time:

Cells | Order(i) | SMi | DWBMi | CDWBM/

1 10 340 150
100 2 20 690 390

3 40 1390 570

1 30 1280 330
200 2 60 2350 950

3 180 5190 1680

Table: Problem 1.2. Computational times (milliseconds). t = 5s.



Problem 2: shallow water equations.

® We consider the shallow water model, which is a particular case of
Ut + f(U)x = S(U)Hx, 7)

corresponding to the choices N = 2,

U (Z) f(U) = (qz fgh2> . S(U) = (;h)

h

The variable x makes reference to the axis of the channel and ¢ is the
time; q(x, t) and h(x, t) are the discharge and the thickness,
respectively; g is the gravity and H(x) is the depth function measured
from a fixed reference level.

® The system of ODE satisfied by the stationary solutions is:
Qx = 07
2
q 1 .2
4 - = ghHx.



Perturbation of a stationary solution

Setting of the experiment

® x€[0,3],te (0,5 and CFL = 0.9.
® Depth function:

—0.25(1 + cos(57(x + 0.5))) if 1.3<x<17,
H(x) = {

0 otherwise.
e Initial condition: the initial condition Up(x) = (ho(X), qo(x))" is given by:

h*(x)+ 0.1, if0.7 <x<1.0,
h =]
o(x) {h* (x), otherwise,

q(x) = q"(x),
where U*(x) = (h*(x),g"(x))" is the subcritical stationary solution of

qX = Oa
_ ghH;x
he= = o ®)

h(0) = 2, g(0) = 3.5.



Perturbation of a stationary solution

t=0.000 t=0.000
28
25 —— Free surface —— Velocity
—— Bottom 26
20 T
24
15
22
10
20
0s
N -
00
16
00 05 10 15 20 25 30 0.0 0s 10 15 20 25 30

Figure: Problem 2. Initial condition.



Perturbation of a stationary solution

Time=0.3 s. Time=0.3s
0.08 —— nwb order 1 0.07 —— wb order 1
—— nwb order 2 — wb order 2
0.07 — nwb order 3 0.06 — wb order 3
— Reference solution — Reference solution
0.06 0.05
0.05
0.04
0.04
0.03
0.03
0.02
0.02
0.01 oo
0.00 0.00
00 0s 10 15 20 25 30 0.0 05 10 15 20 25 30

Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBM;, i = 1,2, 3 (right) at time { = 0.3s for h.(100 cells) .



Perturbation of a stationary solution

Time=5.0s.

— nwb order 1

le-11

Time=5.0s.

-0.25

-0.50

-0.75

-1.00

Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBM/, i = 1,2, 3 (right) at time t = 5s for h.(100 cells) .

® Errors:
Method Error (i = 1) Error (i = 2) Error (i = 3)
h h h
SMi 5.15E-2 1.94E-1 9.39E-3 3.51E-2 6.01E-3 2.12E-2
CDWBM; | 1.12E-14 2.45E-14 | 1.41E-13 1.61E-14 | 1.38E-13 1.39E-13

Table: Problem 2. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to
the stationay solution for the 100-cell mesh at time t = 5s.




Problem 3: Shallow water equations: transcritical stationary solutions.

The system to be solved when U* is a critical state reduces to:

[8 JUHQ]:{gmi(X)}‘

® The system has solutions only if Hy(x) = 0:

K=a[1,0]", acR.

A smooth stationary solution can only reach a critical state at a minimum
point x°¢ of the depth function H.

The value of the critical state has to be U* = [h°(q), q]” where



Problem 3: Shallow water equations: transcritical stationary solutions.

¢ Following the numerical treatment of resonant situations previously
discussed, let us compute the limit

jim —9NHx
x—x¢ —U2 + gh7

to determine the value of hy at x°: the LHOpital’s rule and some easy

computations lead to
| @22 o (%)
M) ==\ g



Problem 3: Shallow water equations: transcritical stationary solutions.

¢ |f a system has to be solved in the adapted Gauss-Legendre collocation
method algorithm in which

[F(U7) =1 <¢

at a point x then

® |f X is not close to a minimum point of H, it is assumed that is not possible to
find a smooth stationary solution that solves the problem and the algorithm

is stopped.
® Otherwise we choose:

_ G?/3Hyx(X)
o K — l: Wv

;
2/3H, (X

° K= |- qixx(x),o if his decreasing close to X.
3g1/3

and the algorithm goes on.

-
O:| if his increasing close to X.



Transcritical smooth stationary solution

Setting of the experiment

® x€0,3],t€ (0,1] and CFL = 0.9.
® Depth function:

{ —0.25(1 + cos(57(x + 0.5))) if 1.3<x<1.7,
H(x) =

0 otherwise.

e |nitial condition: transcritical stationary solution which solves the ODE

gx =0,

(—U? + gh)he = ghH,
h(0) = 1.67750727,
q(0) =25,

that reaches a critical state at x° = 1.5.
® 4 uniform meshes with 100, 200, 400 and 800 cells are considered.



Transcritical smooth stationary solution

t =0.000 t=0.000
175 —— Free surface 50l — Velocity
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Figure: Problem 3.1. Initial condition: a transcritical stationary solution.



Transcritical smooth stationary solution

Time=1.0s. 1e-13 Time=1.0's.
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Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBMi, i = 1,2, 3 (right) at time t = 1s for h.(200 cells) .



Transcritical smooth stationary solution

® Errors:
Cells | Error (i=1) Order | Error (i=2) Order | Error (i=3) Order
h h h
100 4.99E-2 - 7.63E-3 - 5.99E-3 -
200 1.31E-2 1.923 1.27E-3 2.583 8.86E-4 2.757
400 3.87E-3 1.766 1.84E-4 2.790 6.20E-5 3.838
800 1.56E-3 1.314 5.31E-5 1.794 6.88E-6 3.172
Cells | Error (i=1) Order | Error (i =2) Order | Error (i =3) Order
q q q
100 1.28E-1 - 1.89E-2 - 1.72E-2 -
200 2.81E-2 2.188 3.18E-3 2.575 2.35E-3 2.866
400 9.29E-3 1.161 4.81E-4 2.724 2.09E-4 3.489
800 4.09E-3 1.168 1.37E-4 1.812 2.29E-5 3.190

Table: Problem 3.1. Errors in L' norm and convergence rates for SMi, i = 1,2, 3.




Transcritical smooth stationary solution

Cells Error (i = 1) Error (i = 2) Error (i = 3)

h q h q h q
100 | 2.00E-14 9.15E-15 | 3.71E-14 7.33E-15 | 2.41E-14 6.73E-14
200 | 1.78E-14 6.92E-15 | 4.03E-14 3.27E-15 | 6.55E-14 6.11E-14
400 | 8.66E-14 1.69E-15 | 6.13E-14 1.34E-14 | 8.89E-14 1.45E-13
800 | 2.18E-15 6.22E-15 | 8.24E-14 2.16E-11 | 1.68E-13 2.61E-13

Table: Problem 3.1. Errors in L' norm for COWBMi, i = 1,2, 3.



Perturbation of a smooth transcritical stationary solution

Setting of the experiment

The only difference with Problem 3.1. is that now, a perturbation of size
Ah = 0.02 is imposed to the thickness h in the interval [1.1,1.2].

Method Error (i = 1) Error (i = 2) Error (i = 3)
h q h q h q
SM/ 1.01E-2 2.13E-2 4.83E-4 2.00E-3 2.70E-4 1.30E-3
CDWBM; | 5.11E-14 7.06E-14 | 6.04E-14 3.50E-15 | 1.24E-13 1.25E-13

Table: Problem 3.2. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to
the stationary solution for the 200-cell mesh at time t = 5s.




Problem 4: shallow water equations with Manning friction

® | et us consider the shallow water equations with Manning friction:
ht + QX = 07

¢ 1 . kalg

at (G + 3o) = an— 9.
The variable x makes reference to the axis of the channel and t is the
time; g(x, t) and h(x, t) are the discharge and the thickness,
respectively; g is the gravity and H(x) is the depth function measured
from a fixed reference level; k is the Manning friction coefficient and n is
a parameter equal to % Remember that u = g/his the depth-averaged
velocity.

® The system of ODE satisfied by the stationary solutions is:

qX:O:

2
q 1 2\ _ _ kqlq|
(h +2gh )xithX hn '

which can be written as follows:

qX = Oa
kqlq



Preservation of the friction-only steady states.

Setting of the experiment

® x€[0,1],t € (0,1] and CFL = 0.9.

* We assume a flat topography, i.e., Hx = 0 and the Manning coefficient is
k=1.

¢ |nitial condition: the subcritical branch of the steady state obtained by
assuming g(0) = —1 and h(0) obtained by considering a zero of the
nonlinear function £(h) defined by

&(h) = " B () g (A7 b ) gl apl(x — x0),

where xo = —Ax, x = 0, go = g(0) and hy = h° , with h° defined by

o (E\?
"= (g> ’
(see [MDBCF15)).

® The space domain discretization is made of 200 cells.

® A reference solution has been computed with a first order well-balanced
scheme on a fine mesh (1600 cells).



Preservation of the friction-only steady states.

t=0.000 t =0.000
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Figure: Problem 4.1. Initial condition: a subcritical stationary solution.



Preservation of the friction-only steady states.

0.200

Time=1.0s.
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Time=1.0s.
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Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBM;/, i = 1,2, 3 (right) at time t = 1s for h.(200 cells) .

* Errors:
Method Error (i = 1) Error (i = 2) Error (i = 3)
h q h q h q
SMi 1.11E-1 1.14E-2 1.09E-1 7.39E-3 1.08E-1 7.38E-3
CDWBM | 2.18E-14 2.50E-15 | 2.92E-14 2.95E-15 | 3.06E-14  4.93E-14

Table: Problem 4.1. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to
the stationary solution for the 200-cell mesh at time t = 5s.




Perturbation of a friction-only stationary solution

Setting of the experiment

* The initial condition Up(x) = (ho(x), go(x))” is the following perturbation
of the stationary solution U*(x) = [h*(x), g*(x)]" of the previous Test:

N .3 4
ho(x) = {h (x)+0.2, |f7 <x< 7

h*(x), otherwise,

Qo (x) = q"(x).
® We use a 100-cell mesh for the numerical simulation on the domain
[0,1].
® The computations are carried out until { = 9s.



Perturbation of a friction-only stationary solution
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Figure: Initial condition.



Perturbation of a friction-only stationary solution

Time=0.06 s. Time=0.06 s.
014 — nwb order 1 014 — wborder 1
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Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBMj, i = 1,2, 3 (right) at time t = 0.06s for h. (100 cells) .



Perturbation of a friction-only stationary solution
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Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBM, i = 1,2, 3 (right) at time t = 9s for h. (100 cells) .

® Errors:
Method Error (i = 1) Error (i = 2) Error (i = 3)
h h h
SM/ 1.10E-1 1.03E-2 1.07E-1 3.04E-3 1.06E-1 3.04E-3
CDWBM; | 3.76E-14 6.32E-16 | 1.11E-14 3.20E-15 | 4.29E-14 1.79E-14

Table: Problem 4.1. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to

the stationary solution for the 100-cell mesh at time t = 9s.




Preservation of steady states involving both a varying topography and
the bottom friction.

Setting of the experiment

® xe[0,1],t€ (0,1], CFL=0.9 and k = 0.01.
® The topography is given by

1 ecos(47rx) _ 371

¢ Initial condition: supercritical stationary solution corresponding

(—U2 + gh) hy = ghHyx — kZLq| )
gx =0, 9)

g(0) = 1, h(0) = 0.3.

® The space domain discretization is made of 100 cells.



Preservation of steady states involving both a varying topography and

the bottom friction.

t=0.000 t=0.000

10 —— Free surface —q
—— Bottom
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Figure: Initial condition: a supercritical stationary solution.



Preservation of steady states involving both a varying topography and

the bottom friction.

Time=1.0's. le-13 Time=1.0s.

0.0 02 0.4 06 08 10 0.0 02 0.4 06 08 10

Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBMi, i = 1,2, 3 (right) at time t = 1s for h. (100 cells) .

* Errors:
Method Error (i = 1) Error (i = 2) Error (i = 3)
h q h q h q
SMi 8.30E-1 1.54 3.57E-3 4.89E-3 1.39E-3 4.30E-4
CDWBM, | 8.48E-14 554E-16 | 1.13E-13 2.61E-15 | 9.66E-14  1.25E-14

Table: Problem 4.2. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to
the stationary solution for the 100-cell mesh at time t = 1s.



Perturbation of a stationary solution involving both a varying topography
and the bottom friction.

Setting of the experiment

e The initial condition Up(x) = [ho(x), go(x)]" is given by:

= {h*(x)—i—0.0S, it x € [%g] U [;g}

h*(x), otherwise,
. . 2 3 4 5
) = g'(x)+05, ifxe {7,7] U [7,7],
qg*(x), otherwise,

where U*(x) = [h*(x), g"(x)]" is the stationary solution considered in
the previous test.

® We use a 100-cell mesh for the numerical simulation on the domain
[0,1].

® The computations are carried out until { = 2s.



Perturbation of a stationary solution involving both a varying topography

and the bottom friction.
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Figure: Initial condition.



Perturbation of a stationary solution involving both a varying topography

and the bottom friction.

Time= 0.015s. Time= 0.015 s.
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Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBM, i = 1,2, 3 (right) at time { = 0.015s for h. (100 cells)



Perturbation of a stationary solution involving both a varying topography

and the bottom friction.

Time=2.0s.

— nwb order 1

1e-13

Time= 2.0s.

Figure: Differences between the stationary solution and the numerical solutions for
SMi = 1,2, 3 (left) and CDWBMi, i = 1,2, 3 (right) at time t = 2s for h. (100 cells) .

® Errors:
Method Error (i = 1) Error (i = 2) Error (i = 3)
h q h h
SM/ 2.42 6.12 3.57E-3 4.87E-3 1.39E-3 4.30E-4
CDWBM; | 8.60E-14 1.03E-15 | 1.12E-13 1.26E-15 | 9.69E-14 1.22E-14

Table: Problem 4.2. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to

the stationary solution for the 100-cell mesh at time t = 2s.




Problem 5: Compressible Euler equations with gravitational force

® These equations are a particular case of
Ut + f(U)x = S(U)Hx, (8)
corresponding to the choices N = 3,

p pu 0
U= (pU> . W)= pP+p ), SW)=|-»|.
E u(E+p) —pu

® The system of ODE satisfied by the stationary solutions can be written in the
following form, as we suppose that the system is strictly hyperbolic:

{QX_O’
dlU A (9)
7:G 7U7
o (x,U)
where
P
N o 2 — 2
U:(g), G0 =-| , 3o 12 ) Hx,
14
v—=1 2 c2—u?
where
o= 2P
P

is the wave speed.



Stationary solution

Setting of the experiment

® xe[-1,1],t€ (0,5 and CFL =0.9.
® The gravity potential is the identity function H(x) = x.

e [nitial condition: the supersonic stationary solution which solves the
Cauchy problem:

qX :Oy
dU ,
Y 10
dx G(x, V), (10)
p(=1)=1,q9(-1) =10, E(—1) = 52,

computed with the 2-stage collocation RK method.

Inflow boundary condition is set at x = —1 and free boundary conditions
are setat x = 1.

® 4 uniform meshes with 100, 200, 400 and 800 cells are considered.



Stationary solution

t=0000 t=0000 t=0000

Figure: Initial condition. Density (left), velocity (middle) and energy (right).



Stationary solution
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Figure: Differences between the stationary solution and the numerical solutions for SMi
at time t = 5s . Number of cells: 100.

Time=5.0. Time=5.05.
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Figure: Differences between the stationary solution and the numerical solutions for
CDWBM:; at time t = 5s . Number of cells: 100.



Stationary solution

Method [ Error (i=1) [ Error (i =2) [ Error (i = 3)

h

SMi 2.23E-4 9.36E-5 9.50E-3

CDWBM;/ 2.21E-14 2.28E-14 2.02E-14

SMi 1.45E-4 1.28E-3 5.95E-3

CDWBM;/ 1.38E-13 6.26E-14 1.97E-13
E

SMj 1.38E-4 1.22E-3 5.76E-3

CDWBM;/ 6.58E-13 3.08E-13 9.67E-13

Table: Problem 5. Errors in L' norm for SMi and CDWBM; (i = 1,2, 3) with respect to
the stationary solution for the 100-cell mesh at time t = 5s.
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Conclusions



Conclusions

* A general strategy to obtain a well-balanced reconstruction operator has
been proposed.

® This technique have been successfully applied to problems for which the
explicit expression of the stationary solutions are not known: what we
propose here is to build both the stationary solutions and the local
solvers to be solved in the first step on the basis of the collocation RK
methods.

* We have also introduce a general technique that allows us to deal with
resonant problems for any 1d systems of balance laws.

® The tests put on evidence that the strategy based on the collocation RK
methods introduced in this work is more efficient than the one presented
in [GBCP20].
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